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Preface 


The three papers by Voronoi all appeared in the same journal, 
the influential and prestigious Journal ftir die reine und angewandte 
Mathematik [Journal for the pure and applied mathematics]. This 
journal was a leading mathematical journal during 19%” and early 20% 
centuries when most of its publications appeared either in French or 
in German. In French it is called Journal de Crelle or Crelle’s Journal 
after the name of its founder in 1826 by August Leopold Crelle (1780- 
1855). Originally Crelle intended the journal to emphasise equally 
both pure and applied mathematics. But the policy soon changed and 
it has been dealing solely with pure mathematics since the start of his 
second and short-lived Journal fiir die Bankunst (1829-1851) to deal 
the application side. 

The main idea is quite simple. It is that space can be partitioned 
into a set of regions, each surrounding a single point which is some- 
times called a nucleus. Every point in a given region is closer to its 
own nucleus than to any nuclei of other regions. This idea has found so 
many applications in nature that I think it is as beautiful as the golden 
ratio 14-v5 is. It has been used to study the forest fire and it has been 
used to study the structure of the distribution of galaxy. In fact the 
internal structure of many things has proved to be Voronoi, things in 
nature as well as man-made ones, for example plant cells and filtering 
membranes. Looking at a two-dimensional Voronoi structure will re- 
mind one of plant or animal cells partitioned by straight walls which 
result from cosiness of circular cells growing among their neighbours. 

All the pictures within this book and those on the cover have 
been either drawn or taken by myself. Those which have been drawn 
were produced on either Matlab, Mathcad, or Xfig. 

I would like to thank the librarians and archivists of the John 
Ryland library at the University of Manchester where the original 
copy of the material has been heavily perused during the course of the 
translation. I would like to thank Emeritus Professor David J. Bell 
and Professor Graham A. Davies, both of UMIST, for introducing me 
to this interesting area of study. Also, I would like to thank Professor 
Davies further for his support and encouragement, without which this 
book would not have been possible. 

Manchester, August 2001. 
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Voronoi translated 1: Introduction 


Georges Fedosevich Voronoi + was born in Zhuravka, Poltava gu- 
berniya, Russia (now Ukraine) on 28" April, 1868. His father was a 
superintendent of Gymnasiums (senior secondary schools) in Kishinév, 
a town in Moldova now, and in other towns in the then southern 
Ukraine. He entered the Gymnasium in Priluki in 1885. After that 
he entered the Faculty of Physics and Mathematics at the University 
of St. Petersburg. He graduated from the department in 1885. Then 
he went on to do a master degree and completed it in 1894 His dis- 
sertation for the master degree was on algebraic integers associated 
with the roots of an irreducible cubic equation, that is a third-degree 
equation with a general form az® + br? + cx +d = 0. He became 
a professor in the Department of Pure Mathematics at University of 
Warsaw. His doctoral dissertation submitted to the University of St. 
Petersburg in 1897 was on a generalisation of the algorithm of con- 
tinued fractions, that is fractions written in the form r = ——,— 
Oey eee 
and which terminates when r is rational. In the work for his Ph.D. 
he provided an algorithm ofr calculating fundamental units of a gen- 
eral cubic field for both a positive and negative discriminant. Both of 
his dissertations won the Bunyakovsky prize ¢ by the St. Petersburg 
Academy of Science. 

Voronoi’s lifelong work was in theory of numbers and is divided 
into three groups, namely algebraic theory of numbers, analytic the- 
ory of numbers, and geometry of numbers. His three papers translated 
here make up two of the planned series of memoirs to apply the princi- 
pal of Continuous Hermite (Charles Hermite, 1822-1901) parameters 
to problems of the arithmetical theory of definite and indefinite quad- 
ratic forms. He had completed only two of the series when he died in 
Warsaw, Poland on 20%" November, 1908, before the last one appeared 
in print in 1909. A short obituary written by Kurt Hensel (1861-1941) 
was included at the end of the paper, which is also included here in 
translation. 

The first paper gives characteristics of complete quadratic forms. 
In it Voronoi solved the question posed by Hermite on the upper limit 
of the minima of the positive quadratic forms for a given discriminant 
of n variables. Zolotarev (Egor Ivanovich Zolotarev, 1847-1878) and 
Korkin (Aleksandr Nikolaevich Korkin) had given solutions for n = 4 
and n = 5. Voronoi gave an algorithmic solution for any n. He did this 


{+ Sometimes written as Georgy Fedoseevich Voronoy. In French publications 
his last name is written Voronoi. 


¢ Named after Viktor Yakovlevich Bunyakovskii (1804-1889). 
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with the help of the methods of the geometrical theory of numbers. 

The second and the third papers deal with simple parallelepipeds, 
that is polyhedra with parallelograms as all their faces. He gave the 
determination of all possible methods of filling an n-dimensional Eu- 
clidean space with identical convex nonintersecting polyhedra (paral- 
lelepipeds) which have completely contiguous boundaries. A solution 
of this problem for three-dimensional space had been given by Fedorov 
(Evgraf Stepanovich Fyodorov, 1853-1919) who was a crystallographer 
although the proof he gave is said to be incomplete. Minkowski (Her- 
mann Minkowski, 1864-1909) showed in 1896 that the parallelepipeds 
must have centres of symmetry. He also demonstrated that the num- 
ber of their boundaries did not exceed 2(2" — 1). Voronoi imposed 
further the requirement that n+ 1 parallelepipeds converge at each 
summit and solved the problem for these conditions completely. 

Voronoi’s collected works appeared in three volumes under the 
title of Sobranie sochineny, Kiev, 1952-1953. He is sometimes referred 
to as belonging to the St. Petersburg school of the Theory of Numbers. 
This must have been the Petersburg Mathematical School sometimes 
called Chebyshev School or Petersburg School. It was founded by 
Chebyshev (Pafnuty Lvovich Chebyshev, 1821-1894) and had promi- 
nent figures as Grave (Dmitri Aleksandrovich Grave), Krylov (Aleksei 
Nikolaevich Krylov, 1863-1945), Lyapunov (Aleksandr Mikhailovich 
Lyapunov, 1857-1918), Markov (Andrei Andreyevich Markov, 1856— 
1922), Sohotski (Yulian-Karl Vasilievich Sokhotsky, 1842-1927), Stek- 
lov (Vladimir Andreevich Steklov, 1864-1926), Korkin, K. A. Posse, 
and A. V. Vassiliev. 

The topic of these three papers of Voronoi goes back to Gauss 
(Johann Carl Friedrich Gauss, 1777-1855) and Hermite 

Tessellation or tiling is an arrangement of domains which fills 
the space. In two dimensions these domains are polygons and in three 
dimensions they are polyhedra. There are only three regular polygons 
that can tile. These are the equilateral triangle, the square and the 
regular hexagon, and they make up what is called regular tessellations. 
There are eight semiregular tessellations. The three regular ones com- 
prise two pairs of dual lattices. The square is dual to itself. The 
regular hexagon and the equilateral triangle are dual to each other. 

Apart from the dual lattice, one has a covering lattice which is 
defined to have vertices at the mid-points of edges in the original lattice 
and to have an edge wherever there used to be a vertex joining two 
edges. In the following two pictures the one on the left-hand side is 
hexagonal lattice and triangular lattice, which are dual to each other. 
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The one on the right-hand side is hexagonal lattice and its covering 
lattice called Kagome which comes from Japanese and which means a 
basket pattern. The word is pronounced differently from usual English 
pronunciation and is therefore written with an adopted accent aigu 
(acute accent) from French as Kagomé, perhaps because it is easier 
to do so than to explain to the reader. This is how the word literally 
became frenchised. 


Dual lattices, hexagonal and triangular Hexagonal and its covering lattice, Kagome 


£ 4 


The following pictures show the Voronoi and its dual the Delau- 
nay tessellations, as well as their superimposition. 


Voronoi diagram in two dimensions Voronoi diagram in two dimensions Delaunay triangulation 


In the following pictures, (a) shows a three-dimensional Voronoi 
structure viewed as a solid block, (b) the same structure rotated and 
with a cross section running through it and (c) the cross section as 
viewed perpendicular to the sectioning plane. 
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Let C"(x) be an n**-order covering lattice of a tessellation x 
in two dimensions. The following pictures show a two-dimensional 
Voronoi tessellation together with its covering lattices C1 up to C°. 

Voronoi tessellation (a) C1 (2) 


Voronoi graph First covering of Voronoi graph 


So 


The study of Voronoi tessellation has gained importance because 
it has been successfully used to describe many natural structures, 
for example it is linked to many cellular structures in nature and in 
Biotechnology. It has been used to study particle distributions in ma- 
terials, the structure of porous media, and the structural properties of 
mixtures. It has been used to model anisotropic cellulose acetate and 
cellulose nitrate membrane, and to simulate animal cell cultures. The 
sand pattern formed by male mouth breader fishs, Tilapia mossam- 
bica, has been found to approximate a pattern of Voronoi polygons. 
Cluster analysis of Voronoi diagrams has been used in the analysis of 
clusters and scotomas in eyes in order to improve an early detection 
of visual field damage in glaucoma. In computer science it has been 
known under the name of associative file searching problem. Other 
applications are in finite element, pattern classification in statistics, 
dot pattern analysis, motion planning in robotics, etc. The justifica- 
tion for these many applications is that the statistics obtained from 
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this set of structures compare nicely with measurements made from 
physical structures. Examples of such measurements are the Scanning 
Electro Micrograph of membranes and the pencil beam survey of the 
universe. 

Because Voronoi structure comes up in wide and various topics, 
it has been known by various names. It has been called Wigner- 
Seitz polygons after Wigner and Seitz who first used it in metallurgy, 
Blum’s transform after Blum who used it in visual science, Dirichlet 
and Voronoi tessellations after Voronoi and Dirichlet who pioneered 
and introduced it. At atomic level in the study of complex alloy struc- 
ture it has been called domain of an atom. Other names include a 
cell model, a plant polygon, an S polygon, a Thiessen polygon, and 
Wirkungsbereich (sphere or radius of operation). Thiessen used it to 
predict rainfall average of a region in meteorology. Plant polygon and 
area potentially availble were the terms given to area for an individual 
tree in a forest. The name S polygon or S mosaic sometimes arises in 
the field of ecology. 

One way to mathematically describe a Voronoi region is 


II; = {x | d(a, x;) < d(x, xj) Vj # a} 


where 21, #2, %3,-... are the coordinates of the nuclei with a distribution 
© of a countable set of nuclei {x;} in R¢ and d(zx,y) the Euclidian 
distance between x and y. 

Dual to the Voronoi tessellation is the Delaunay tessellation 
which can be thought of as the neighbouring relationship among Vor- 
onoi regions. Delaunay (Boris Nikolaevitch Delone, 1890-1980) was 
the person who redefined such relationship using a concept of empty 
spheres which is computationally useful and gave rise to the construc- 
tion method of Voronoi tessellation by mean of Delaunay triangulation. 

Some more on terminology. In 1980, B. Griinbaum and G. C. 
Shephard called the regions plesiohedra to comply with a fact that they 
belong to a set of regions called stereohedra whose congruent copies 
fill three dimensional space without overlap except possibly at their 
boundaries. 
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On the reduction of positive quadratic form 
with three indeterminate integers. 


([Lecture in physical- mathematical class meeting of the academy, 
on 31% July, 1848 f]), [by G. L. Dirichlet] 
[translated by K N Tiyapan] 

It is well known that Lagrange had pointed out for the first time 
that every binary quadratic form reduces, ie. can transform into an- 
other equivalent one the coefficients of which satisfy certain inequality 
conditions, and at the same time had proven that in every class of 
positive forms there always exists only one such form, so that in this 
case the various values of a given determinant corresponding to re- 
duced forms can serve as the representatives of the different classes. 
Later on after in the “Disquisitiones arithmaticae” the ternary form 
were looked at from a general point of view did it become necessary 
for the further development of this theory to extend the study for the 
positive binary forms by Lagrange to the ternary ones, ie. to find out 
such inequality conditions between the coefficients that would satisfy 
one and only form in all classes. 

This expansion linked with great difficulties is achieved by See- 
ber in a work specifically devoted to the positive ternary forms, the 
principal contents of which settles it and which Gauss characterises in 
a most interesting announcement } as follows: 

We must do full justice to the spirit of the thoroughness by 
which these facing t us have gone through, and when we for all 
that have to feel sorry that a great and perhaps much discouragingly 
complicated nature is attached to it, here the solution of the problem 
takes 41 pages and the proof 91 pages, thus we will see this by no 
means as a respected criticism. If a difficult problem or theorem to 
solve or to prove exists, then the first seeming idea is always to be 
recognised as a step that a solution or a proof has been found after 
all, and the question whether this were not of an easier and simpler 
way would be possible as long as in so doing such a futile question 
is not considered as of practicability. Therefore we look upon it as 
untimely to dwell on this question. 


{ From this treatise an excerpt has already been given in the monthly report, 
in which the principle of this new treatment of the positive ternary form, 
the examinations of successive minima, is outlined and the proof of the first 
one of the two results from Seeber after this principle completely carried out 
(page 21 of the second Volume of this issue of G. Lejeune Dirichlet’s works.) 


{ Crelle’s Journal, V. 20, p. 312 
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The great complication of Seeberian method has for a longtime 
stimulated me to set up the theory of reduced ternary forms by a 
simpler method. As I now allow myself to communicate to the class 
the result of my effort directed towards this, I think in the interest 
of briefness and, if I could say so, of the lucidity of the presentation, 
to have to abide by the geometrical form, in which I have conducted 
the investigation to which I have laid down as basis the noteworthy 
relations which occur among the quadratics with two or three elements 
and with known spatial forms. I begin with the explanation of the 
outline already given by Gauss in the mentioned announcement on 
these relations. 


§1 


The ternary form: 


ax? + by? + cz? + 2a'yz + 2b'xz + 2c'zy = y, (1) 


in which we regard z, y, z as first, second, third element, called positive 
when y does not become negative for real values of these elements; in 
one such form the coefficients: 


a,b,c 
are always positive, while the coefficient combinations: 


i ie abc — 2a'b'c' = —D, (2) 


2 2 2 2 
a’* — be, b!~ — ac, c~ — ab, aa’ + bb’ + ec! 


the last —D of which is called the determinant of the form, are nega- 
tive. | Owing to these conditions there are always three through the 


equations: 
! t / 


a 
cos \ = —=,cos p = —=, cosy = ——= 

Vbe 2 Vac Vab 
fully determined acute or obtuse angles \, u,v, from which a three- 
edged corner can be built, here the condition necessary to this: 


cos” \ + cos? py + cos? v — 2cosA cos cosy <1 


with D > 0 coincided. Here nevertheless with the same angles \, p, v 
two corners symmetrical to each other could be built, therefore we 
will agree to always choose the corner from these two, with which 
the edges, as they lie opposite to these angles in sequence, follow one 
another from left to right with regard to a straight line directed from 
the vertex 0 to the inside of the corner which can be thought of as going 


{ Disquisitiones arithmeticae, art. 271 
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upward. If we now look at the three edges as the positive axes of a 
coordinate system we could connect the entire infinite space with our 
form in which we view the product x./a, yvb, z\/e as the coordinates 
of an arbitrary point of the space, and then wy expresses the square 
of the distance of this point from the vertex, or more general still the 
square of the distance of two points, the correspondent coordinates of 
which have those products to differences. 

If one establishes now with three new indeterminate elements 
zx',y',z' the linear expressions: 


g=az't+ By +y2',y=a'e'+ By ty7'2',2=a'a' + Bly +y"2, (3) 


of which only one restriction shall take place, that the determinant set 
up from the 9 coefficients a, 8,7, a’, 8’, 7',a", BY 9": 


apy" + By' al" + yal B" vB a" ay’ B” Bally" & E (4) 


is not zero, then y changes into a new form y’, with regard to which all 
correspondings shall be indicated with the accented alphabets. If one 
lets the new form again correspond to an infinite space, then through 
it two infinite spaces connect point for point with each other, while 
every two points correspond to each other when in the expressions of 
their coordinates: 


tVJa,yvb,zVe; «'Val,y' V0, 2'Ver 


the elements x,y,z and x’, y’,z' are linked with one another through 
the equation (3). If the expressions just written are the coordinate 
differences for two pairs of corresponding points, then apparently the 
same relation among z,y,... still holds, out of which from the above 
and as a result of y = y’ it follows immediately that the distance of 
every two points of a space is equal to the distance of corresponding 
ones of another. The two spaces connected with each other are there- 
fore either congruent or symmetrical, ie. they can, while the beginning 
points 0 and 0’ are laid on each other, come to such a position that 
either every point falls on its correspoonding one or on the opposite 
point of the latter, when we call for short opposite points two points 
of the same space which lie from the beginning point at the same dis- 
tance and in the opposite direction. In order to decide which of these 
two cases takes place, one has lines to draw in the one space from the 
vertex to three arbitrary points, and then to investigate whether the 
straight lines drawn in the other from its vertex to the corresponding 
points present a corresponding series or the opposite one. If one takes 


10 
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for example in the second space the lines from the points with the 


coordinates: 
Va',0,0; 0, Vb’,0; 0,0, Ve! 


drawn, lines falling on the positive axes of the second space, then 
these follow one another from the agreement dealt with above from 
right to left. For the corresponding points in the first space one has 
the coordinates: 


ava',alVa',al'Va'; BV, BV, BY Vb; yWel,yVel,y"Ve. 


In order to determine whether the lines directed to these points follow 
one another from left to right, ie. as the axes of the first space, or follow 
in the reverse order, one can make use of the theorem which is known 
or easily derivable from known properties {, from which the straight 
lines drawn to the three points (€,7,¢), (E',7',¢'), (€",.7", C") present 
the same series as the axes of £,7,¢ or the opposite one, according to 
the determinant built from the 9 coordinates, when one gives the term 
€y'¢"' in it the positive sign, is positive or negative. For our case this 
determinant becomes E'V/a'b'c'; therefore congruence symmetry holds 
according as £& is positive or negative. 

Til now the elements z,y, z had arbitrary values. If we let them 
now only further mean integers, then instead of the integral space we 
have an infinite system of points parallelly arranged, ie. a point system 
of which through the intersections of three lines parallel equidistant 
planes would be created. If we assume now further that the substitu- 
tion coefficients a, 3,7 are also integers and E has the values +1, then 
every integral combination x,y,z would represent an integral com- 
bination z',2',z' and vice versa. The parallelepipedal systems thus 
connected with one another would as a result coincides with the other 
or with the opposite points of the latter. Yet, here the opposite points 
of points of one such system again make the same system, the two 
cases are not different from each other, and this becomes evident also 
from the circumstance that y’ remains unchanged when one takes 
a, b,7 with opposite signs through which & changes into —E. The 
two systems are therefore always congruent, and one sees that sys- 
tems which correspond to two equivalent ternary forms y and y’' are 
the same spatial structure in two different patterns. Conversely equiv- 
alent forms represent any two different parallelepipedal patterns of the 
same system. If one takes namely any one point of the system as the 


{ Disquisitiones generales circa superficies curvas auctore, C. F. Gauss §2. VII 
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common starting point, then one has between the coordinates rela- 
tion to the two axis systems and therefore also between the elements 
x,y,z,2',y',2' proportional to them linear equations without constant 
term, ie. equations of the form (3), and here from our supposition, 
when 2, y,2 are integers, x’, y’,z’ must also have the same character- 
istic and vice versa, therefore it follows that a,8,y,... are likewise 
integers and that # = +1. On the other hand one has for the ho- 
mogeneous entire values of the elements the equation y = y’, which 
accordingly also identically takes place, q.e.d. 
Similar interrelations occur between a positive binary form: 


la? + 2may + ny? 


and a system of points parallelogrammatically arranged. One takes 
here two axes leant against each other under the angle 9 determined 
through the equation m = Vincos6, while one always invariably pro- 
ceed with the discrimination of these axes and for example chooses 
the second on the left-hand side of the first one, after a fixed side of 
the plane is denoted as the higher one and aV1,yV1 viewed as coor- 
dinates, one would obtain a system of points completely determined 
through the quadratic form, which could be considered as the inter- 
section of two series of equidistant parallel lines. If then between two 
forms the so-called proper equivalence takes place, so that ad — Gy in 
the substitution equations x = az’ + By',y = yx' + dy’ is equal to the 
positive unity, then the corresponding systems can be brought to the 
coincidence through movement in the plane, while in the other case 
where ad — By = —1, to say in general, one of the systems must be 
shifted for this purpose. 


§2 

After we have established in the foregoing the connection be- 
tween the quadratic forms and certain geometrical patterns, there are a 
few further properties of these patterns to develop, whereby we would 
for short call a system of points arranged parallelogrammatically or 
parallelepipedally a system of second or third order, and infinite series 
of equidistant points in straight line a system of first order. 

It seems that the common character of all three types of the 
system consists in that when such a system is brought into another 
position through a movement without rotation, which we wish to know 
a displacement of, that a point of it changes into the position occupied 
by another in the beginning, the same happens for all points, therefore 
that the system in its new position fully coincides with the system in 
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the original one. It can be easily proved that the movability just 
discussed completely characterises all three types of the systems, and 
that a system endowed with this characteristic, when it lies in a plane 
and contains three points not lying in a straight line such that finally a 
system contains points at least four of which are not found in a plane, 
will be respectively a system of first, second or third order. 

If one has for example a system of points which lie all together 
in the same straight line, and a and a’ are two adjacent points of 
it, then through a displacement through which a gets to a’, a’ would 
get to a” which is as far from a’ as a’ is far apart from a; the point 
a" therefore also belongs to the system, and the system has no point 
between a’ and a”, here one such point would be known before the 
movement between a and a’. Here this inspection could be pursued 
for both sides in the indeterminate, therefore the assertions is proved. 

Now let two adjacent points a and a’ be in a planar system with 
the characteristic feature of movability, so that no point of the system 
is found in the line aa’ between a and a’. Here through the displace- 
ment from a to a’ the infinite straight line aa’ moves along by itself, 
therefore it follows that the entire points of the system in this straight 
line makes up a system of first order ..."a'aaa'a”’.... Here then from 
the assumption the system still has at least one point outside this 
straight line, therefore let b be one of the points closest to this straight 
line. If now enters a displacement through which a gets to b, then 
the system of first order changes into the new position ...’"b'bbb'b" ... 
and belong in this position to the original system; it is immediately 
clear that a point of the system can neither be found among the points 
...,"b,'b, b, b', b”,... nor among the lines ...‘bbb’...,...’aaa’... . If 
one concludes directly, one sees that the entire system can be paral- 
lelogrammatically aranged, and that one can choose aa’b'b for a basic 
parallelogram of it. We further add that through the given construc- 
tion apparently all parallelogrammatical patterns of which the system 
is capable could be obtained. It follows from this that the choice of a’ 
up to the obviously necessary restriction that no point lies between a 
and a’ is totally arbitrary, and that b can be taken arbitrarily in the 
nearest parallel line. 

One has finally a system with the characteristic feature of the 
movability which contains points at least four of which are not lying 
in the same plane, therefore one lay a plane through any three points 
of this system not lying in a straight line. Here through any parallel 
displacement effected with this plane this is moved into itself, conse- 
quently points found in this plane build a system of second order from 
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the previous system. As a result one has partitioned this system par- 
allelogrammatically somehow or other, one takes one of the remaining 
points of the spatial system which lie closest to the plane, and admin- 
ister a displacement to the system through which an arbitrary point in 
the plane comes to the point chosen well outside that plane. Through 
repeated application of this [displacement] and through the movement 
opposite to it one apparently obtains a parallelepipedal pattern of the 
given system, and it is immediately clear that the construction spec- 
ified has the due generality, here the choice of the first plane, the 
pattern of the system of second order in this plane and finally the 
choice of points in the neighbouring plane can happen at will. 

In the end of this paragraph we will point out further that, as one 
also partition the same system of second or third order, the parallelo- 
gram or parallelepiped lying at the basis of the respective partitioning 
always retains the same capacity, the geometrical consequence of the 
sentence is that equivalent forms have the same determinants. If one 
imagines namely in the plane of a system of second order a line return- 
ing to itself, for example a circle line, designates with z the surface 
area enclosed by it and with s the number of points in the inside of 
the line, in the course of which it makes no difference whether one 
wants to include the points on the periphery or not, then obviously 
the quotient = has with growing radius the capacity of a basic paral- 
lelogram to the boundary, from which, here s and z are independent 
of the type of the pattern, the theorem for systems of second order 
becomes evident. Totally in the same fashion follows the soundness of 
the assertions for spatial systems. 


§3 
We will now point out that a system of second order would always 
admit partitioning by a basic parallelogram, the sides of which are not 
larger than its diagonals. 


I. Let o be an arbitrary point of the system. The remaining 
points of this system always lie pairwise in the same distance and op- 
posite direction from o. Now let p 
be one of the points of the pairs, 
for which the distance from o is 
smaller than for every other pair. 
The same smallest distance holds 
for more than one pair, therefore 
one would choose p at will in one 
of these. The given system con- 
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sists of an infinite quantity of systems of first order congruent among 
one another and of the same distance, one of which is that for which 
o and p belong. In one of the two adjacent to this latter one, one 
takes the point q which is next to 0, or, supposing the same shortest 
distance should occur for two points, arbitrarily takes one of the two. 
The parallelogram pogr thus obtained has the desired property, here 
in accordance with the construction op & oq, og S or, og S os = pq. 
A basic parallelogram which satisfies these conditions shall be called 
a reduced one. 


II. We have now the relation between one such parallelogram and 
the planar system in which it belongs to establish. If pogr is a reduced 
parallelogram we would be able to, without breaking the generality, 
assume the angle pog as not obtuse, here in the opposite case the angle 
at o for the parallelogram adjacent to the same structure is an acute 
one, and likewise we could assume op & og. Thereupon or > og is 
apparent, and we have only the condition pq 2 og still to consider. If 
this is supposed and if we put for the reduction op = V1, og = Vn, 
so that consequently | <n the connection of our parallelogram to the 
entire point system would possibly be described to the effect that the 
minimum of the distance of any point of the system from o is equal 
to V1, and that after one has chosen a point at this distance, in all 
distances still remaining, ie. outside the straight line drawn from o to 
the former one, the second minimum is equal to ,/n. The precisely 
stated holds true all in general; what we now add, that namely the 
first minimum only occurs for the point p (when we always only choose 
one of two opposite points), the second only for q, holds true with the 
following exceptions: 

1. If op < oq, og = pq = os, then the first minimum takes place 
only for p, the second for q and s. 

2. If op = oq, og < pq = os, then the minima are equal, and one 
can exchange p and q with one another. 

3. If finally op = og = pq = os, then one can choose one of the 
points p,q,s as first point and then one of the remainings as second 
one. 

In order to demonstrate the precisely asserted, we have obviously, 
the opposite points are always equally far from o, only to point out 
that q lies closer to o, firstly than all remaining points in the straight 
line sqr, with exception of the point s, the distance from o of which 
according to the assumption is equal to os = pq 2 oq, and secondly 
than all points of the subsequent parallel lines. 
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Here pq 2 op, pq 2 og and the angle pog is not obtuse, therefore 
the triangle opg and consequently also the ogs congruent with it has 
no obtuse angle; therefore the perpendicular dropped from o on qs lies 
between s and gq (inclusive), with which 

one sets: 

m 
cos pog = —= 


Vin’ 


where consequently m is not negative, therefore one has: 


pg =1-2m +n Zoe =n, 


and hence: 
2m S1,2m <n, 4m? Sin. 


If one further sets the square of the height of our parallelogram (op = 
Vl regarded as base line) equals k, one obtains for the square A of its 
volume: 


3 


A = Ik =In—m?* 2 Fin, 


and hence: 


Vk = svar. 


According to this the second line is at least /3n = oq/3 away, and 
the second point is also established. 

III. Here the successive minima v1, /n are decided through the 
system as such and are independent of any fixed pattern and on the 
other hand, as we have just seen, correspond in quantity with the 
sides of the reduced parallelogram, therefore one sees that when the 
system permits various patterns of this fashion, the sides of the reduced 
parallelograms will always contain the value V7 and ./n. One would 
essentially obtain as a result all possible basic parallelograms if one 
draws lines from o to all adjacent points (always with exemption of 
the opposite points) and then takes the nearest or the two nearest 
points in one of the respective nearest parallel lines; and here from the 
definitively demonstrated (II) this nearest or these nearest points lie 
closer to o than all points of the subsequent parallel lines, therefore one 
can see from the condition that the second points are to be taken in the 
first parallel line. Therefore all possible patterns would be produced if 
one successively connect o with all point pairs for which the successive 
minima take place, from which at once follows with consideration from 
(II) that in general and in the second one of the singular cases obtained 
then there is only one such pattern, in the first and third exception case 
however there are respectively two and three patterns of the systems. 
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In our present reference the precisely obtained singular cases cor- 
respond with the suppositions 2m =I <n, 2m <l=n, 2m=l=n. 


§4 

We have so far only dealt with properties of the geometrical 
structures which is to be looked at from the theory of forms as the 
constructive representation of well known theorems and are already 
indicated in the article cited in the introduction. It is now to solve 
another problem of another kind, the problem namely when a, sys- 
tem of second order is given and a fixed point o of it is examined, 
to determine the part of the plane every point of which lies nearer 
to o than to any other points of the system. Here the condition that 
a point does not lie farther from o than from any other v, therein 
consists that the point with o on the same side of the perpendicu- 
lar drawn up in the middle of ov, so we would consequently have o 
to combine with all remaining points of the system and the convex 
polygon built from all corresponding perpendiculars to construct. But 
from these perpendiculars in infinite quantity only a limited number 
comes into question, while the remaining ones do not meet the poly- 
gon determined by it. We abide by all suppositions attended to, so 
that consequently op S og in the reduced parallelogram (pogqr), the 
angle pog is not obtuse and opq, ogp are acute. This supposes, it is 
easy to understand, that one has only the six vertices p,q, s,p',q’, s' 
of the four parallelograms meeting at o to take into consideration, and 
that the perpendiculars corresponding to s and s’ and the building 
diagram in the particular case, when pog is a right angle, only touch, 
which then the same happens for the perpendiculars corresponding to 
r and r’. If one draw the straight line pq, os, p'q’, os’, one obtains the 
congruent triangles: 


poq, qos, sop’, p'oq',q'os', s'op. 


If one consider only the points p,q, s,p',q',s’, one has to draw a per- 
pendicular in the middle of the straight lines going from o to these 
points, ie the same construction to make as when one wished t find the 
middle point of circumscribed circles for the designated triangles. Here 
no obtuse angle is found in the triangles, therefore each two successive 
perpendiculars not outside the corresponding triangle intersect. One 
obtains therefore the hexagon afya'B', 7’ with the centre o and equal 
opposite angles and sides as the space, inside of which every point is 
less far apart from o than from one of the points p,q, s,p’,q',s’, and 
one is easily convinced that, with exception of r and r’, the perpendic- 
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ulars corresponding to the remaining points do not meet our hexagon. 
This requires, as a result of symmetry, only for the points in and above 
the line pop’ to be established. For the former ones it is clear; for the 
latter ones it would hence appear that their distance from o is larger 
than the diameter of the circle traced around the hexagon. If one 
designate the square of its radius p, then: 


4pA = In(l-— 2m +n), 


from which as a result of 2m S1,2m Sn, A2 3In, it follows: 


4 
4p 8 zl -2m+n) Son, 


Here now for the points of the second and the subsequent parallel lines, 
as already remarked, the square of their distance from o amounts to 
at least 3n, therefore there still remain simply the points in tsgr apart 
from s,q,r to examine. From all of these none is closer to o than t, 
for which the square of the distance is equal to 41 — 4m +n, and that 
this is larger than 4p, one immediately sees when one multiplies with 
A and then looks at the inequalities 2m <1 Sn. As for the point 
r, one is also convinced by the same manner that the square of its 
distance from o is equal to 1+ 2m+n > 4p, the only case excluded, 
where m = 0, in which the corresponding perpendicular touches. It 
is thus demonstrated that every point in the inside of the hexagon 
aBya! B'y', and only one such hexagon, lies closer to the point o than 
any other of the system. On any side the distance from o would be 
equal to the distance from a second point, which for example for af 
is the point g, and every vertex of the diagram is of the same distance 
from o and another two other points of the the system. The latter 
statement undergoes a modification only in the special cases when the 
angle pog is a right angle; thereupon @ and ¥ as well as §’ and ¥' 
coincide, and the hexagon turns into a rectangle, of which the corner 
from o and another three other points of the system are equally far 
apart. 

It goes without saying that one will always obtain the same 
hexagon whose reduced parallelogram one also lay as foundation of 
the construction in the singular cases, where more than one exists, 
just as also that the hexagon or quadrangle corresponding to all the 
points of the system are congruent and cover the whole plane of it. 

We notice further that, as one is easily convinced, the expression: 


—_ Inf -2m+n) 
~  A(In — m?) 
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decreases when one therein, assuming / and n constant, allows m to 
grow from zero up to its limit sl , so that consequently: 


1 1 
S-( San. i 
pSqitn)S5n (1) 
Also in addition the following inequality takes place: 
2A(n — p) 2 In?, (2) 


the soundness of which is immediately evident when one multiplies 
with 2, moves everything to one side and then applies A = In — m?, 
4Ap = In(l — 2m +n), by the mean of which it changes into In(I — 


2m) + 2mn(n —1) 2 0. 


85 

We come now to our true topic and have to prove that every 
system of third order can be arranged according to a parallelepiped 
whose faces are reduced parallelograms and whose edges, from which 
every four are equal to one another, do not exceed their diagonals. 

After one has fixed an arbitrary point (0) of the systems, one 
would choose in pairs of opposite points for which the distance from 
(0) is a minimum, or when the minimum of the distance exists for 
several pairs, would arbitrarily choose a point (1) in one of these pairs. 
From all points outside the straight line (01) one would again choose 
one of the two nearest (2), through which again the selection under 
several pairs, for which the same shortest distance takes place, can 
be arbitrarily made. Here in the whole system, with exception of the 
points in (01), no point lies closer to (0) than to (2), so the same is 
valid also for the plane (102), and (102) is a reduced parallelogram 
for the system which contains this plane (§3, III). One now takes 
in one of the two nearest parallel planes the point which is closest 
to (0) or, when the minimum occurs for more than one, one of the 
nearest ones and connect (0) with the chosen point (3), therefore the 
parallelepiped would with the edges (01), (02), (03), as is easy to 
see, suffice the requirement. Next from the construction it follows: 
(01) S (02) S (03). Here for the bases of the parallelepiped (we would 
always indicate as such each face opposite to one another in which are 
found edges two of which do not exceed the third one in size, and the 
term side faces apply to the four remaining ones) it is already proven 
that they are reduced, therefore we have in virtue of the precisely noted 
doubled inequality only to point out further that the four diagonals of 
the side faces, just as the four diagonals of the body, are not smaller 
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than (03). Now the eight diagonals mentioned above will agree, as one 
immediately sees, in size with the eight connecting lines which could 
be drawn from (0) to the eight points lying around (8) in the plane 
of the higher bases if we indicate this way for convenience the eight 
vertices of the four parallelograms meeting at (3). The fact that from 
the afore-mentioned connection lines none is smaller than (03) follows 
from the condition by which (3) is being chosen. 

After we have convinced ourselves that a system of third order 
can always be partitioned by a reduced parallelepiped, we now have 
to establish the relation between such parallelepiped and the system 
and particularly to compare the distance of the point of systems from 
(0) with one another. We set (01) = /a, (02) = Vb, (03) = Ve and 
always hold fast the assumption a Sb Sc. 

1. In the plane of the base the conditions discused above (§3, IT) 
occurs, so that consequently the successive minima of the distance are 
always a, Vb in size, whereby then in the singular cases mentioned 
there there is an arbitrariness in the choice of the points. 

2. We now look at the points outside the plane of the base 
underneath namely first of all the one in the plane of the base above. 
Here from the assumption that our parallelepiped is a reduced one, 
the line (03) is not longer than one of the straight lines drawn from 
(0) to the eight points lying around (3), so as a result the foot of 
the perpendicular dropped from (0) on to the plane of the base above 
would not be farther apart from (3) than from one of the eight points 
mentioned. This foot point therefore does not fall outside the hexagon 
or quadrangle constructed to belong to (3) in the last paragraph. Of 
those eight points can exceptionally, when the foot point falls on one 
side, one, or it could, when the foot point meets with a vertex, two 
(three, when the polygon becomes a rectangle,) lie equally close to 
the foot point as the point (3), while all remaining points of the plane 
are further apart from that foot point. It follows from this that the 
shortest distance (amounting to \/c) from (0) to the a point in the base 
above is valid in general only for the point (3), but can exceptionally 
take place for one, two or even three other points. 

3. For the consideration of the following parallel planes we have 
a boundary for the square h of the perpendicular already mentioned 
to determine. Here the foot point of the perpendicular does not fall 
outside the hexagon which belongs to (3), therefore, when p denotes 
the square of the radius of the circumscribed circle: 


h2c-p. 
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Now also from §4: p S $b S $c, consequently h 2 $c. Here therefore 
the second parallel plane is at least 2c away, therefore there is over 
the higher base only points, the distance from (0) of which is greater 


than /c. 


If one summarises what has been said, one will see that the min- 
imum of the distance for the entire system has the value \/a, that, 
after a point is chosen at this distance, the minimum in the still re- 
maining directions amounts to Vb, and that finally after the second 
point is also fixed, for all points outside the plane, which is determined 
through (0) and the first two points, the smallest distance from (0) is 
reduced to ./¢. If the successive minima \/a, Vb, V/é are also always 
completely determined in quatity, the same minimum in local relation 
will not be true without several exceptions which are easy to specify. 
If for example a S b, b < ¢, the first two points are to be chosen in 
the lower base, whereby the singular cases mentioned in §3, II could 
occur, while the third point lies in the higher base, has a fixed position 
there in general, in singular cases however can occupy two, three or 
four different places. One ever so easily overlook that varieties in the 
other two cases, where a < b=cora=b=c, could happen. 


Here from the assumption of a reduced parallelepiped with the 
edges a X Vb S Ve the length of these edges have yielded themselves 
as the successive minima of the system, thus it immediately follows 
that when several reduced parallelepiped exist from which the system 
can be arranged, these all become in agreement with one another with 
regard to the lengths of their edges, and it could also be easily pointed 
out that three of the lines directed from (0) to points of the systems 
of the lengths \/a, Vb, /¢ when they only do not lie in the plane, are 
always the edges of a reduced parallelepiped. It requires therefore 
only the easy consideration already applied in a similar case (§3, III). 
Here after this the entire reduced parallelepipeds would be obtained 
when one construct the successive minima of every possible types, 
therefore it becomes evident that when this can happen in only one 
way (to which we also consider the case where, with the equation of 
two of the quantities ,/a, Vb, /¢ or with the equation of all three, the 
three lines are locally completely determined and only an exchange 
between two or all three can occur) that spatial system would allow 
only one pattern from a reduced parallelepiped. In all other cases there 
are several such patterns, the parallelepipeds of which form the basis, 
which could be either all different from one another or only different in 
part or even could be all congruent to one another. (Similarly in the 
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two singular cases of a system of second order mentioned above the 
reduced parallelograms underlying the two or three various patterns 
were congruent to one another.) 

To the determination of the question whether a system of third 
order permits only one or more than one pattern from a reduced par- 
allelepiped, it would consequently only need the knowledge of a single 
pattern of the system, and the first case would always and exclusively 
take place when the reduced parallelepiped given through this pattern 
is of such a property that all lines which can not be exceeded by others 
actually exceed this parallelepiped, that is when all diagonals of the 
faces are larger than their sides and all diagonals of the parallelepiped 
are similarly larger than the edges of the bodies. 


86 
As we now apply the results of the last paragraph to the ternary 
form, shall the uniformity be assumed because of and in order to avoid 
pointless differentiation, that one has given every ternary form: 


24 Qal'yz + 2b'az + 2c'ry (1) 


ax? + by? + cz 


through transposition or change of sign of indeterminate elements, 
as a result of which the form does not belong to the same class, a 
single form, that firstly a < b < c holds, that secondly under the 
coefficients a’, b',c’, when not the case that all of them are nonzero 
and are negative, none has the negative sign, and thirdly, when b =c 
holds, c’ apart from the sign not greater than b', when a = b holds, 
b' not greater than a’, and lastly when a = b = c holds, neither 
c’ greater than b' nor b' greater than a’ holds. As is easy to see 
these condition can only be satisfied in one way and their introduction 
gives the advantage that, as already without these conditions every 
ternary form corresponds with a completely determined parallelepiped, 
now to every parallelepiped also belongs an analytical expression the 
coefficients of which are also completely determined with regard to 
their sequence and their signs. This assumed, we mention the form 
(1) in which a < b < c also holds, a reduced one, when it corresponds 
with a reduced parallelepiped. There the diagonal of the area must 
not be smaller than the sides themselves, so one has: 


+2¢4+b>b, a+20)+e>c b420' +e>6c. 


a 


One sets o = —1, where a’, b’, c' are all three negative, otherwise o = 1, 
so these conditions are synonymous with: 


a > 2co, a> 2b'c, b > 2a'o, (2) 
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and only, when the equal sign holds, would one of the diagonals in the 
corresponding parallelogram be equal to a side. The conditions with 
regard to the diagonals of the parallelepiped result in: 


at+b+c+t+2a’'e+20'64+2cde>c (6=+1,€= +1), 


where the signs in 6 = +, e = £1 are arbitrary. One look next at the 
case where none of the coefficients a’, b', c' is negative, and take into 
account the four sign combinations, as well as that, when a and b are 
equal to one another then b’ < a’, so one immediately sees that our 
inequality is by itself capable of always meet the condition contained, 
and that the limiting case of the equation in which the diagonals of 
the edge \/c become equal, only once and only then can it occur, when 
one of the quantities b’, c' is equals to zero and when at the same time 
of the conditions (2) the two quantities b’, c’ of which are relating to 
one another, as well as the one which contains a’, satisfies the limiting 
case of the equation. a’, b', c’ are negative, then our inequality is 
always fulfilled that the limiting case can not take place, except when 
6 =e =1, so that the consequently the new condition is established: 


at+b+2a’ + 2b’ + 2c' > 0, (3) 


where again the lower sign relates to the equality between a diagonal 
and the edge /c. 

The condition just developped (2) and, when a’, b’, c' are nega- 
tive, (3) above is are therefore fulfilled, that the inequality takes place 
in none of the inequalities of the limiting case, therefore in the class 
to which the form belongs it would not give a second one of these 
various ones with or without equality signs in the definition condition, 
here according to at the end of the last paragraph notice that the cor- 
responding system of points can only be partitioned from a reduced 
parallelepiped. The matter stands differently when the upper signs do 
not take place in all conditions; there could then occur in the same 
class several reduced forms that can be derived from a given one. It is 
sufficient to demonstrate this for a main case. We choose for this the 
case where b < c. 

Next one assumes a > 2c'o, therefore the direction of the edge /c 
can only be altered when there are namely in the plane of higher base 
still one or more points, the distance from the vertex of which amounts 
to Vc. When &,7 are 1 the one such points corresponding values 
of the element so would, when the third edge depends on it, all the 
coefficients except a’, b' remain unchanged, these respectively change 
into a’ + cE + bn, b' + a€ + c'n as one is easily and almost convinced 
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without calculation. Now from the specification made earlier are the 
values of €,7 which meet the condition, when a = 20'c: 
g =—-9, = 0; 
when b = 2a'a: 
g = 0, y= —oO; 
when simultaneously a = 2b’, b = 2a',c' = 0: 
g = —l, v= —1; 


and when a’, b’,c' are negative and the equation a+b+2a'+2b’+2c' = 0 
complied with: 


€=1, n= 1. 
Corresponding to these four assumptions one has consequently trans- 
formed a’, b' into: 


a'—c'o, b'-ao(= -0'); -a’, b'-c'o; -a’, —0'; a’ +b4+c, a+b'+d. 


From the third case and generally from the assumption c' = 0 one can 
foresee, here this represents a new form which afterwards one has un- 
dertaken in the same one the change of sign stated in the beginning of 
this paragraph, apparently with the form from which one has derived, 
become identical. In each of the three remaining assumptions one ob- 
tains from application of the necessary sign change a new reduced form 
belonging to the same class (provided that it does not coincide with 
the original one), and one obtains two such forms when two of our as- 
sumptions hold at the same time. With this then the specification of 
the form is brought to an end, here apparently the simultaneity of all 
three assumptions can not take place. If, always under the assumption 
b < c, a = 2c'o, one would have, provided that a < b, the two edges 
rotated in the base, for a = b the first edge can also pass into the 
original position of the two first edges and this new position or both 
of these new positions of the first two edges must be associated with 
all the directions of the third one, the original one not excluded. 

One can thereby easily remove the inconvenience that in singular 
cases several reduced forms can be associated in the same class, and 
thereby take away the exception that for such singular cases in general 
definition one still include the known secondary conditions which can 
be proved when one for instance set up the demand that the last 
coefficient c’, provided that it is not fully fixed, maintains the smallest 
numerical value of which it is capable in the reduced forms of the class, 
and then likewise with regard to b’. For this to notify an example, we 
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will examine it under the singular cases dealt with earlier where b < c, 
from the three conditions (2) none with the lower signs holds, however 
the three negative values a’, b’,c' satisfy the equation: 


a+b+ 2a’ + 2b'+2c' =0. 


From the previous observations c' is fixed, and there exists for this 
case only two reduced forms. a’ and b’ are the values of the forth and 
the fifth coefficients in one of them, therefore they are in the other 
a’+b+c,a+b'+d, or, here the last value are apparently positive, c! 
is negative and consequently, in order for the sign specification to be 
sufficient, z to transform into —z, rather —(a’+b+c’), -(a+b/+c’). 
As it is quite natural, these values suffice when one substitute them 
for a’, b', again the equation: 


a+b+2a' + 2b' + 2c' =0, 


and from them come the values a’,b' in the same manner, as they 
themselves are originated from a’',b'. Here according to this the fifth 
coefficient admits only the two negative values b' and —(a + b' +c’), 
their sum equals —a — c’, therefore one see that when one further add 
to the definition conditions: 


1 
—b' = 5 (4 as é); 


the class would contain only one reduced form. 

While we conclude the essay, we will still from our principles 
derive a beautiful theorem, found by Seeber through induction and 
demonstrated by Gauss in the announcement already often quoted. 
From this theorem in a reduced form the production of the first three 
coefficients is not larger than the doubled absolute value of the deter- 
minant. 

Here the absolute value of the determinant is equal to the square 
of the volume of the parallelepiped corresponding to the form, thus 
consequently, from the expression employed in §5, 3 the inequality to 
be proved: 

abe S 2Ah, 


where A represents the square of the base. One sets: 
c=b+t, 


where consequently ¢ is not negative, draws off from the inequality 
obtained in §5, 3: 
h2c—p=b-p+t, 
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from which one has multiplied it with 2A, the equation: 
abc = ab? + abt, 
thus one obtains: 
2Ah — abc 2 2A(b — p) — ab? + (2A — abt. 


Here now from the inequality at the end of §4, 2A(b — p) — ab? is not 
negative and 2A — ab 2 Sab is positive, therefore the truth of the 
theorem becomes evident. 
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Voronoi translated 3: First memoir by G F Voronoi 


New applications of continuous parameters to the theory of the quadratic form 


First Memoir 


On some properties of the perfect positive quadratic forms 
by Mr. Georges Voronoi in Warsaw 

[Journal fiir die reine und angewandte Mathematik, V. 133, p. 97-178, 1908] 

[translated by K N Tiyapan] 


Introduction 

Hermite had introduced in the theory of numbers a new and fruit- 
ful principle, namely: being given a set (x) of systems (21, 22,...,2n) 
for all the values of 11, %2,...,%n, one associates with the set (x) a set 
(R) composed of the domains in a manner such that by studying the 
set (R) one studies at the same time the set (x) . 

Hermite has shown } numerous applications of the new principle 
to the generalisation of continuous fractions, to the study of algebraic 
units, etc. 

The ideas of Hermite have been developped in the works of Mr.’s 
Zolotareff, Charve, Selling, Minkowski. { 

I intend to publish a series of Mémoires in which I shall show 
new applications of the principle of Hermite to the various problems 
of the arithmetic theory of definite and indefinite quadratic forms. 


{| Hermite. Extraits de lettres de M. Ch. Hermite 4 M. Jacobi sur differents 
objets de la théorie des nombres. [Excerpts from letters of Mr. Ch. Hermite 
to Mr. Jacobi on various subjects in the theory of numbers] (This Journal 
V. 40, p. 261) 


Hermite. Sur Introduction des variables continues dans la théorie des nom- 
bres. [On the introduction of the continuous variables in the theory of numbers] 
(This Journal V. 41, p. 191) 


Hermite. Sur la théorie des formes quadratiques. [On the theory of quad- 
ratic forms] (This Journal V. 47, p 313) 


{ Zolotareff. On an indeterminate equation of the third degree (Petersbourg, 
1869, in Russian.) 


Zolotareff. Theory of complex integers with applications to the integral 
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In this Mémoire, I study the properties of the minimum of pos- 
itive quadratic forms and of their various representations by systems 
of integers. 

Hermite has discovered an important property of the minimum 
M of positive quadratic forms }7a,j2;x; in n variables and of the 
determinant D, namely: 


4\ "= 
m<(3)° ¥D, 


and he has demonstrated numerous applications of this formula. 

In a letter to Jacobi, Hermite has said §: 

“That which precedes sufficiently indicates an infinity of other 
analogous consequences which, all, will depend on the difficult study 
of an exact limit of the minimum of any definite form. Thereupon I 
then form only one conjecture. My first studies in the case of a form in 


n—1 
n variables of the determinant D have given me the limit (4) 7 VD, 
I am inclined to presume, but without being able to demonstrate that 
n—1 


the numerical coefficient ($) 7 has to be replaced by yan” 


Mr.’s Korkine and Zolotareff has under taken the study of the 
exact limit of the minimum of positive quadratic forms of the same 
determinant. 

By indicating with M(a,;) the minimum and with D (a;;) the 
determinant of the form >7 a,j;2;x;, one will have the minimum 


of a positive quadratic form with determinant 1. 
By virtue of the theorem of Hermite the function M(a,;) verifies 
the inequality 4 


-1 


M(aij) < (ae 


§ This Journal. V 40, p. 296 
4 Mr. Minkowski has demonstrated an upper limit of the function M(aj;j) 


M(aig) <n 


much simpler than that from Hermite. (Minkowski. Uber die positiven 
quadratischen Formen und iiber kettenbruchahnliche Algorithmen. [On the 
positive quadratic forms and on continued fraction algorithm] This Journal 
V. 107, p. 291) 
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therefore it is bounded within the set (f) of all the positive quadratic 
forms of real coefficients. 

Mr.’s Korkine and Zolotareff have demonstrated } that the func- 
tion M(aij) possesses many maxima in the set (f) which correspond 
to the various classes of equivalent positive quadratic forms. 

The limit waa indicated by Hermite in the letter to Jacobi 
(source cited) is only a maximum value of the function M (aj). 

The binary and ternary positive quadratic forms possess a single 
maximum which is therefore, in this case, the exact limit of values of 
the function M(aj;). 

Reckoning from the number of variables n > 4, one meets many 
maxima of the function M(a;;). 

Mr.’s Korkine and Zolotareff have found many values of various 
maxima of the function M(a;;) which exceed the limit waa indicated 
by Hermite, but do not exceed the limit 2. 

The study of the exact limit of the minimum of positive quad- 
ratic forms of the equal determinant comes down, after Mr.’s Korkine 
and Zolotareff, to the study of all the various classes of positive quad- 
ratic forms to which correspond the maximum values of the function 
M (aij). 

The maximum maximorum of values of the function M(a;;) is 
the largest value of the function M (aj) which presents a numerical 
function as p(n). 

Mr.’s Korkine and Zolotareff have determined the following val- 
ues of the function p(n): 


u(2) = ji (3) = V2, u(4) = 74, u(5) = V8. 


They have called extreme the quadratic forms which yield to the 
function M (aij) a maximum value. 

The extreme quadratic forms enjoy an important property, namely: 

LI. Any extreme quadratic form is determined by the value of its 
minimum and by all the representations of the minimum. 

Mr.’s Korkine and Zolotareff have determined all the classes of 
extreme forms in 2, 3, 4 and 5 vertices. 

By studying these extreme forms, I have observed that they are 
all well defined by the property (I). There is only reckoning from pos- 


| Korkine and Zolotareff. Sur les formes quadratiques. [On the quadratic 
forms] Mathematische Annalen, V. VI, p. 366 and V. XI, p. 242 
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itive forms in six variable which I have encountered positive quadratic 
forms which enjoyed the property (I) and are not of extreme forms. 

I call “perfect” any positive quadratic form which enjoys the 
property (I). 

I demonstrate that the set of all the perfect forms in n variables 
can be divided into classes the number of which is finite. 

All extreme form being, by virtue of the property I, a perfect 
form, it results in that the function p(n) presents the maximum of 
values of the function M(a;;) which correspond to the various classes 
of perfect forms. 

I have established an algorithm for the search of various perfect 
forms by introducing a definition of contiguous perfect forms. 

To that effect, I make correspond to the set (y) of all the per- 
fect forms in n variables a set (R) of domains in anti) dimensions 
determined with the help of linear inequalities. 

The set (R) of domains in alat)) dimensions presents a partition 
of the set (f) of all the positive quadratic forms in n variables. 

Each domain R possesses in the set (R) a contiguous domain 
which is well determined by any one face in nlnth) 
the domain R. 

I demonstrate that the domain R corresponding to the perfect 
form y(2%1,%2,-..-,€p) being determined by the linear inequalities 


S- pP aij > 0, (k =1,2,...,¢) 


one will have o perfect forms defined by the equalities 


— 1 dimensions of 


pr(*1, X2, ny een) = pl#1, £2, aS ta) + pr¥p(@1, 22, oe ta) (1) 
(k =1,2,...,¢) 
where ; 
W;,(x1, £2, ee Gn) = S- pP xin;, 


provided that the positive parameter p, (k = 1,2,...,0) presents the 
smallest value of the function 


(@1,%2,---,%n) -M 


—W(2,%2,...,2n) 
where U(#1, %2,...,%n) < 0 and M is minimum of the form (#1, 22,..., 
I call “contiguous to the perfect form ¢(21, %2,...,%n)” the per- 


fect forms (1). 
Any substitution in integral coefficients and with determinant 
+1 belonging to the group g of substitutions which do not change 
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the form ¢ permute only the forms (1). One can, therefore, divide the 
forms (1) into classes of equivalent forms with the help of substitutions 
of the group g. By choosing one form in each class, one will have a 
system of perfect forms contiguous to the perfect form ¢@ which can 
replace the system (1). 

By proceeding in this manner, one can obtain a system complete 
of representatives of various classes of perfect forms. 

The corresponding domains will form complete system of repre- 
sentatives of various classes of the set (R). 

I have remarked that a similar system 


RR Roe) Res (2) 


of domains of the set (R) can serve towards the reduction of positive 
quadratic forms. 

I call reduced any positive quadratic form belonging to one of 
the domains (2). 

It results from this definition: 

L. Any positive quadratic form can be transformed into an equiv- 
alent reduced form, with the help of a substitution which presents a 
product of substitutions belonging to a series of substitutions 


$1, S2,...,5m 


which depend only on the choice of the system (2). 

IT. Two reduced forms can be equivalent only provided that the 
corresponding substitution belonged to a series of substitutions the 
number of which is finite. 

The weak point of the new method of reduction of positive quad- 
ratic forms, demonstrated in this Mémoire, consists in that the number 
of substitutions which transform into itself the domains of the set (R) 
or their faces is, in general, very large. 

The application of the general theory demonstrated in this Mém- 
oire to the numerical examples will be particularly facilitated if one 
knew how to solve the following problem: 

Being given a group G of substitutions which transform into itself 
a domain R, one would like to partition this domain into equivalent 
parts the number of which will be equal to the number of substitutions 
of the group G and on condition that the number of faces in nin) —1 
dimensions of domains obtained be the smallest possible. 

I show in this Mémoire the solution of the problem introduced 
in two cases: n = 2 andn=3. 
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From the number of variable n > 4, I do not know any practical 
solution of the problem posed. 


First Part 


General theory of perfect positive quadratic forms 
and domains which correspond to them. 


Definition of perfect quadratic forms. 


Let 
O(@1,%2,---,%n) = S jj 4X5 (1) 
be any positive quadratic form. By indicating with 
(li, loi, ory Ini); (lio, loo, oy In2), ory (lis, los, id Sey Ins) (2) 


the various representations of the minimum M of the form )) aijxi2;, 
one will have the equalities 


So aijlinljn = M, (k =1,2,...,8) (3) 
One will not consider in the following the two systems 
(liz; lor, eee Ink) and (-liz, —lop, ook —lnk); (k = 1, 2, aafeybes 8) 


as different and one will arbitrarily choose one of these systems. 

On the ground of the supposition made, one will have the in- 

equality 

» AijLiL i > M 
provided that a system (#1, %2,...,%n) of integral values of variables 
L1,%2,---,Lp did not belong to the series (2), excluding the system 
@ =0,%2 =0,...,%, = 0. 

By considering the equalities (3) as the equations which serve 
to determine nat?) coefficients of the quadratic form )° aijajx;, one 
will have only two cases to examine: 

1.) there exist a finite number of solutions of equations (3), 

2.) the equations (3) admit only a single system of solutions. 


Let us examine the first case, 
Let us suppose that there exists an infinite number of solutions 
of equations (3). 
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One will find in this case an infinite number of values of param- 
eters 


Pig = Pi, (@=1,2,...,n;7 =1,2,...,n) 


verifying the equations 


> pales =0, (b= 1,2,-..,8) (4) 


the values pj; = 0, i= 1,2,...,n;7 =1,2,...,n being excluded. 
By indicating 


U(a1,%2,---,%n) = 5 PijVit;, 


let us consider the set of positive quadratic forms determined by the 
equality 


f(®1,%2,---,;Un) = (#1, V2,-.-, Xn) + pU(r1, %2,..-,2n), (5) 


the parameter p being arbitrary. 

For a quadratic form determined by the equality (5) to be posi- 
tive, it is necessary and sufficient that the corresponding value of the 
parameter p be continuous in a certain interval 


—-R'<p<R 


It can turn out that R = +00, in this case the lower limit — R’ will 
be finite. By replacing in the equality (5) the form W(a21,22,...,%n) 
by the form —W(21, 22,...,%n), that which is permitted by virtue of 
(4), one will have the interval 


-k<p<R, 


therefore one can suppose that the upper limit R is finite. 
The corresponding quadratic form, determined by the equality 


f(%1,%2,---,%n) = 9(@1,%2,..-.,2n) + RV(H1, L2,...,2n), 


will not be positive, but it will not have negative values either; one 
concludes that least for a system (£1, &,.-.,&n) of real values of vari- 
ables 71, %2,...,%p the form f(21,%2,...,%p) attains in its value the 
smallest which is zero, and it follows that the system (&1, £,...,&n) 
verifies the equation 
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By eliminating from these equations £1, £,...,&, one obtains the 
equation 
a1+RPi, ai2t+RPy, ---, dint RPin 
D(R) =| +RPy1, d22+RPo2, ---, Gan+ RPon 0. 
Gni + RPpi, Gn2+RPn2, ---, Onn+RPrn 


The smallest positive root of this equation presents the value of 
R searched for. 


Let us examine the set (f) of positive quadratic forms determined 
by the equality (5) with condition 


O<p<R. (6) 


Theorem. To the set (f) belongs a quadratic form v1 (a1, 22,.-.,2n) 
which is well determined by the following conditions: 
1. all the representations of the minimum M of the form y(a1, 


X2,---,%n) are also representations of the minimum M of the form 
1(X1,%2,---,2n), 
2. the form i(%1,22,---,%n) moreover possesses at least an- 


other representation of the minimum M. 

Let us indicate by M(p) the minimum and by D(p) the deter- 
minant of the quadratic form f (x1, 22,...,%n) defined by the equality 
(5) with condition (6). 

By virtue fo the theorem by Hermite, one will have the inequality 

M(p) < wn) VD(p). (7) 

We have demonstrated that D(R) = 0, it results in that a value 

of the parameter p can be chosen in the interval (6) such that the 


inequality 
b(n) /D(p) <M 
holds. One will have, because of (7), 


M(p) < M. (8) 


Let us indicate by (11, lo,...,J,) arepresentation of the minimum 
M(p) of the form f (x1, 22,...,%n) verifying the inequality (8). 
One will have 


pli, lo,--- ln) + pW(h, le,..-,In) < M, (9) 
and as a result 
p(li,le,-.-;ln) > M and Why, lo,...,In) < 0. (10) 
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This posed, let us find the smallest value of the function 


Dy 4 —M 
p(x1, 82, tn) (11) 


—W (a1, %2,...,2n) 
determined with condition 
W(a1,%2,..-,2n) <0. (12) 
To that effect, let us examine the inequality 


p(t1,X2,.-.,2n) -M Z pli, le,---,ln) -M 
—WU(21,22,...,2n) =" —W(I1,l2,...,ln) : 


By virtue of (9), (10) and (12), one will have 


p(@1, €2,---,Xn) + pV (41, v2,...,2n) <M. 


The quadratic form (21, 22,.-.,2n) + pW(21,%2,..-,%n) be- 
ing positive, there exists only a limited number of integral values of 
%1,%2,-.--,%, verifying this inequality. Among these systems are found 
all the systems which give back to the function (11) the smallest value 
determined with condition (12). 

Let us indicate by 


(H1,0,...,1), 0, ..u LOE es) 


all the representations of the positive minimum ) of the function (11). 
By declaring 


1(%1,2,---,2n) = 9(41, L2,---,%n) + pi V (a1, v2,.-.,2n), 


one obtains the positive quadratic form 91 (%1,%2,.-.,2n) the mini- 
mum M of which is represented by the systems (2) and (13), this is 
that which one will demonstrate without trouble. 


With the help of the procedure previously shown, one will deter- 
mine a series of positive quadratic forms 


Y, P1,P2)--- (14) 


which enjoy the following property: by indicating with s, the number 
of representations of the minimum of the form y,(k = 1,2,...), one 
will have the inequalities 


8< 8 <S82<--- (15) 
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A similar series of positive quadratic forms of n variables can not 
be extended indefinitely, this is that which we will demonstrate with 
the help of the following lemma. 

Lemma. The number of various representations of the minimum 
of a positive quadratic form in n variables does not exceed 2” — 1. 

Let us indicate by (11, l2,...,tn) and (14, 15,...,0,) any two repre- 
sentations of the minimum M of the positive quadratic form )* aij; a;x;. 

Let us suppose that by declaring 


Ue =U; + 2ti, (ij =1,2,...,n) (16) 


the number fj, ¢2,...,¢, would be integral. 


i" So agli, =M and Yall; = M, 
by virtue of (16), it becomes 
S aaglits +) aigtity = 0 
One will present this equality under the form 
So aig (le + te) (Lj + ty) + D> aagtaty = So aaglilj- (17) 
By noticing that 
S\ asjtity > Do aaglil;, 
one finds, by virtue of (17), 
S- aig (1; + ta)(Lj + t;) <0, 
therefore it is necessary that 
S- aig(li + ti) + tj) = 0, 
and consequently 
ba 0. Sd 9h) 
Because of (16), one obtains 
Ye=-l;. (4=1,2,...,n) 


This posed, let us divide the set (X) of all the systems (21, 22,..-,%n) 
of integral values of 71, %2,...,2%n into 2” classes, with regard to the 
modulo 2. 

We have demonstrated that two different representations of the 
minimum M of the form )> a;;24x; will not belong to the same class; 
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neither will any representation of the minimum M belong to the class 
made up of systems (1, %2,..-,2n) satisfying the conditon 


x; =0(mod2), (¢=1,2,...,n) 


therefore the number of various representations of the minimum of a 
positive quadratic form can not be greater than 2” — 1. 


We have demonstrated that the series (14) of positive quadratic 
forms satisfying the condition (15) can not be extended indefinitely, 
therefore the series (14) will be terminated by a form y, which enjoys 
the following property: the form wy, is determined by the representa- 
tions of its minimum. 

Definition. One will call perfect any positive quadratic form 
which is determined by the representations of its minimum. 

Let us suppose that the form (1) be perfect, one will have in this 
case only a single system of solutions of equations (3). 

On the ground of the supposition made, the equations 


S- iglixljx =0, (k= 1,2,...,8) 
admit only a single system of solutions 
Pij = ji = O- (= :15250.25 759 H 1, 2322250) 
By effecting the solution of equations (3), one obtains the equal- 
ities 
aij = a4jM, (@=1,2,...,n37 =1,2,...,n) 


where the coefficients a;; are rational. 

It results in that the perfect form 4 is of rational coefficients. 
In the following one will not consider as different the perfect forms of 
proportional coefficients. 


Fundamental properties of perfect quadratic forms. 


Let 
van rain) = >" agai; 


be a perfect quadratic form. Let us suppose that all the different 
representations of the minimum of the perfect form y make up the 
series 


(111, lor, rs ylni); (liz, loo, od -yln2); 265859 (lis, los, Bad isles): (1) 
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By choosing any n systems in this series, let us examine the 
determinant 


hii, lia, . --,lin 
lon, loo, an lon = tw. (2) 
Int, Ina, ---slnn 


All the determinants that one can form this way can not cancel 
each other out. By supposing the contrary, one will have s equations 
of the form 


n—-1 
Le = ath, Sj, oy 12: ds) (3) 
r=1 
One will choose a system of ninth) parameters pj; = p;; verifying 
ninth) equations 


Mpg a0, PH 12a n— his 2gn= 1) 
and by virtue of (3), one will have 


S> viglixljx =0, (k= 12352058) 


which is impossible. 

The numerical value w of the determinant (2) can not exceed a 
fixed limit. To demonstrate this, let us effect a transformation of the 
perfect form y with the help of a substitution 


n 
w= > leet) @=1,2,....0) (4) 
r=1 


one will obtain a form 
y' (21,22, aa) an) = So ajjxia',, 
where 
a,, = M. (4 =1,2,...,n) (5) 

By indicating with D’ the determinant of the form y’, one will 

have the inequality 
O41 A5Q °° An, > D', 

by virtue of the known property of positive quadratic forms. 

Considering (5), one obtains 


M" > D’. (6) 
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By indicating with D the determinant of the form y, one will 
have, because of (2) and (4), 


DD = Der: 
therefore the inequality (6) reduces to the one here: 
Du? <M”. 
By virtue of the theorem by Hermite, one has the inequality 
M < p(n) VD; 
it follows that 
w < [w(n)]®.1 (7) 


Any perfect form will obviously be transformed into a form, also 
perfect, with the help of all linear substitution of integral coefficients 
and of determinant +1. 

One concludes this that there exists a finite a finite number of 
equivalent perfect forms. 

The set (y) of all the perfect forms in n variables can be divided 
into different classes provided that each class be made up of all the 
equivalent perfect forms. 

Theorem. The number of different classes of perfect forms in n 
variables is finite. 

Let us indicate by 


Ag = bipti + logpta +... + Unk tn (k =1,2,...,8) 


s linear forms 
1, A2,---5As (8) 


which correspond to the systems (1) of representations of the minimum 
of the form W. 

One establishes this way a uniform correspondence between a 
perfect form y and the system (8) of linear forms. 

Let us suppose that one had transformed the perfected form y 
with the help of a substitution S by integral coefficients and with 
determinant +1, one will obtain an equivalent perfect form gy’. Let us 
indicate by 


1Aay aeneAg (9) 


See the Mémoire of Mr.’s Korkine and Zolotareff sur les formes quadratiques 
positives. (Mathematische Annalen V. XI, p. 256) 
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the corresponding system of linear forms. 

One will easily demonstrate that the substitution T, adjointed 
to the substitution S §, will transform the system (8) into a system 
(9). 

One concludes that a certain reduction of perfect forms can be 
effected with the help of the reduction of corresponding systems of 
linear forms. 

The reduction of the system (8) comes down, by virtue of (7), to 
the reduction of any n linear forms 


At, A2,---5An (10) 


belonging to the system (8) and with determinant +w which does not 
cancel each other out. 

One will determine with the help of the known method a substi- 
tution T which will transform the linear forms (10) of integral coeffi- 
cients into linear forms, 


Le Agees es An (11) 
satisfying to the following conditions 


r = Dex! + Pe+ijkE ps1 ake es + Dnk@p; (k =1,2,...,n) 
Pi1p22°**Pnn =w and pre >O, (k=1,2,...,n) 
0 < Pr+i,k < DPkk- G=1,2,...,0—kpk = 1,2, .2+,2) 


The coefficients of forms (11) being integral, it results in that 
these coefficients do not exceed fixed limits. 
The substitution T will transform the system (8) into a system 


ry ! 
12A23---3Ag (12) 
§ The substitution S being defined by the equalities 


n 
, : 
a=) Aint,, (@=1,2,...,n) 
k=1 


one calls “substitution adjointed to S” the substitution IT’ which is deter- 
mined by the equalities 


n 

, P 
) QiRl, = 2; (@=1,2,...,n) 
k=1 
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of linear forms. By examining successively the determinants of forms 
(Nags X52 +) An)s As Mey es Any 2 (AL, AD, Xe), (R = n41,42,..., 8) 


one will demonstrate that the numerical values of coefficients of all 
the linear forms (12) do not exceed fixed limits. 
The number of similar systems of linear forms in integral coeffi- 
cients being limited, it results in that the number of different classes 
of perfect forms is also limited. 


On the domains determined with the help of linear inequalities 


We have seen in Number 7 that the study of perfect forms can 
be brought back to the study of certain systems of linear forms. 

One will acquire a new basis to these studies by making corre- 
spond to each perfect quadratic form in n variables a domain in antl) 
dimensions determined with the help of linear inequalities. 

One will address first the general problem by studying the prop- 
erties of domains determined with the help of linear inequalities. ¢ 

Let us consider a system of linear inequalities 


Dipti + poeta t+... t+ Pme&¥m >0, (k =1,2,...,0) 


in any real coefficients. 
One will call point (x) any system (a1, %2,...,2%m) of real values 
of variables x1, %2,...,£%m and one will indicate 


YR(L) = Pig®1 + PoeFo+...+Pmetm. (k= 1,2,...,0) 


One will call “domain” the set R of points verifying the inequal- 
ities 
yn (2) > 0. (kK =1,2,...,0) (1) 
Let us suppose that to the domain R belonged to points verifying 
the inequalities 
yr(x) >0, (k=1,2,...,0) 
one will call such points interior to the domain R, and the domain R 
will be said to be of m dimensions. 
It can be the case that the domain R does not possess interior 
points. One will demonstrate in this case all the points belonging to 
the domain R verify at least one equation 


yn (a) = 0, 


{ See: Minkowski. Geometrie der Zahlen [Geometry of the numbers], No. 19, 
p. 39. 
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the indice h being a value 1,2,...,0. 

It is important to have a criteria with the help of which one could 
recognise whether a domain determined by the help of inequalities (1) 
will be in m dimensions or not. 

Fundamental principle. For a domain determined with the help 
of inequalities (1) to be of m dimensions, it is necessary and sufficient 
that the equation 


o 
S- pryn (x) = 0 (5) 
k=1 
did not reduce into an identity so long as the parameters p2, p2,---5 Po 
are positive or zero, the values p1 = 0,p2 = 0,..., Po = 0 being ex- 


cluded. 

The principle introduced, considered from a certain point of view, 
is evident, but one arrive at the rigorous demonstration of this prin- 
ciple only with the help of the in depth study of domains determined 
with the help of linear inequalities. 

For more simplicity, one will examine in that which follows only 
domains satisfying the following conditions: the equations 


yx (x) =0 (k =1,2,...,0) (2) 


can not be verified by any point, the point x; = 0,72 = 0,...,%m = 0 
being excluded. 

It is easy to demonstrate that the general case will always come 
down to the case examined. 


Definition. One will call edge of the domain R determined with 
the help of inequalities (1) the set of points belonging to the domain R 
and verifying the equations 


yx(z) =0, (k=1,2,...,7r where r<c) 


provided that these equations defined the values of £1, %2,...,2m to an 
immediate common factor. 

By indicating with (&1, &,...,&m) a point of the edge considered, 
one will determine all the points of the edge with the help of equalities 


ri = phi, (j= 1,2,...,n) 


p being an arbitrary positive parameter. 
This results in that each edge of the domain R is well determined 
by any point belonging to it. 


10 
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Let us suppose that the domain R possesses s edges characterised 
by the points 


() = (€1%, fan, +--+) &mk): (k =1,2,...,8) 
By declaring 


8 
ay = pubes (j= 1,2,...,m) (3) 
k=1 
where 
pr>0, (k=1,2,...,8) (4) 
one obtains a point (2) belonging to the domain R, the positive or 
zero parameters pi, p2,---, Ps being arbitrary. 


Fundamental theorem. Let us suppose that the inequalities (1) 
which define the domain R satisfy the condition (=). 

The domain R will be of m dimensions and each point belonging 
to it will be determined by the equalities (3) with condition (4). 

The theorem introduced is well known in the case m = 2 and 
m = 3. 

We will demonstrate that by supposing that the theorem be true 
in the case of m — 1 variables, the theorem will again be true in the 
case of m variables. 

Let us examine first the various inequalities of the system (1). It 
can be the case that many among them could be put under the form 


yn() = >~ pf ye(a) where py? >0. (k= 1,2,...,8;pf” =0) 
k=1 


One will call such inequalities dependent and one will exclude 
them from the system (1). 

Let us suppose that the system (1) contained only independent 
inequalities. 

Their number p, on the ground of the supposition (2) made, will 
not be less than m. 

This posed, let us examine a set P;, of points belonging to the 
domain R and verifying an equation 


yn (2) = 0, (5) 


the indice h having a value 1, 2,...,¢. 
One will call “face of the domain R” the domain P). 
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On the ground of the supposition made, the face P, will be in 
m — 1 dimensions. 

To demonstrate this, let us make correspond to any point (x) ver- 
ifying the equation (5) a point (uw) in m—1 coordinates (ui, u2,...,; Um—1) 
by declaring 


m1 
j=l 
The system of inequalities (1) will be transformed into a system 
m(u) > 0 (b= 1,2,...,0;k £h) (7) 
of inequalities in m— 1 variables u1, u2,.--,Um_—1- 
Let us suppose that one knew how to reduce the equation 
o 
S> pene (u) =0 where p, =0 and py >0 (K=1,2,...,0) (8) 
k=1 
into an identity. By virtue of (6), one will obtain the identity 


S- prye (x) = pyn(x) where pp, = 0. 
k=1 


One can not suppose that p > 0, since otherwise the inequality 
yn(x) > 0 


would be dependent and on the ground of the supposition made would 
not belong to the system (1). 

By supposing that p < 0, one will admit p, = —p and one will 
obtain the identity 


S~ prye(a) =0 where pp >0, (k=1,2,...,0) 
k=1 


which is contrary to the hypothesis. 

We have supposed that the theorem introduced be true in the 
case of m — 1 variables. As the equation (8) can not be reduced into 
an identity, one concludes that the system of inequalities (7) defines a 
domain By, in m — 1 dimensions. Moreover, by indicating with 


(ui, U21,--- pipe D), (u12, U22, tees Um—1,2); aoe) (ure, Ure, tee bei) 


(9) 
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the points which characterised ¢ edges of the domain B6,, one will 
determine any point (u) of this domain by the equalities 


t 
ui=>— pete, where px >0, (k=1,2,...,4¢=1,2,...,.m—1) 
k=1 
(10) 
One will make correspond to the points (9) the points 


(&-) = (fir, Ear, . vey bm), (r = 1, 2, 7 ..,t) (11) 


by determining them with the help of equalities (6) and (9). 

The points obtained (11) characterise ¢ edges of the domain R 
belonging to the face P,. Any point (x) belonging to the face P, will 
be determined, on the grounds of (6) and (10), by the equalities 


t 
wi = >- préix where py >0. (k =1,2,...,t4=1,2,...,m) (12) 
k=1 


Let us notice that all the points (11) verify the equation 
Yn(z) =0 (13) 
and satisfy the conditions 
ye(z) > 0. (kK =1,2,...,0) 
One obtains thus the equalities 
yraEr) >0 (r =1,2,...,t;k =1,2,...,0) (14) 


The face P;, being in m—1 dimensions, the equalities (14) would 
define the coefficients of the equation (13) to a close by common factor. 


Let us suppose that one had determined this way all the faces 
P,, Po,...,Py (15) 


in m — 1 dimensions of the domain R. 
Let us suppose that the points 


(Ei) = (1k, S2n,-+-&mk) (Kk = 1,2,...,8) (16) 
characterise the various edges of the domain R belonging to the various 
faces (15). 

By indicating 
& 
vi=>~ pr&ix where pp >0, (k=1,2,...,8;4=1,2,...,m) (17) 
k=1 
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one obtains a set of points which all belong to the domain R. 

I say that any point (x) belonging to the domain R can be de- 
termined with the help of equalities (17). 

One can suppose that the point (7) does not belong to any one 
of the faces (15), since any point belonging to them can be determined 
with the help of equalities (12). 

By supposing that one had the inequalities 


yr (x) > 0, (k =1,2,...,¢) 


let us arbitrarily choose a point (€,) among those of the series (16) 
and let us admit 


vi, = 4; — pbip where p>0. (6 =1,2,...,m) (18) 

So long as the parameter p is sufficiently small, one will also have 

ye(x') > 0. (k=1,2,...,0) 

By making the parameter increase in a continuous manner, one 
will determine with the help of equalities (18) a point (z’) verifying 
an equation 

yn(a') = 0 
and satisfying the condition 
yn(2') > 0. (k=1,2,...,0) 


The point obtained (z’) belongs to the face P;,, therefore one can 

declare 
t 
= So pe&ix where p, >0. (k=1,2,...,t;i4=1,2,...,m) 
k=1 
By virtue of (18), it becomes 
t 
Li = phir + > pekix where p > 0, p, > 0. (k= 1,2,...,t;i=1,2,...,m) 
k=1 


It remains to demonstrate that the domain F is in m dimensions. 
Let us notice that all the points determined by the equalities (17) 
with condition 
pr>O (k=1,2,...,8) 
are interior to the domain R. 
In effect, all the points (16) verify the inequalities 


yn(Ex) = 0. (kK =1,2,...,8;h =1,2,...,0) (19) 
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By multiplying these inequalities by p,, let us make the sum of 
inequalities obtained; one will have, because of (17), 


dine) = >) ortn(Es) 20: (= 1,2, :..,0) 
k=l 


By virtue of (19), one will have the inequality 
yn(z) > 0, Urs 1,2) 5458) (20) 


so long as the numbers yp(&1), yn(&2),---,yn(€s) do not cancel each 
other out. 
One can not suppose that the equalities 


yn(&%) = 0 (k = 1,2,...,8) 


holds, because otherwise all the equations 


yi(x) = 0, y2(r) =0,.-.,yo(a) =0 


would be of proportional coefficients, which is contrary to the hypoth- 
esis; therefore one will have the inequalities (20), and it follows that 
the domain R is of m dimensions. 

We have demonstrated that the condition (&) is sufficient for the 
domain R to be of m dimensions. It is easy to demonstrate that this 
condition is necessary. 


We have defined in Number 10 the faces in m — 1 dimensions of 
the domain R. This definition can be generalised. 

Definition. One will call face in p dimensions of the domain 
R (w=1,2,...,m—1) a domain P(pu) formed from points belonging 
to the domain R and verifying a system of equations 


yx(z) =0, (kK =1,2,...,7) (21) 


provided that these equations define a domain in p dimensions com- 
posed of points which, all, do not verify any other equation y,41(“) = 
0,---,Yo(x) = 0. 

Let us choose among the points (16) all those which verify the 
equations (21). 

By indicating with 


&k = (E1n, 2k5--+, mk); (k =1,2,...,t) 
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one will declare 


t 
@i = > pebsx where py >0. (k= 1,2,...,44=1,2,...,m) (22) 
k=1 
It is easy to demonstrate that any point (7) belonging to the face 
P() can be determined with the help of equalities (22). 
Corollary. Each face of the domain R is a set of points deter- 
mined by the equalities (22) provided that any point belonging to it 
could not be determined by the equalities 


8 
= SO pr&iz where p,>0, (K=1,2,...,8;i=1,2,...,m) 
k=1 
unless all the parameters pt+41, Pt+2,---,Ps do not cancel each other. 
13 

Any point belonging to the domain R either is interior to the 
domain R or is interior to a face of that domain. 

Let us suppose that the point (x) be interior to a face P(y) of 
the domain R which is formed from all the points determined by the 
equalities (22). 

I argue that one can always determine the point (x) by the equal- 
ities (22) provided that 

pr>oO. (k=1,2,...,t) 


To demonstrate this, let us indicate 
t 
pe Ge: (i =1,2,...,m) 
k=1 


The point (a) is interior to the face P(j). 
By admitting 
x, = 24 — pa; where; p>0, (i=1,2,...,m) (23) 
one obtains a point («) which will be interior to the face P(j) so long 
as the parameter p will be sufficiently small; it follows that 


t 
w= péix where p>0. (b= 1,2,...,44=1,2,...,m) 
k=1 


By virtue of (23), one obtains 


t 
w= > (0+ pe, G=1,2,...,m) 
k=1 
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and by making 
p+ Py = Pk; (k=, 2}.2.54) 


one will have 


t 
i= >> préin where py>O. (K=1,2,...,t;¢=1,2,...,m) 
k=1 


Let us notice that by making y = m and t = s, one will indicate 
with the symbol P(m) the domain R; one concludes that any point (2) 
which is interior to the domain R can be determined by the equalities 


s 
= pis where pp >0. (K=1,2,...,8;4=1,2,...,m) 
k=1 


On the correlative domains. 
Definition. Let us suppose that a domain R be determined with 
the help of inequalities 


Dipti + porte +.--+Pmetm > 0. (k= 1,2,...,0) 


One will call correlative to the domain R the domain R which is 
formed from all the points (2) determined by the equalities 


oe 
t= > pabin, Where py > 0. (kh =1,2,...,052 =1,2)5.;m): C1) 
k=1 


I say that the domain FR will be in m dimensions, if the domain 
FR does not possess points verifying the equations 


Pik©1 +Pint2+Pmelm =0, (kK =1,2,...,0) 


the point x; = 0,22 = 0,...,%m = 0 being excluded. 
In effect, if all the points of the domain R verified the same 
equation 
&\ 21 + 9% +... + Emtm = 0, 


one would have the equalities 
€:piz + €opor +---+&mPme =0, (k =1,2,...,0) 


by virtue of (1), which is contrary to the hypothesis. 
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Theorem. By supposing that the domain R be formed from all 
the points (x) determined by the equalities 


s 
wi=>_ pxgin where py >0, (k= 1,2,...,8)4=1,2,...,m) (2) 
k=1 


one will define the correlative domain R with the help of inequalities. 
1n01 + Expta +... + Emelm > 0. (kK =1,2,...,8) (3) 


Let us indicate by R’ thedomain determined with the help of 
inequalities (3). 
On the ground of the supposition made, all the points 


(11, 21, alien serail ds (E12, €22, as -,€m2); os) (E15, €2s; ns xf Gmnis) 


characterise the edges of the domain R, and one will have the inequal- 
ities 


pingik + penéart---+DPmréme (hb =1,2,...,0;h =1,2,...,0). (4) 


We have seen in Number 10 that each face P; in m-—1 dimensions 
of the domain R is characterised by the points 


(€11, 21, pears seni) (E12, €22, oe -,Em2); es ery: (E14, E28, Shea »Emt) 


which verify the equation 
Yn =0 (5) 
of the face P;,. One obtains the equalities 


Pinéik + Panfar +.»»+PmnEme =O (k= 1,2,...,4) 


which define the coefficients pin, p2n,---;Pmh Of the equation (5) to an 
immediate common factor. 

One concludes, by virtue of the definition established in Num- 
ber 9, that the point (pin, pon,---;Pmn) characterises an edge of the 
domain R’. 

By attributing with the indice h the values 1,2,...,0, one ob- 
tains a series 


(P11, Pai, - 7 Sseratt)5 (P12, P22, oe »Pm2)s -, (Pic, P20; ah Pm) 


of points which characterise different edges of the domain R’. 

I argue that the domain R’ does not possess other edges. To 
demonstrate this, let us suppose that a point pi, po,...,Pm charac- 
terises an edge of the domain FR’. 
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One will have the equalities 


Piéih + poor + ---+Pm&mhr = 9, (h = 1,2,...,t) (6) 
which define the coefficients p1, po, .- ., Pm to a nearby common factor, 
and one will have the inequalities 

Pilih + poban +--+ PmEmn = 0. (Kk = 1,2,...,8) (7) 


Let (x) be any point of the domain R. One will determine the 
point (2) with the help of equalities (2). By multiplying the inequali- 
ties (7) with pz, and by making the sum of inequalities obtained, one 
will have, because of (2), 


pit, + pete +... + pmim > 0. 


One concludes that the inequalities 


P1L1 — P22 —--.—Pmkm > O and pipet poeloat+..-+Pmkem = 0, 


define a domain which is not in m dimensions. 

By virtue of the fundamental theorem of Number 10, one will de- 
termine in this case positive values or zeros of parameters p, ~1,---, Po 
which reduce the equation 


o 
p(piti+pot2+.--+Pm&m)+ >. pr (Piet1+Pot2t---+Pmk&m) = 0 
k=1 


into an identity. 
It follows that 
o 
pi= >> pi, where *@>0. (k=1,2,...,0;¢=1,2,...,m) 
k=1 p 
By substituting (6), one will have 


oO 


S- “ (Eunpar + f2nP2k fea Sack EmhPmk) = 0. (h = 1, 2, a , #) 
k=1 


By virtue of (4), one finds 
ke 
Or (GunPra + Een Pan --+&mhPmk) = 0. (h = 1, 2,...,t;4 = 1,2,...,¢) 
Let us suppose that oe > 0, then 


pig t non tot oak H Oe RST ak ist) 
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therefore the coefficients 1, p2,..-,Pm, by virtue of (6), are propor- 
tional to the coefficients piz, Por,---;Pmk; it follows that the points 
(Pik; P2k;+++;Pmk) and (p1,P2,---,Pm) characterise the same edge of 
the domain R’. 

By virtue of the fundamental theorem in Number 10, all the 
points of the domain R’ will be determined by the equality (1), this 
results in that the domains R and R’ coincide. 

Corollary. Let us suppose that a face P(s) in w dimensions of 
the domain R be determined by the equations 


Dikt1 + Pope +... +Pme@m =0, (kK =1,2,...,7) 


and that any point (x) belonging to the face P(:) be determined by the 
equalities 
t 
t= SO pr&ik where pp >0. (kK =1,2,...,¢;4=1,2,...,m) 
k=1 


The correlative domain R will possess a corresponding face B(m— 
bp) inm — p dimensions determined by the equations 


Ep + opto t+... +Enkeim =O (k=1,2,...,¢) 
and any point (x) belonging to the face B(m — p) will be determined 
by the equalities 


z 
vi = > pri where pp > 0. (K=1,2,...,7;4=1,2,...,m) 
k=1 


Definition of domains of quadratic forms corresponding to the 
various perfect forms 


Let us consider any one perfect quadratic form y. 
Let us suppose that all the representations of the minimum of 
the form y make up the series 


(dit, lor, .--5ln1), (lia, doa, .--ydn2)+++5 (lis, das, - ++ dns): (1) 
By indicating 
Ne = inti + lopto t+... + nrtn, (k = 1,2,...,8) (2) 
one corresponds to the series (1) a series of linear forms 


ie Nien dee 
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Let us consider a domain R of quadratic forms determined by 
the equality 


s 
f (v1, 2,---,%n) = So parr 
k=l 


with condition that 
pr>0. (k=1,2,...,8) 


One will say that the domain R correspond to the perfect form 
y. 

Let us notice that the domain R is in n(ntt) dimensions. 

By supposing the contrary let us suppose that all the quadratic 
forms belonging to the domain R verifies a linear equation 


U(f)= So vijay = 0. 
On the ground of the established definition, one will have the 
equalities 
WAZ) =0 (k=1,2,...,8) 
or, that which comes to the same thing, because of (2), 
Pijlikljk =O (k =1,2,...,8) 


which is impossible, the form y being perfect. 
On the ground of what has been said in Number 9-14, the domain 
R possesses s edges characterised by the quadratic forms 


Nena pate Ne « (3) 
Let us suppose that one had determined all the faces 
P,, Po,...,P, 


in n(ntt) — 1 dimensions of the domain R. 

Each face P;, can be determined by two methods: 

1. All the quadratic forms belonging to the face P, verify an 
equation 


k 
U,(f) = S- ph aij =) 
which can be determined in such a way that the inequality 


U,(f) >0 


held so long as the form f belonging to the domain R is exterior to 
the face Px. 
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2. By choosing among the quadratic forms (3) these 
Dee Cee 


which verify the equation (4), one will determine all the quadratic 
forms belonging to the face P, by the equalities 


t 
f(z1, 22, mR -,&n) = Se pere 
k=l 


where 
pr>oO0. (k=1,2,...,t) 


By virtue of the theorem of Number 14, the domain R can be 
considered as a set of points verifying the inequalities 


Wf) 20. (k= 1,2,-..,0) 
On the extreme quadratic forms 


Let us indicate by M(a,;) the minimum and by D(a;;) the deter- 
minant of a positive quadratic form )> aj;x;x;. The positive quadratic 
form —+— YX aj; 242; will be of determinant 1 and will possess the 

Day Matt : 


minimum 
M (aij) 
VD(aij) 

Let us examine the various value of the function M(a;j) which 
is well determined in the set (f) of all the positive quadratic forms in 
n variables. 

Definition. One will call extreme t a positive quadratic form 
Yi aiyxix; which enjoys the property that the corresponding value of 
the function M (aij) is minimum. 

Let us notice that the function M(a;;) does not change its value 
when one replaces quadratic form )7 a;;2;4; by a form of proportional 
coefficients. 

By attributing to the coefficients of the extreme form > ajj x42; 
variations 


i M (aij). 


ij = Eft (i = T2528 23 NE = D2) 2 ops) 
satisfying the condition 
lea|<€, @=1,2,...,n;j =1,2,...,n) (1) 


t See the Mémoire of Mr.’s Korkine and Zolotareff, Sur les formes quadratiques 
[On the quadratic forms], Mathematische Annalen V. VI, p. 368 
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e being an arbitrary positive parameter, let us examine the correspond- 
ing value of the function M(a;;). 

On the ground of the definition established, one can determine 
the parameter € such that the inequality 


M (aij + €4j) < M (aij) (2) 


held with condition (1) and so long as the coefficients €;; are not 
proportional to the coefficients 


aj. (@=1,2,...,n;7 =1,2,...,n) 


Theorem. For a quadratic form >> aijxiz; to be eatreme, tt is 


necessary and sufficient that it be perfect and that its adjointed form 
OD(aiz) 
aa 
YS aig LyX . 
Let us indicate by 


(hia, lai, oe -sbni), (I12, loo, oe -sln2), ty (lis, los, tty Ins) (3) 


the various representations of the minimum M (a,j) of the form )* aijx;x;. 
Let us consider a quadratic form }7 (aj; +pei;)xi2;, the parameter 
p being arbitrary. One can determine an interval 


x,4,x; be interior to the domain corresponding to the form 


—d<p<6 where 0<d6<1 (4) 


such that all the representations of the minimum of the form )*(a4; + 
peij)x;a; are found among the systems (3) so long as the variations 
€4j satisfy the condition (1). 

By indicating with 


M' = So (ai + peiz lanl jn and M = S> aiglinl jr (5) 


the minima of forms }7 (aij + pesj)aiaz; and )\ aij )ayxj and with D’ 
and D their determinants, one will have 


Di (aiz + peaz inl jx M(ai;) = Le aiglinlje 
YD! : ? YD 
By virtue of (2), one obtains the inequality 
Lilaij + peiglinlin — Di aiglinl jn 
VD! VD 


M(aaj + pei) = 
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or, that which comes to the same thing, 


n {pi 
p> esglinljr <M Dp 1]. (6) 


This declared, let us suppose that the form }( ajaj2; be not 
perfect. 
One will determine in this case the variations €;; such that the 


equalities 
So esglindjx =0, 
held. By virtue of (6), one will obtain the inequality 
Dy S20; 


By developping the determinant D’ into a series, one will have 
the inequality 


OD p? oD 
Pd ia Gg, ty Le ee S +... >0. (7) 
The parameter p being arbitrary satisfying the condition (4), it 


is necessary tht 
OD 
Do ag 


Mr.’s Korkine and Zolotareff have demonstrated t that in this 
case one will always have the inequality 


S EGE a <0 
agekh aij OGkn ’ 
therefore the inequality (7) is impossible. 
We have demonstrated that the form y = }) ajjx;x; has to be 
perfect. 


Let us suppose that the domain R corresponding to the perfect 
form y be determined by o inequalities 


v,(f) = Sv? aij >0. (r=1,2,...,¢) 
On the grounds of these inequalities, one will have 


C= > pala 20s Ca Lo ah S12 ee) C) 


{ Mathematische Annalen, V. XI, p. 250 
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Let us declare 
ej =tp where t>0. (6=1,2,...,n;7 =1,2,...,n) 


By virtue of (6), one will have 


(r) n D' 
pt) py linljn <M ye 1}. (9) 


Let us attribute to the parameter p a positive value satisfying 
the condition (4), by virtue of (8) and (9) there will arrive 


D' > D. 


By developping the determinant D’ into a series, one obtains the 
inequality 


pty pl? 5 Gas > ot? cee ost 


3 Oaij Pij Pin Oai; OGkh 


The positive parameter p being as small as one wish, it follows 
that aD 
wry 5 (r = 1,2,...,0) 


It is thus pedis that the form 2 Baz Bay tit; adjointed to 
the form y, is interior to the domain R. 

I argue that in this case the perfect form y will be extreme. 

By supposing the contrary, let us suppose that the inequality 


M (aij + €ij) => M(aiz) (10) 
be verified by any one system of variations ej (¢ = 1,2,...,n;j = 
1,2,...,n) satisfying the condition (1) however small the parameter e 


may be. 
By virtue of (10), one obtains 


n [pr 
S- eaglinljn > M D7! Sn feed Di, ag) (11) 


the inequality obtained has to hold whatever may te the value of the 
index k =1,2,...,8 
By indicating 


niD nip 
=a ( Ven) +0 V pr (@=1,2,...,n37 =1,2,...,n) 
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let us examine the quadratic form 


(po(41,2,---,En) = So (aij + ij )UiL;- (13) 


By virtue of (12) the form gp is of determinant D. 
By choosing the parameter e¢ sufficiently small, one can suppose 
that 


In| <n, (@=1,2,...,n;7 =1,2,...,n) (14) 


7 being a positive parameter as small as one would like. 
By virtue of (5), (11) and (12), one obtains 


Y> nislinljn > 0. (k= 1,2,...,8) (15) 


By developping the determinant D of the form (13) into series, 
one will find 


OD 
D j—— +R. =D. 16 
+ imag. + 2 (16) 
In this equality the remainder Re verifies an inequality 
| Ro| < Ree 


P being a positive number not depending on the parameter 7 so long 
asm <1. 
By virtue of (16), one obtains 


OD 
»s "89a, 


We have suppose that the quadratic form )> PP aay, adjointed 
aj 


<P. (17) 


to the form y, be interior to the domain R. On the ground of that 


which has been said in Number 13, one will determine the form )> 2 a : 
x,x; with the help of the equality 
OD = 
Ba tits = So pede (18) 
aij = 
k=1 
where 
pr > 0. (k =1,2,...,8) (19) 


The equality (18) can be replaced by the following ones: 


dD : 
So prlizlje- (@=1,2,...,n37 =1,2,...,n) 
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By multiplying these equations by 7; and by adding up the 
equalities obtained, one will have 


OD 
yong oa SS pe >, Maglindjn- (20) 
J k= 1 
By virtue of (15), (17) and (19), one obtains the inequalities 


»P 
OS Dinglale <7 (k=1,2,-.-48) 
therefore one can admit 
isle en b H1, Bc58) (21) 


and the positive numbers or zeros 7, (k = 1,2,...,8) will not exceed 
fixed limits which do not depend on the parameter 7. 

After the definition of perfect forms, the equations (21) admit 
only a single system of solutions. By effecting this solution of equations 
(21), one obtains 


ng =n (= 1,2,...,n37 =1,2,...,n) 


where 
lm |<T, (@=1,2,...,n37 =1,2,...,n) 


T being a positive number which does not depend on the parameter 
n; therefore one will have the inequalities 


Ing] <7°T. (6=1,2,...,n;7 =1,2,...,n) (22) 

This stated, let us take any one positive fraction 0 and declare 
_ 8 
n= Tv 


By virtue of (14), one will have 


Inij| < ra (@ =1,2,...,n;7 =1,2,...,n) 
and because of (22), it will become 
ad 
In| < Tr (¢ =1,2,...,n;7 =1,2,...,n) 


By admitting 
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one will have, because of (22), 


4 
Ingl<—=, (@=1,2,...,n;7 =1,2,...,n) 
T 
and so on. 
One will obtain in this manner the inequalities 
ge" 
Ina] < rT (@=1,2,...,n;7 =1,2,...,n;k =0,1,2,...) 


it follows that 
my =O. @=1,2,...,n;7 =1,2,...,n) 


By virtue of (12), one obtains 


therefore the coefficients €;; are proportional to the coefficients aj; (¢ = 
1,2,...,n;7 =1,2,...,n), which is contrary to the hypothesis. 


Properties of the set of domains corresponding to the various 
perfect forms in n variables. 


Any perfect form y will be transformed by an equivalent perfect 
form y’ with the help of any substitution S of integral coefficients and 
of determinant +1. 

Let us indicate by R and R’ the domains corresponding to the 
perfect forms y and y’ and by T the substitution adjointed to the 
substitution S. 

One will easily demonstrate that the domain R will be trans- 
formed into an equivalent domain R’ with the help of the substitution 
T. 

One concludes that there exists a finite number of domains equiv- 
alent to the domain R. 

Let us indicate by (R) the set of all the domains corresponding 
to the various perfect forms in n variables. 

The set (R) can be divided into classes of equivalent domains. 

On the ground of that which has been previously said, the num- 
ber of different classes of the set (R) is equal to the number of classes 
of perfect forms in n variables. 
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Theorem. Let us suppose that a quadratic form f be interior to 
a face P(t) in pw dimensions of the domain R (u = 1,2,..., alnth)) 
The form f will belong only to the domains of the set (R) which 
are contiguous through the face P(). 
Let us suppose that the domain R be characterised by the quad- 
ratic form 
De 5 Ab ga eg (1) 


and that the face P() in 4 dimensions of the domain R be charac- 
terised by the quadratic forms 
NAR Ae (2) 


In the case pp = alnth) 


P (25) will indicate the domain R. 


The quadratic form f being interior to the face P(u), one will 
have the equality 


, one will admit ¢ = s, and the symbol 


t 


fOigte 8) = pad where py, >0. (k=1,2,...,t) (3) 
k=1 


Let us suppose that the same form f belonged to another domain 
R’ of the set (R). 

Let us suppose that the domain R’ be characterised by the quad- 
ratic forms 

2 \/2 2 
Dn Can, Va (4) 

and that the form f be interior to the face P’(v) of the domain R’ 
characterised by the quadratic forms 


ae 2 
AL Ag oe AL (5) 
One will have, on the ground of the supposition made, 
f(@1,22,---,2n) = re where p, >0. (h=1,2,...,7) (6) 
h=1 


This declared, let us indicate by y and y’ the perfect forms cor- 
responding to the domains R and R' and suppose, for more simplicity, 
that the minimum of forms y and y’ be M. 

By indicating with the symbol (f, f') the result 


(f, f') = Saijal, 
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from two quadratic forms 


FGea sine @a) ==, Cee and F gi; Bayes 25a, =a, mia 


let us examine two results (f,y) and (f,’). 
By virtue of (13), one obtains 


t 


(f,¢) = >. pe(y, Az) and (f,¢') = > pale’, Xz)- (7) 


k=1 k=1 


By virtue of (6), one obtains 


(f,~) = >= p(y 4”) and (f,¢') = > phy’, Ah”): (8) 
h=1 
Let us notice that 
(p, A~) = M and (y',\Z) > M; (k= 1,2,...,8) (9) 


(p,¥,°) > M and (y',\,") = M. (h=1,2,...,0) (10) 


From equalities (7), one derives 


(f,¢') — (f,9) = > pe [W's Az) — (GAB) | (11) 
k=1 


and by virtue of (3) and (9) there comes 
(f,¢') ~ (f, 9) > 0. 


From equalities (8), one derives 
(Re) -F9= Do [O Mm I-~M)], 42) 
h=1 


and by virtue of (6) and (10), one will have 


(f.9') — (fy) <0. 
It follows that 
(9) =(4,9), 
and the equalities (11) and (12) give 
(y', Ag) = (YAR), (k =1,2,...,¢) 
(v'M) = (9 Mb)» (h=1,2,...57) 
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By virtue of (9) and (10), there arrive 
(y,N,")=M, (h=1,2,...,7) (13) 
(p'Ag) = M. (k= 1,2,...,1) (14) 


By virtue of equalities (13), the quadratic forms (5) are found 
among those of the series (1). By virtue of (14), the quadratic forms 
(2) are found among those of the series (4). 

I argue that in this case the series (2) and (5) contain the same 
forms. 

To demonstrate this, let us suppose that all the forms belonging 
to the face P(y) verify the equations 


Vi(f) =0, Wo(f) =90,..., Uf) =0 
and that any form belonging to the domain RF verifies the inequalities 
Wi(f) 20, Wo(f) 20, ..., UF) 2 0. (15) 
By virtue of (6), one will have 
pL Wa(Ay”) + Bie ) +--+ 0h (XN) =0, @=1,2,...,7) 
and because of (15), one finds 
W(\,7) =0;  @ == 1,2,...,r;h =1,2,...,7) 


therefore all the forms of the series (5) belong to the series (2). 

In the same way, one will demonstrate that all the forms of the 
series (2) belong to the series (5). 

One concludes that the faces P(y) and P'(v) coincide, therefore 
the domains R and R’ are contiguous through the face P(y). 

Corollary. A quadratic form which is interior to a domain of the 
set (R) can not belong to any other domain of that set. 


Theorem. Let us suppose that to a face P(u) of the domain R 
belong positive quadratic forms. In this case, the number of domains 
of the set (R) contiguous through the face P(s) is finits. 

Let us indicate by 

R,R,, Re,... 


the domains of the set (R) contiguous through the face P(u). Let 
YP, Pl, P2;--- 


be the corresponding perfect forms having the minimum M. 
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On the ground of the supposition made, one positive quadratic 
form f will be interior to the face P(). 
We have demonstrated in the previous number that 


It is easy to demonstrate that the number of perfect forms having 
the minimum M and verifying the equalities (16) is finite. 


Algorithm for the search for the domain of the set (R) contiguous 


to another domain by a face in antl) — 1 dimensions 


Let 
p(a1, 22, weeny Ln) = So aij 2 53; 
be a perfect form having the minimum JM the various representation 
of which make up a series 


(lit, lar, eee ylnt); (lia, loo, oe -yln2); re) (lis, las, oe sa lyis)- (1) 


Let us suppose that a face P of the domain R corresponding to 
the perfect form y be determined by the equation 


U(f) = >— pia =0 


and by the condition 
U(f) > 0 


which is verified by any quadratic form belonging to the domain R. 
Let us suppose that the face P be characterised by the quadratic 
forms 
hoe eres vs (2) 
where 
Ap = lipti + lopwa +... + lagen. (k = 152; 28098) 


On the ground of the supposition made, one will have the equal- 

ities 
S- pijlinljx =0 (k= 132528286) (3) 

which define the coefficients P;; (¢ = 1,2,...,n;j = 1,2,...,n) to an 
immediate common factor. 

Let us suppose that the face P could belong to the other domains 
of the set (R). Let us indicate by R’ a similar domain. Let y’ be the 
perfect form corresponding to the domain R’. 
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By virtue of the supposition made, the quadratic form (2) belong 
to the domains R and R’. It results in that the systems 


(di1,da1,---,In1), (lia, loa, [---, Jln2), --- 5 (Lae, dae, - --, Ine) (4) 


corresponding to the forms (2) represent the minimum of forms y and 
1! 


yg. 
Let us suppose, for more simplicity, that the forms y and y’ had 
the minimum M. One will have the equalities 


So aigjlizlix =M and Yo aijlinlj, =M, (K=1,2,...,t) (8) 
by putting 
py (#1,%2,---;%n) = >) ajay. 
From equation (5), one gets 
SG; Henge, GS 12).440 
and by virtue of (3), it becomes 
Qi, = ay + pry. (6 =1,2,...,n57 =1,2,...,n) (6) 
Let us indicate 
W(a1,%2,.-..,2n) = So pig wins. 
By virtue of (16), one obtains 
yp! (#1, 22,---;%n) = (21, %2,---,2n) + pU(x1,29,---,2n)- (7) 


This stated, let us choose in the series (1) a system (liq, lon,---, 
Inn) which does not belong to the series (4). As 


p(lin, lon, eid sinh) =M g' (lin, lon,---, Inn) >M 
and 
W(lin, lon, er Inn) > 0, 
one deduces from the equality 
#' (lin, dons ---stnn) = G(lin, lon, ---s Inn) + pU(lin, lon, ---s Inn) 


the inequality 
p2o. 


The supposition p = 0 being obviously impossible, one obtains 


p>9, 
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and it follows that 
Q' (lin, lan, ---3lnn) > M- 
Let us indicate by 
CA ere CaN eemee 10 mee (Ea 02 (8) 


all the representations of the minimum of the perfect form y’ which 
are not found in the series (4). By virtue of (7), one will have 


Oe MS BP: EP) ape?) ) 
(KS 1250) 
which results in 


ol 1,1) > M and wl 1)... 1) <0. (9) 
(k = 1,2,...,7r) 
The value of the parameter p will have for expression 
_ pi, 1), pon Ut) 1 
w(t, ee re 1) 


Let us examine any one value of the function 


(k =1,2,...,r) 


p(#1,2,---,2n)-M 


10 
W(a1,22,.-.,2n) (10) 

determined with the condition 
W(r1,%2,.-.,2n) <0. (11) 


I argue that one will have the inequality 


p(#1,%2,---,2n) -M 


> p. 
W(t1,22,.-.,2n) 
Let us suppose the contrary. By supposing that 


p(x1, £2,---,%n) —M ar 
W(x1,%2,---,2n) 
one will find, because of (11), 
(a1, %2,---,%n) + pU(a1,£2,---,2n) <M 
or, that which comes to the same thing because of (7), 
yp (#1, %2,---,%n) < M, 


which is contrary to the hypothesis. 
We have arrived at the following important result: 
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There exists only a single domain R' contiguous to the domain 
R through the face P. The corresponding perfect form y' will be de- 
termined by the equality (7) provided that the parameter p presents the 
smallest positive value of the function (10). 

Let us notice that by virtue of (3) and (9), all the quadratic 
forms belonging to the domain R’ verify the inequality 


Uf) <0. 


One concludes that the domains R and R' are found from two 
opposite sides of the plane in nnd) — 1 dimensions determined by the 
equation 


W(f) =0. 


The smallest positive value of the function (10) can be obtained 
with the help of operations the number of which is finite. 
The whole problem is reduced to the preliminary study of a sys- 
tem (11, l2,...,ln) of integers verifying the inequality 
Whi, le, ore -;ln) <0 
and satisfying the condition that the quadratic form 
po(x1, £2, te ;n) = p(#1, 22, ae ;&n) + po (x1, 2, aay 1%n), 
where one has admitted 
yp(lr, la, oa gly) —M 


Wl ieneda) 
be positive. 
One will determine in this case all the systems (21, 22,...,2n) 
of integers verifying the inequality 
(21, 22,---,%n) > M (12) 


the number of which is finite, and one will find among these systems 
all those which define the smallest value of the function (10). 

Let us indicate by R, as we have done in Number 2, the upper 
limit of values of the parameter p. 

The problem is reduced to the study of a system (l1,lo,...,Jn) 
of integers verifying the inequality 


(li, lo,-.-,ln) + RU(h, le,.--,In) < M. (13) 
It can turn out that the equation 


(p(#1,2,---,2n) + RW(21,22,.--,2n) =0 
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will be verified by integers, one will determine them with the help of 
equations ‘ ; 
yp U 
Ox; a Is, a 

In the case where these equations can not be verified by any one 

system of integers, one will study the values of linear forms 

Oy is Rov 
and one will determine as many as one wish of the systems of integers 
verifying the inequality (13). 

By supposing that a system of integers (11, lo,...,l,) verifying 
the inequality (13) were determined, one can look for the smallest 
positive value p of the function (10) with the help of the following 
procedure. 

The inequality (12) can be put under the form 


0. @=1,2,...,n) 


(i =1,2,...,n) 


p(£1,@2,...,£n) (2 — ee) + “ [y(x1,22,...,%n) + RV(x1,22,...,2n)] <M, 


and as 
p(t, %2,.-., Xn) + RV(21, 22,...,2n) > 0, 
it becomes 


p(t1,%2,.-.,2n) Q- 5) <M, 


or differently 
R 
R—-po 
Among the systems of integers verifying this inequality one will 
find all the systems (8) searched for. 


(p(21,£2,---,2n) <M 


Algorithm for the search for the domain of the set (R) to which 
belongs an arbitrary positive quadratic form. 


Theorem. Any positive quadratic form belongs to at least one 
domain of the set (R). 
Let 


f (21, VQ, 5 Ln) = > Ajj LiX; 
be any one positive quadratic form. 
Let us choose any one domain R from the set (R). 


Let us suppose that the form f, did not belong to the domain 
(R). 
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In that case all the linear inequalities which defined the domain 
R will not be verified. Let us suppose that one had the inequality 


wf)= Spiga; <0. (1) 


Let us indicate by R, the domain contiguous to the domain R 
through the face in alath) — 1 dimensions determined by the equation 


U(f) = 0. 

By indicating with y and y; the contiguous perfect forms corre- 
sponding to the domains R and R;, one will have, as we have seen in 
Number 22, 

1(%1,82,---,2n) = 9(41,22,.--,%n) + pV (21, 22,..-,2n) (2) 


where p > 0 and W(a1, @2,...,2n) = 0 pig ies. 
Let us examine two results (f,y) and (f,y1). By virtue of (2), 
one will have 


(f,~1) = CA aur ere 2h 


and as, because of (1), 


it becomes 
(f,) > (f,p1)- 


Let us suppose that by proceeding in this manner one obtains a 
series of domains 
R,R,, Re,.... (3) 


By indicating with 
Y, 1, "2;--- (4) 


the series of corresponding perfect forms, one will have the inequalities 


(f,~) > (f,¢1) > (f, 2) >-°- 


so long as the form f did not belong to the domains (3). 

By noticing that all the perfect forms (4) possess the same mini- 
mum MM, one will easily demonstrate that the number of perfect forms 
(4) verifying the integrality 


(f,9) <P 


is bounded, whatever may be the value of the positive parameter P. 
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One concludes that the series of domains (3) will necessarily be 
terminated by a domain R,, to which belonged the form f considered. 


Study of a complete system of domains representing the various 
classes of the set (R). 


Let R be any one domain of the set (R). Let us suppose that 
one had determined all the domains 


yeu ca en (1) 


contiguous to the domain R through the various faces in n(ntt) - 
1 dimensions, then let us suppose that one had determined all the 
domains contiguous to the domains (1) and so on. 

I say that by proceeding in this manner one will come across any 
domain of the set (R) arbitrarily chosen. 

For example, if one wish to arrive at a domain R©, one will 
choose a positive quadratic form f which is interior to the domain 
R©) and one will proceed as we have done in Number 24. One will 
determine this way a series of domains 


R,R',R",...,R™, RO 


which are successively contiguous through faces in ninth) — 1 dimen- 
sions. 

We have seen in Number 19 that the set (R) can be divided into 
classes of equivalent domains the number of which is finite. 

Let us find a system of domains representing the various classes 
of the set (R). 

By starting from the domain R, we have determined all the do- 
mains 


Ries oR 


contiguous to the domain R. By not considering equivalent domains 
as being different, let us choose among the domain (1) those which are 
not one to one equivalent and are not equivalent to the domain R. Let 
us suppose that one had obtained the series 


R, Ry, Ro,..., Ry-1 (2) 


of domains which are not one to one equivalent. 
One will study in the same way the domains contiguous to the 
domains R, Ri, R2,...,Ry,—1 and one will extend the series (2) by 


26 


Voronoi translated 3: First memoir by G F Voronoi 


adding to it new domains 
Ru, Ryvi, eres Ry-1 


which are not one to one equivalent and are not equivalent to the 
domains (2). 
By proceeding in this way, one will always obtain a series 


R, Ri, Re,...,Rp-1 (3) 


which enjoys the following property: the domain belonging to the 
series (3) are not one to one equivalent and all the domains contiguous 
to the domains (3) are equivalent to them. 

The series (3) obtained presents a complete system of represen- 
tations of various classes of the set (R). 


The study of the series (3) can be facilitated particularly by the 
help of substitutions which transform into itself the domains of the set 
(R). 

Let us suppose that the domain R corresponding to a perfect 
form y be determined by the inequalities 


Spy oye 0 kA 12,9) 
By declaring 
Wy (01, 22,...,2n) = S_ ph? aia, (k =1,2,...,0) 
one will determine, as we have seen in Number 22, by the equalities 
pe=p+t+pr¥, (kK=1,2,...,0) (4) 


o perfect forms 1, Y2,---,Y% - One will call them contiguous to the 
perfect form y. 

Let us indicate by g the group of substitutions which do not 
change the perfect form y. 

The perfect forms ~1,~2,---,Y, being well determined by the 
perfect form y, one concludes that all the substitutions of the group 
g will only permute the forms 91, 2,.--, Po- 

By not considering as different the forms in proportional coeffi- 
cients, one can say, by virtue of (4), that the group g will only permute 
the quadratic forms 

W,, Wo,...,U,. (5) 


Let us suppose that one had chosen in this series the forms 


W,, Wo,...,U,-1 (6) 
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which enjoyed the following properties: each form of the series (5) 

will be transformed into a form of the series (6) with the help of 

a substitution belonging to the group g, the forms (6) can not be 

transformed one to one with the help of substitutions of the group g. 
The perfect forms 


Pr = Pt pr¥s (Kk =1,2,...,4—1) 


can replace the perfect forms (4), therefore one will determine only 
the values of parameters 1, p2,---, Py—1- 
The corresponding domains 


Ry, Ro,.--,Ry-1 


can replace the domains (1). 

It can come to pass that among the domains R, Ri, Ro,..., Ry-1 
are found equivalent domains, one will recognise this with the help of 
particular methods. 


On a reduction method of positive quadratic forms. 


Definition. One will call reduced any positive quadratic form 
belonging to any one domain 


R, Ry, Ro,...,Rr-1 (1) 
of a complete system of representations of various classes of the set 
(R). 

Let us suppose that one had determined all the substitutions 


Bios nics Oya (2) 


which transform the domains contiguous with the domains (1) through 
the faces in antl) — 1 dimensions into these domains here. 

Let f be any one positive quadratic form which is not reduced. 
One will determine with the help of the algorithm shown in Number 


24 a series of domains 
R,R',R",...,R 


successively contiguous. Let us suppose that the domain R‘) be the 
first one which does not belong to the series (1). 

With the help of a substitution S’ which is found among those 
of the series (2), one will transform the domain R) into a domain Rx 
belonging to the series (1). 
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By transforming the form f with the help of the substitution 5S’ 
into an equivalent form f’, one will determine with the help of the 
form f' a new series of domains 


Ry, Ri,,..., RO 


and so on. 
One will determine in this way a series of substitutions 


Seo ie SO) 
which, all, are found among those of the series (2) and the product 
sS=sig...g™ 


of which presents a substitution S with the help of which the form f 
will be transformed into a reduced form. 


Let us suppose now that two reduced forms f and f' be equiva- 
lent. 

If one of these forms, for example f, is interior to the domain Rx, 
the form f' will also be interior to it. One concludes that the form f 
can be transformed into a form f' only with the help of a substitution 
which transforms the domain R, into itself. 

Let us suppose that the reduced equivalent forms f and f’ be 
interior to the faces in » dimensions of domains (1). 

In this case one will declare supplementary conditions for the 
reduced forms f and f’. After having determined all the faces in pw 
dimensions of domains (1), one will choose a complete system of rep- 
resentatives of these various classes. Let us suppose that this system 
be formed by the faces in dimensions 


P,(u), Po(u),---,Pr(u)- (3) 


Any positive quadratic form which is interior to a face in p di- 
mensions of a domain of the set (R) will be equivalent to a form which 
is interior to the faces (3), one will call it reduced. 

Two reduced positive quadratic forms which are interior to the 
faces (3) will be equivalent only provided that they be interior to the 
same face and that the substitution which transforms one of them into 
another one also transforms this face into itself. 

We have arrived at the following result: 

A reduced quadratic form can be transformed into another reduced 
form or into itself only with the help of a substitution which transforms 
into itself a domain or a face of domains belonging to the series (1). 
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Second Part 
Some applications of the general theory 
to the study of perfect quadratic forms. 


On the principal perfect form 
29 

We will not consider as different the quadratic forms of propor- 
tional coefficients, therefore one can arbitrarily choose the minimum 
value of a positive quadratic form. 

In that which follows, one will study only the perfect quadratic 
forms whose minimum is 1. One will indicate by D the determinant 
of these forms. 

Among the various perfect forms, one form 


2 2 2 
gpHrayt+ reat... +f, +%1%24+%1%3+.-.4 Ln1%n t 


where 


1 
ai = 1, (¢=1,2,...,n), aij = 9? (@=1,2,...,n;f7 =1,2,...,n5t#9) 


and D = 44 


is distinguished by its simplicity. 

One will call principal the perfect form y. 

n(n+1) 
2 


The perfect form ~ possesses representations of the min- 


imum 1, which define ninth) linear forms 


A = 71; A2 = %2,---5 X= Cas An+1 = 2% 22, An+2 = %1— @3,.---,; 
A nint1) = In-1 — Un- 
The domain RF corresponding to the perfect form y is made up 

of all the quadratic forms determined by the equality 


n(n+1) 
aia eu. 
: n(in+1 
Senet = S- prdz where pp >0. (k=1,2,..., mnt) 
k=1 
From this equality one obtains 
Pr = G1k +Qa,+...+ nx 80 long as k =1,2,...,n, 


Pr = —aij solongas k>n; G@=1,2,...,n;7 =1,2,...,n;¢ 49) 


The form y has been given for the first time by Zolotareff in a Mémoire 
titled: On an indeterminate equation of the third degree (in Russian) 
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therefore the domain R will be determined by the following inequali- 
ties: 


Qin + Gon t+... + Gnz = 0, (k = 1,2,...,n) (1) 
aj 20. @=1,2,...,n37 =1,2,...,n;7 49) 
By virtue of (1), the perfect form y possesses ninth) contiguous 
perfect forms which are determined by the equalities 
r= Ot prop(X1,22,---,2n), (kK =1,2,...,n) 2) 
Pe=P— prezj, (k=nt+int2,..., PY 4 =1,2,...,n; 


J=1,2,...,n;t49) 


Let us find equivalent forms among the perfect forms contiguous 
to the perfect form y. 

To this effect, let us determine the group g of substitutions which 
do not change the form ¢. 

Let us examine, in the first place, the form adjointed to the form 
Y. 

One will easily demonstrate that the coefficients of the form ad- 
jointed to y are proportional to those of the form 


w= AP +03 +...4+ Meg: (3) 
2 
One concludes, by virtue of the theorem of Number 17, that the 


principal perfect form y is extreme. 
The quadratic form w will have for expression 


w=nritnr+...+nz 2%1X2 — 24143 —... — 22n_12y, 
where 
64 =, CHS12,.05n) Of = HGH 1, 2.04 ag S18, ZI) 


Let us find all the representations of the minimum of the form 


The linear forms 
11,02,-+-,En, ti t2at+...+ an (4) 


characterise n + 1 representations of the value n of the form w. 

I say that the form w has the minimum n and all the represen- 
tations of the minimum of the form w are characterised by the linear 
form (4). 
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To demonstrate this, let us examine any one value w(21, %2,..., 
Xn) of the form w. By supposing that none of the numbers 21, r2,...,2n 
becomes zero, one will have by virtue of (13) 


w(r1,22,. vote) > Nn, 
the system 2, = 1, v2 = 1,...,%n = 1 being excluded. 
Let us suppose that any one of the numbers 21, %2,...,2%n does 


not cancel out and that 
Cpoi1 =O, Capo =0,..., Ly =0; 
one obtains, by virtue of (3), 
w(1, 02, -..,2R,0,-..,0) = (n—k+1) (a? +a2+.. +03)+>—(te—an)’, 
and it follows that 
w(%1,22,-.-,¢n) > k(n -—k +1), 


therefore 
w(%1,%2,---,%n) >n solongas k>2. 


This stated, let us indicate by G the group of substitutions which 
transform into itself the domain R. By virtue of (3), any substitution 
of the group G does not change the form w. 

The group g being adjointed to the group G, one concludes that 
each substitution of the group g will only permute te linear forms (4) 
by changing the sign of a few among them. 

By noticing that 


ay t+apt... +02 +(e, +22 +...+ 27)” = 29, 


one concludes that the group g is composed of all the substitutions 
which permute the forms 


ritaat...ta2 +(e, taet...+2n). 


Let us indicate 


Zo = —21 —2Q—...—Fy and wy =—a,—a2y—...—zi,, (5) 

and let ko, k1,..-., kn be any one permutation of numbers 0,1, 2,...,n. 
By posing 

ti= CL, where ey = 41, (i = 0, 1, 2, eens n) (6) 


one will have 


t ! ! 
Xo +21 +... +En = €oL,, + 1X4, +... Fenty; 
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and as, because of (5), 


t I 1 
fo =%1+...+2,=0 and 2,2),...,2, =9, 


it is necessary that 
€0 = €1 =... =n} 


therefore the equalities (6) reduce to the one here: 


aj =er,. ((=0,1,2,...,.n;e= +41) (7) 


The number of substitutions defined by the formulae obtained 
is equal to 2-1-2---(n +1). By not considering as different two 
substitutions of opposite coefficients, one will say that the group g is 
composed of (71)! different substitutions. § 

With the help of substitutions (7), one can transform any per- 
fect form (2) contiguous to the principal form y into another form 
contiguous to the form y, arbitrarily chosen. 

We have arrived at the following important result. 

All the perfect forms contiguous to the principal perfect form are 
equivalent. 


Let us choose one form among those of the series (2). Let us 
declare 


Pl = P — prea. 
All the perfect form contiguous to the form y are equivalent to 
the form 9. 
Let us find the corresponding value of the parameter p. 
As we have seen in Number 22, the value searched for of p 
presents the smallest value of the function 


heey Dye) 
p(#1, 22, md ) (8) 
LX 


determined with condition 
@1xQ > 0. 
One will distinguish in the subsequent studies two cases: 
1). n=2 and 2). n>3. 


First case: 


§ See: Minkowski, Zur Theorie der positiven quadratischen Formen [On the 
theory of the positive quadratic forms], (This Journal, V. 101, p. 200) 
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By comparing two n = 2 binary forms 
p= rt + x3 +21%2 and y, = rt + 23 + %1X2 — px12X2, 
one will notice that by making p = 2 one obtains the form 
Y1 = ry + 23 — £1%2 


which is evidently equivalent to the perfect form y, therefore the per- 
fect form y; is that which one has searched for. 

Second case: 

By making 


a =1, v2 =1, t3 =—-1, 44 =0,..., tn = 0, 


one obtains a value of the function (8) which is equal to 1. 
By making p = 1, one will present the form yi under the follow- 
ing form: 


1 ; : : é 
vias [(w1, @2,..-,2n)? + (v1 — a2)? +a3+...+272]. (9) 


It results in that the form % is positive. On the ground of that 
which has been said in Number 23, one will find now all the systems 
of integers veifying the inequality 


p1(%1,%2,---,%n) <1. 
By noticing that the inequality 
y1(L1, £2, ae -;2n) <1 


is impossible, because the positive form y has integral values which 
corresponds to the integral values of variables, one concludes that the 
form 1 is perfect. 

With the help of the equality (9), one will easily determine all 
the presentations of the minimum of the perfect form 1. 


On the binary and ternary perfect forms and on the domains 
which correspond to them. 


The binary principal perfect form 


3 
g=t2tsyt+ya, D=z 


possesses, aS we have seen in Number 29, three contiguous perfect 
forms which are equivalent to the principal form. 
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One concludes that all the perfect binary forms constitute only 
a single class of forms equivalent to the principal form. 

The domain R corresponding to the principal form is made up 
of binary forms (a, b,c) which are determined by the equality 


ax” + 2bry + cy? = px? + p'y? + p" (a —y)? 


where 
p>0, p20, p’>0 


It follows that the domain R is determined by the inequalities 


p=at+b>0, p=-b>0, p'=ct+b>0. 


By calling reduced the positive binary forms verifying these in- 
equalities, as we have done in Number 27, one will establish a well 
known method of reduction, due to Mr. Selling. 

It results in that the domain R° is determined by the inequalities 


p=c—a>0, p'=a+20>0, p"=—-b>0. 


The inequalities obtained only differ from famous conditions of 
reduction of positive binary quadratic forms due to Lagrange by the 
choice of the sign of the coefficient b, that which one can arbitrarily 
make in the method of Lagrange. { 


Let us examine now the ternary perfect perfect forms. 
The principal perfect form 


1 
p=retyt22tyzt+ert+ czy, Ds 


possesses six contiguous perfect forms which, all, are equivalent to the 
perfect form 
Y1 H=aotytertyztee 
which we have found in Number 31. 
The substitution 


= t ah = t t 
r=—a',y=y', z= -y—2z 


q Selling. Uber die binaren und terniren quadratischen Formen. [On the 
binary and ternary quadratic forms] (This Journal, V. 77, p. 143) 


${ See: Lagrange. Recherches d’Arithmétique. [Studies in arithmetic] (Oeuvres 
de Lagrange published by Serret, V. III, p. 698) 


Gauss. Disquisitiones arithmeticae, art. 171. (Werke, V. I.) 


Lejeune Dirichlet. Vorlesungen tiber Zahlentheorie [Letcures on number 
theory], published by Dedekind, (Braunschweig 1894, §64, p. 155) 
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transforms the form y into principal form. 

One concludes that all the ternary perfect forms form only a 
single class. 

The domain RF corresponding to the principal form is made up of 


t wt 
' " De which are determined 


all the ternary quadratic forms 
by the equality 
ax? +a'y? + az? + Qbyz + 2b'zx + 2b" xy = 
Py + poy” + ps2? + paly — z)* + paz — 2)? + po(a —y)?. 
The domain R is determined by the inequalities 


pr=at+b">0, po=a't+b"4+b>0, pp=a"+b4+b'>0, 

pa = —b>0, ps = —b' > 0, po = —b" > 0. 

By calling reduced the positive ternary quadratic forms belong- 
ing to the domain R, one will establish a method of reduction due to 
My. Selling. 

The domain RF can be partitioned into 24 equivalent parts which 
can be transformed one into another with the help of 24 substitution 
adjoined to those which do not change the principal form. 

One of these parts, the domain R, will be composed of all the 
ternary quadratic forms determined by the equality 


ax?+a'y? + az? + Qbyz + 2b'zx + 2b" ry = 
pit? + poy? + ps2? + paly — 2)? + ps¥ + prow 
where 


Wan ty te’ (y—z) 4+(z-2), w= a ty? te" ly zy +(z at) +(x y). 


One will determine the domain R with the help of inequalities 


pi =a4+2b'+6" >0, pp=a’+b4+0'+b" 50, pgp =a" +b40'4+b" > 0, 
pa=—b+0' >0, p5 = —' +0" > 0, po = —6" > 07 


The domain FR enjoys the following properties: 

1. Any positive ternary quadratic form is equivalent to at least 
one form belonging to the domain ?. 

2. Two ternary quadratic forms which are interior to the domain 
R can not be equivalent. 

By effecting the transformation of the domain R with the help 
of all the substitutions of integral coefficients and of determinant +1, 
one will make up the set (R) of domains. 
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Each domain R belonging to the set (R) possesses six domain 
contiguous by faces in 5 dimensions. 


The domain R will be transformed into contiguous domain with 
the help of the following substitutions: 


-1 01 01 -l 0-1 1 
= (4 -1 1), = (1 0 1), =(0 -1 0) 

0 01 00 -1 1 -1 0 

0 -1 0 -1 0 0 -1 0 0 
i= (<1 0 v). s=(0 0 -1), s=(0 1 1). 

0 Oo -1 0 -1 0 0 0 -1 


Each substitution of this series transforms into itself a corre- 
sponding face in 5 dimensions of the domain R and permutes two 
domains of the set (R) which are contiguous through this face. 


This results in a method for the search for the substitution which 
transforms a given form into a form belonging to the domain R. This 
method is analogous to that which has been shown in Number 27. 


By calling reduced any positive ternary quadratic form belong- 
ing to the domain 7, one will establish a new method of reduction of 
positive ternary quadratic forms which can be considered as a gener- 
alisation of the method of reduction of Lagrange. 


On the perfect form x3 +x3+...+22+2,23+21044+...+2n_12n. 
34 
Let us examine the perfect form 


Yi = 2} + 23 +...+2° +2193 42184 +...-+2n-12n 
obtained in Number 31. One has admitted 
1 
2 


ay = 1, (@=1,2,...,n), ai2 = 0, aij = 5- 
GH 1,2, 02.597 F H 1, 256s TF) 


It results in that 


By supposing that n > 4, one will have n? — n representations 


of the minimum of the form y; the number of which is greater than 
n(n+1) 
“—. 


These representations of the minimum of the form y, will be 
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characterised by the linear forms 
At = 41, A2 = £2,---;An = Fn, Anti = 21 — T3,--- 


X nett) 4 =2n-1—2n, Ani =2%1+%2—23,..., 


An@HD png =%1+2%2—- Tn Ant) yo 


=%1+%2—-%3- 24, 
2215 An2=n = 21 + 22 —Tn-1 — Ly. 
(1) 
The domain R; corresponding to the perfect form yi is made up 
of forms deterined by the equality 


n2—n 


f (v1, %2,---,2n) = oi prdy where pp >0. (k =1,2,...,[n? —n]) 
k=1 

Let us find the linear inequalities which define the domain R,. 

The number of these inequalities is so large in deed for n = 4. 

One will overcome the difficulties which result by the help of a 
particular method. 

35 

Let us find the group gi of substitutions which do not change 
the form 9. 

To this effect, let us introduce in our studies a quadratic form w 
determined by the equality 

2 : : ; 
w= Oi +8 +e FAD y: 


n2—n 
After the reductions, one obtains 
W(1,@2,---,%n) =nat + naz + 4e3 +... +42? + 2(n — 2)ay22— 


44103 —...—Ax 2, — 400% —...—At2ty. 


One can give in the form w. the following expression: 


w(%1,22,...,2n) = (41 x2)" +(t1+%2)°+(¢1+29 2x3)? +... +(£1 +29 Qan)*. 


It is easy to demonstrate that the form added to the perfect form 
y has coefficients which are proportional to those of the form w. 

It follows that the perfect form y, is extreme. 

Let us observe that the linear form 


U+%gt+...+ Xn, C1 — XQ, U3, U4,---, Ln 


characterise n minimum 4 representations of the form w. In the case 
n > 5, other representations of the minimum of the form w do not exist; 
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in the case n = 4, one obtains 12 representations of the minimum of 
the form w. 
By noticing that 


al é , : ‘ 
a1 = 5 [m tt +...+%n)? + (a1 — 22)? +23+...4+22], 


one can say that the group gj, in the case n > 5, is composed of all 
the permutations of the forms 
(a1 +ag+...+24n)", (a1 — 22)”, ©3,.-., 23. 
In the case n = 4, one will determine by this method only divisor 
of the group 91. 
By indicating 


Uy= 1 x Bee In, U2 =%1—L%2, UZ =, -.--; Un=Zn, 
us, = 2! a! t (i ——— eee | ees J | re | 
{= 2 gt... 2, Up =2]1-—2o, UZ=23, ---, UL, =z, 
let us declare 

ae) - 

Ug = eguy,, (6 =1,2,...,n) (2) 


where e; = +1 (i = 1,2,...,n) and the indices ky, ke,...,k, present 
any one permutation of numbers 1, 2,...,n. 

Each system of equalities (2) defines a substitution of the group 
gi. 

One concludes that the group g: is composed of 2”~!n! different 
substitutions, in the case n > 5. 


Let us suppose that the domain R,; be determined by the in- 
equalities 


Soo ay 30 RST, 2.2250) 


By indicating 
k 
W;,(@1,22,---,Un) = S_ ol? aia, (e152. ..30)) 


one will determine, as we have seen in Number 22, 0 perfect forms 


k 
oe = or + prVe (k = 1,2,...,¢) (3) 
contiguous to the perfect form 9}. 
All the substitutions of the group g; will make only one permu- 
tation of forms 
Wy, Vo,..., UV. (4) 
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Let us effect the transformation of forms (3) and (4) with the 
help of the sustitution 


I 1 I I 
L1,02,---,En = 21, U1 —%Q = Hy, 3 =X3,-.., Tp =X. (5) 
The series (4) will be transformed into a series 
Ys us I 
1> 2,---,W,- 


Let us indicate by g a group of substitutions 


a, =en,,, (¢=1,2,...,n) 
where e = +1 (¢ = 1,2,...,m) and ki, ko, ..., kn present a permutation 
of numbers 1,2,...,n. Each substitution of the group g makes only 


one permutation of forms (6), and to a similar substitution corresponds 
a substitution of the group 91. 
By indicating 
EG fea at i SOR ae ED Dita) 
one will determine with the help of inequalities 
k 
> PMaa; >0, (k =1,2,...,0) (7) 


a domain R. 
The form 1 will be transformed into a form 


ee 
mae ah ae oo ah), 


with the help of the substitution (5), and any system (21, 22,..-,2%n) 


of integers 21, €2,..-,%n will be replaced by a system (2, 25,...,2/,) 
of number, also integral, x},v4,..., x}, satisfying the condition 
v,t+ayg+...+2), = 0(mod 2). (8) 


It results in that the linear forms (1) which correspond to the 
various representations of the minimum of the form 1 will be replaced 
by the forms 

aj+2; and a—2; (@=1,2,...,n;7=1,2,...,.nj3i #9) 
which characterise the various representations of the minimum 2 of the 
quadratic form 2}? +257+...+a/,7, in the set (X’) of all the systems 
(x1, 25,---,2,) of integers x}, v4,...,2/, satisfying the condition (8). 

One concludes that the edges of the domain FR will be charac- 
terised by the quadratic form 


(yay? and: (ea)? (Hy 2, yng 1 2p. gt FJ) 
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By virtue of (7), one obtains the inequalities 


P&®) + 2P\*) +P >0 and PM) — 2p) +P >0. (9) 
(RH 1,252... f0jF8 =H 1,25002,1F9 HI, 2). 52, N04 G) 
Let us examine any one form 


Whoa) 26.58, )= Pune (10) 
belonging to the series (6). By virtue of (9), one will have 
Py + 2Pij3 + Pjj > 0 and Py — 2Pi; + Pjj > 0. (11) 


(1, 2}.....,079 1,2). .5 89) 
Among these conditions one will find ¢ quantities which define 
the coefficients of the form (10) to an immediate common factor. All 
these equalities will be of the form 


Pre — 2€kn Pen + Phan = 0 where eg, = £1. (12) 


Let us suppose that there exists a combination of values of k and 
h satisfying the conditions 


Prr+2Prn+ Pan >0 and Pr, -— 2Prn + Php > 0. (13) 


By noticing that the coefficient P,, does not enter the other 
inequalities (11), one concludes that the coefficient P;,,, remains unde- 
termined. 

For all the coefficients of the form (10) to be determined by the 
conditions (12) to an immediate common factor, it is necessary, the 
coefficient P,,, being independent of other coefficients, that all the 
coefficients which remain cancel out. 

By virtue of inequalities (13), this supposition is impossible, 
therefore the inequality (12) has to hold for all the values of indices k 
and h. 

One obtains nin=1) conditions 


Pre — 2€knPen + Phan = 0 where eg, = £1. (14) 
(k =1,2,...,nj;h =1,2,...,n;k 4h) 
which serve to determine the coefficients P,, in functions of co- 
efficients 
Py, Poo,.--,Prn- (15) 


The coefficients P,,, P22,..., Pan can not be independent, and 
will be connected by at least n — 1 equations of the form (12). There- 
fore, in at least n — 1 case, one will have the equations of the form 


Prey + 2Pern + Pan = 0. (16) 
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To make short we will call these equations double. 

This stated, let us suppose, in the first place, that there exists 
at least one coefficient among those of the series (15) which does not 
enter in the double equations (16). One can suppose, to fix the ideas, 
that Pi; be such a coefficient. 

The coefficient P,; being independent, all the coefficients P22, 
---;Pnn will cancel each other and, by virtue of (14), the coefficients 


P23, Pos,---,Pr—iyn 


will also cancel one another out. 
The coefficient P,; is used for determining the coefficients P,2, 
Pi3,---,Pin with the help of equations (14) which take the form 


Py — 2e1,Pi, =0; (k =2,3,...,n) 
it follows that 
2Pip =eirPir. (k = 2,3,...,n) 
As, on the ground of the supposition made, 
Pi t+2e,Pi, > 0, (k =2,3,...,n) 


it is necessary that 
Pu > 0, 


and one can declare 
Py = 1. 


The form (10) is determined by the equalities obtained, and one 
will have 


Ae am | Pcs V2 rt Pet 
W' (1, 25,---,2,) =U Fer egt...+einx ry. (17) 


By replacing the variables 


t t t 
€12% 9, €13%3,---, Cinty 
by the variables x},...,x},, one will replace the form (17) by the form 
! t ! ! — ! t t t 
u (fj tags Fa) = il iy Corsten Sale 


Let us suppose, in the second place, that all the coefficients (15) 
enter in the double equations (16). 

At least one of the coefficients (15) is not zero. Let us suppose 
that Py, 4 0. Following the hypothesis, the coefficient P,; enters in 
at least one double equation 


Pre + 2Pen + Phar = 0. 
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It follows that 
Par =O and Pre + Pan = 0, 


therefore the coefficients P,, and Pp, are of opposite signs. Let us 
suppose, to fix the ideas, that 


Puy =-1. (18) 
By examining the inequalities 


Py, +2Pi~p + Pkk > 0, (k = 2,3,...,n) 


one deduces 
Pkk>0. (k=2,3,...,n) 


It results in that the double equation 


Pap + 2Pen + Pan = 0 


has to be impossible so long as k > 2 and h > 2, therefore all the 
double equations will be of the form 


Py +2Pin t+ Per =O. (kb = 2,3,...,n) 


From these equations one gets, by virtue of (18), 
Pry =1 and Py, = 0. (k = 2,3,...,n) (19) 


By substituting the values obtained of coefficients Pi,, Poo,..., 
Prn in the equations 


Pre — 2eknPern + Pan = 0 where exp, = £1, 
(k = 2,3,...,n;h =2,3,...,n;k #h) 
one obtains, because of (19), 


Pan =ekn where egy = £1. (k =2,3,...,n;h =2,3,...,n3k #h) 


The form (10) will have for expression 


Mat ot ry _ 12 12 12 12 rt 
W'(r1,%5,---,0,) =— 2, tag tag +...+0,° + 2eo3¢5205 (20) 
+ 2eoqrh 04 +... + 2en_inEp_12}, 
where 
€23 = +1, €24 = +1, seey En-1yn = +1. 
aA : (n=1)(n=2) ,, : 
One obtains in this way 2 2 different forms. By permuting 


the variables and by changing their signs, one will particularly decrease 
the number of various forms determined by the formula (20). 
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With the help of results obtained, one can easily recognise whether 
a given quadratic form >> aj;2;2; belongs to the domain R or not. 
One will examine, in the first place, the sums 


C1kQikt+e2~a2K+.--+enkGnk where e1g = £1, e2, = +1,-...,eng = £1 
and Crk = 1. (k = Vy 2ecsa Tt) 
All these sums have to be positive or zero. The inequalities 


kk —|Aik| —---—|@k-1,k| —|@k+1,4|—---—|@ne] 20, (K =1,2,...,7) 
(21) 
present the conditions necessary and sufficient for the inequalities 
€1pG1p + Condon +---+€nkGnk > 0 (kK =1,2,...,n) 
to hold. 
Let us examine, in the second place, the inequalities 

Q11 +022 +433 +... +Gnn + 2€23023 + 2e24024 +... +2€n—1,nGn—1,n = 0 

where 
é03 = 1, e294 =+1,..., nin = +1, 


These inequalities can be replaced by a single one 


a11 + G22 + 433 +.--+4@nn 2|a23| 2|a2a| wae 2/an—1,nl > 0. 


One will present this inequality under the form 


a1 + G22 +... + Ann — 2|a12| — 2|ar3| 
—2|an-1,n| > 2 (a1 — la12| — --- — |@in|)- 
By permuting the variables, one obtains n inequalities 


a1 +a22 +... +@nn — 2|a12| — 2lar3| 
= 2|An—1,n| > 2 (Qkx = larz| is gate |@nk|) .wherek = 1,2,...,n 

(22) 
We have arrived at the following result. One can easily recognise 
whether a given positive quadratic form f belong to the domain R, or 
not. To this effect, one will transform the form f by a form f’ with 
the help of the substitution adjointed to the substitution (5) and one 
will examine 2n inequalities (21) and (22). For the form f to belong to 
the domain Rj, it is necessary and sufficient that the form f’ verifies 

2n inequalities (21) and (22). 


Let us return now to the perfect forms (3) contiguous to the 
perfect form y;. We have seen that these forms will be transformed 
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with the help of the substitution (5) into forms 


1 
5 (1? +05? +... 42,7) + eG, (oi ah. .04). (k= 1,2,...,0) 


The forms 01, 5,..., 8! can be transformed with the help of 
substitutions belonging to the group g into forms 


1). v3(-2, -—2+2,+2,+...+2'), 
2). —a4? tal? + 2,” Sie oabhigh et gne (23) 
— 2Qaial, + 2egqagay t+... + 2p inti, 12, 


where 


€34 = £1,..., Cnty = £1. 
The inverse substitution to the substitution (5): 
LH teet...+ Un, Th = 21 — Lo, V4 —U3,..., = Ly 
will transform the forms (23) into forms 
1). — 22123 


2).4(a1%2 — 6340304 —...— On—1,n€¥n-14n), where; 634 =Oor1,..., 
On—1,n = Nor 1. 
One concludes that all the perfect forms contiguous to the form 
yi are equivalent to the following perfect forms 


1).y1 — PX 2X3, 
2).~1 + p(@122 =. 6342324 ae eae Sn—1,n@n—1£n); 


where 
634 =Oorl,..., dn-1n =Oorl. 


Study of the perfect form py, — px123. 


The perfect form y1, possesses, as we have seen in Number 38, 
many contiguous perfect forms which are not equivalent. 
One will determine in the following only a single perfect form 


G2 = 1 — pli 23 
contiguous to the perfect form 1. 
We have demonstrated in Number 22 that the parameter p pre- 
sents the smallest value of the function 


@1,22,...,%n) —1 
jeg a (1) 
L123 
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determined on condition that 
2123 > 0. (2) 


By declaring 


ay =1, 2 =0, 3 =1, 4 = —-1, ts = 0~7..., t, = 0, 


one obtains the value of the function (1) which is equal to 1, therefore 
O0<p<il. (3) 


Let us effect the transformation of the function (1) with the help 
of the substitution 


_—. ! = I aan I — t os. I 
3 = 21, —@+%2 = Lg, T1+VQt+.--+Xn = —X%3, L4 = Tq,---, Ln =Ly 
(4) 
one will have 

2 2 2 
ey ay ae ae 2 
— =a (al tah+...+24,) 
174 QT: n 


where, because of (2), 


(5) 


vy (a, tagt+...+21,) <0 (6) 
and, because of (4), 
a +a,+...+2, = 0(mod 2), 


the variables xj + 2, +...+ 2), being integers. 
Let us indicate 


f (a1, €2,-.-,2n) = ap taet+... +42 + pry (ay +ao+...+ an). 


By virtue of (5) and (6) the value looked for of p is defined by 
the conditions that the inequality 


f(X1,%2,---,2n) <2 


is impossible, so long as the integers 21, x%2,..-,%n verify the congru- 
ence 
2 +2Q2+...+ 27 = 0(mod 2), (7) 
and that there exists at least one system (1, l2,...,l,) verifying the 
equation 
f (21, %2,---,%n) =2 (8) 


and the congruence (7). 
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The form f can be determined by the equality 


%1\2 %1\2 
F(z1,22,.--,2n) = (za + p=) + (2 +=) apes 


Ly 2 n—-1 D) 2 (9) 
+ (tn+p—) +(1+p—— =p") ai. 
2 4 
It follows that the form f will be positive, provided that 
—1 
1+p- ne 6? > 0, 
4 
and the upper limit R of values of p verifies the equation 
—1 
1+ R- “=F? =1, 
4 
therefore ay 
pa eaues 10 
J/n—1. (1) 
40 
This presented, let us examine a system (11, l2,...,In) of integers 
verifying the equation (8) and the congruence (7). 
I say that there will be the inequalities 
l 
lit py <1. (=2,...,n) (11) 


In effect, if one suppose that 


l 
Ik +o < 1, 


one will determine e, = +1 such that the inequality 


l 
lk + pa 


< 
2 


l 
ln + 2en + > 


holds, and one will present 
Y=1; and l, =I, = 2en. (6 =1,2,...,n;i 4k) 
The condition (7) will be satisfied, and one will have, by virtue 
of (9), the inequality 
fG,4,---,U,) < 2, 


which is contrary to the hypothesis. 
By examining the inequalities (11) and the form f with the help 
of the formula (9), one will easily demonstrate that among the system 
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of integers verifying the equation (8) with condition (7) is found at 


least one system (11, l2,...,/,) satisfying the conditions 
f(lijle,...,In) =2 (12) 
and 
Ig =13 +6, lg =l4 =... =1, where 6=0 or +1. (13) 


By virtue of (6), one will have the inequality 
dy [44 464+ (n — 2)l3] < 0. 
One can suppose that 
1 <0, (14) 
and it follows that 
1 +6+(n—2)ls > 0, 
therefore, because of (13) and (14), it is necessary that 
13 > 0. 


I say that J3 = 1. To demonstrate this, let us effect the transfor- 
mation of the positive quadratic form f(21,2%2,...,%,) with the help 
of the substitution 


Uy = —-@, 2 =Y, 13 =U =... = Uy — 2; (15) 
one will obtain a ternary positive form 
F(a,y,2) = 2? +y? + (n— 2)z” — pa(—# + y + (n — 2)z). 


By virtue of the condition (7), the integers x, y, z verify the con- 
gruence 


x+y + (n—2)z = 0(mod 2). (16) 
By indicating 
w= —-l, vel, w=ls, 
one will have, because of (12), (13) and (15), 
F(u,v,w) = 2, 


and the condition (16) will be fulfilled. 
The inequality 
f(@,y,2) <2 


is impossible so long as the integers x, y, z verify the congruence (16). 
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Let us effect the transformation of the form F(z,y,z) with the 
help of the substitution 


g=aty+(n—-2)2, y=r'-y', z= 2’. (17) 


The set of systems (x,y,z) of integers verifying the congruence 
(16) will be replaced by the set of systems (x’, y’, 2’) of arbitrary inte- 
gers. 

Let us indicate by F'(2', y’, 2’) the transformed form. Let D and 
D' be the determinants of forms F(x, y, z) and F’(2',y', z'). By virtue 
of (17), one will have 

D! =4D. (18) 

Let us notice that the number 2 presents the minimum of the 
form obtained F'(2', y’,z') determined in the set of all the systems 
(x',y’, 2’) of integers, the system (0, 0,0) being excluded. 

On the ground of the known theorem § on the limit of the mini- 
mum of a ternary positive quadratic form, one will have the inequality 


2< V2D". 
It follows that 
D'>4, 
and because of (18), one obtains 
D>1. (19) 


This presented, let us observe that the form F (x,y,z) has the 
following values: 


F(u,v,w) =2, F(1,1,0)=2, F(1,-1,0) =2+2p. 


By transforming the form F(x, y, z) with the help of the substi- 
tution 


u, 1, 1 
v, 1, -l : (20) 
w, 0, O 


one obtains a form 


Fo(z',y', 2’) =ar" t+aly” + q'z” + Qby'2! + 2b'2'a' + 2b"2x'y!, 


§ See: Gauss. Werke, V. II, p. 192, Géttingen 1863. 


Lejeune-Dirichlet. Uber die Reduktion der positiven quadratischen Formen 
mit drei unbestimmten ganzen Zahlen. (This Journal, V. 40, p. 209) 


Hermite. Sur la théorie des formes quadratiques ternaires. [On the theory 
of ternary quadratic forms] (This Journal, V. 40, p. 173) 
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where 


a=2,a' =2, a" =2+42p and b=p. (21) 


Nn 


The product a-a’-a" in any positive ternary quadratic form 


a, a, a"\. : 
( b. sh; Hf is, as one knows, always greater than the determinant 
2 


of the form, unless the coefficients b, b’, b’ do not simultaneously cancel 
one another out. 

By indicating with Do the determinant of the form Fo(z',y’, z'), 
one will have, because of (21), 


Dy < 42-35), 


and as, by virtue of (20), 


Do = 4wD, 
it becomes 
wD <2+ 2p. 
By virtue of (3) and (19), one obtains the inequality 
w <4, 
therefore 
w=. 


By returning to the equalities (13), one obtains 


1, = —u, Ip =6 and lz = 1, lg Deas lee; 
where 
u>0O and 6=0,1,2. 
By substituting the values found of l,l2,...,Jn in the function 


(5), one will have 
2 62 —4 
pes eae (22) 
u(—u+6+n— 2) 
It remains to determine the smallest value of this function pro- 
viding that 
u>0, -ut+téd+n—2>0, u=n+d(mod 2) and 6=0,1,2. (23) 
Let us admit 
u=V/n—-l1+a, (24) 


a being a real number. 
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The function (22) takes the form 


= 2n + (2a — 2),/n + a? — 2a4 6? —3 
~ Unt (a—2)n+ (6 — 2a)fnt+1—a2 +06 -6° 


The value searched for of p has to verify the inequality 


p 


p<, 


therefore because of (10), one will have 


2 >0 (25) 
Te ae aes 

After the reductions, one obtains 

a (1— 6? + 25 — a)./n + 6? — 26 —1—a? — 2a 4 206 
Va—1 °~ (fai) [n/nt (a—2nt (6 —2a)/n+1—a? +05 —5] 


and, because of (25), it becomes 
(1 — 8? + 26 — a”) fn + & — 26 -—1-—a? — 2a + 206 > 0. 
By noticing that 
6° — 26 -1—a*®—-2a+2a6<0 solongas 5=0,1,2, 
one obtains the inequality 
1—6°+26-—a7 >0. 
By making 6 = 0 and 2, one will have 
a’ <1 aslongas 6=0 and 2 (26) 
By making 6 = 1, one will have 
a? <2 solongas 6=1. (27) 


Let us indicate by m a positive integer determined with the help 
of inequalities 
Vn-1l<m<vn. (28) 
By declaring 
n=m? +p, (29) 


one will have a positive integer p verifying the inequalities 
0<p<m+1. (30) 


First case: p is an odd number. 
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By virtue of (23) and (29), one will have a congruence 
u=m +p+6(mod 2), 
p being an odd number; one can declare 
u=m> +5414 2t. 


By declaring 
Jn=am+, 


one will have 
O<é<1, 


because of (28). By virtue of (24), one obtains the equality 
u=m—1+€é&+a, 
and because of (31), it becomes 
Eta=m—mt+2+2t+6. 
By supposing that 6 = 0 or 2, one obtains 
€+a=0(mod 2). 
By virtue of (26) and (32), it is necessary that 
E+a=0, 


therefore 
wu=m-—1 so long as 6=0 and 6=2. 
By supposing that 6 = 1, one obtains, because of (33), 


€+a=1(mod 2). 


(31) 


(32) 


(33) 


By virtue of (27) and (32), the integer € + a can have only two 


values 


€+a=+1, 
and it results in that 
uw=m or m—2 aslongas 6=1. 


One obtains four values of the function (22): 


_ (m-1)?+n-4 — _m?+n~3 
Ri (m—1)(n—m=—1)? p2 = m(n—m-—1)? 
(m—2)?+n—3 (m—2)?+n 


p3 = (m—2)(n—m+1)? pa = (m—1)(n—m+1) 


among which is found the smallest value looked for of p. 
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By noticing that 


= Dee 
Pu Fa GaGa = Ln = 1)’ 
_ 2p+2 
a cee l(n-—m—-1)(n—m+1)’ 
ptl 
P3 — p4 = 


(m —1)(m — 2)(n —m +1)’ 
one obtains, because of (30), 
pi < pa < p3 


and 
po2<p.i solongas p>3, 


pi<p2 solongas p<3. 


There exists only a single odd value of p verifying the inequalities 
0 <p < 3, therefore one will have the inequality 


pi<p2 solongas p=1. 


We have arrived at the following result. 
The smallest value of p will have for expression 


m+n—3 


m(n—m—1), e? 


p= 


provided that n = m?+p, and the odd number p verifies the inequalities 
3<p<2m+1. 
In the case n = m? +1, the smallest value of p will be 
— (m-1)P?+n-4 
> Ga= Gen = 1). 
Second case: p is an even number. 
One will have, because of (23), the inequality [sic] 
u =m? + 6(mod 2). 
By presenting 
u=m?4+6+4 2t, 
one will have the equalities 


u=m—-1t+é+a and €+a=m?—m4+2t+64+1. 
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By supposing that 6 = 0 or 2, one obtains 


€+a=1, 
and it follows that 
u=m solongas d6=0 and 2. 
By supposing that 6 = 1, one obtains 
Et+a=0 or €+a=2, 


therefore 


u=m+1 or u=m+1 solongas d=1. 


The smallest value of p is found among the following values of 
the function (22): 


pi= m?+n—4 


Bae eat Og ca ect 
uae p2= eh ce mee 
— (m—1)*+n—-3 — _métn 
p3 = (m—1)(n—m)? pa = Cea 
By noticing that 


2m+4-—p 
2 PL Tm + D(n —m — 2)’ 
- 4m — 2p 
Oe PA al =) ee By 
2m —p 
Pa — P3 = 


m(m—1)(n—m)’ 
one obtains, because of (30), 
ps S pa Spi < pr. 
We have arrived at the following result: 
The smallest value of p is expressed by the equality 
_ (m—1)?+n-3 
~ (m—1)(n—m) 


provided that n = m2 +p, and the even number p verifies the inequal- 
ities 


0<p<2m+1. 
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We have determined the value of the parameter p which defines 
the perfect form yi + px1x%3. The determinant D of this form, by 
virtue of (4) and (9), will have for expression 


— 44+4p—(n-1)p? 
= Sa : 
The corresponding value of the function M(a;;) defined in Num- 


ber 16 will be 
Le 1 
ij) = 2 es 
Mee) Tt4p—(n— le 


By applying the formulae obtained to the case: 
n = 4,5, 6, 7,8, 


D (35) 


one obtains the same value of p 
p=l. 


The corresponding perfect forms will be 


4 
5 1 
ee toe t+... oe tae, +... + 2384, D= or M(aij) = 2 ‘E 


4 Pf 
Ei tayt..., 03+ a1ta t+... + 2425, D=55) M(aij) = 2 ‘E 


6 
3 1 
Titayt+...,2¢ +2124 +...+ 2526, D= > M(aij) = 2 ‘E 


7 
2 a 
ri tayt..., 07 +aa4 t+... + 2627, D=F M(aij) = 2 ‘E 
1 


ei taet+..., eg t+aitat... +2748, D = Fa: 


M (aij) = 2. 


One comes across all these perfect forms in the Mémoire of Mr.’s 
Korkine and Zolotareff: Sur les formes quadratiques. [On the quad- 
ratic forms] { 

The formulae obtained give a mean for the study of various per- 
fect forms which verify the inequality 


M (aij) > 2. 
By making, for example, n = 12, one will have 


m=3 and p=3. 


t Mathematische Annalen, V. VI, p. 367. 
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By virtue of (34), one obtains 


therefore, because of (35), 
— 16 : 912” 


12116 
af )2 —>2. 
M (aij) B > 


All the extreme forms studied by Mr.’s Korkine and Zolotareff 
do not give a function M(a,;) of values which exceed 2. 


and it follows that 


On the quadratic perfect forms and on the domains which corre- 
spond to them. 
43 
We have seen in Number 29 that to the quaternary principal 
perfect form 


ee 2 2 9 D= 5 
PHL 1 Ly + 13,24, 7102, 2113, L1%4, 1273, T2T4, T3L4, = 5 
corresponds the domain R made up of forms 


piety + paws + pax3 + paeyt ps (a1 — 2)” + pie) (21 — #3)” + p7(a1 — 4)” 
+ps(t2 — £3)° + pg(€2 — @4)? + pro(a3 — #4). 
All the perfect forms contiguous to the principal form y are 
equivalent to the form 
; 5g. Oe 1 
P1 = 0] +03, 03,04, 0103, 0104, 0203, 0204, 0304, D =z. 


The corresponding domain R, is made up of forms 
Pixy + p2xs + psxz + part + p5(%1 — @3)” + po(t1— 24)? 
+p7(a2 — £3)" + ps(t2 — a4)” + po(a3 — €4)? + pro (21 + 2&2 — Ba) 
+pi1(@1 + &2 — £4)”, pro(a1 + &2 — &3 — 24)”. 
Let us examine the perfect forms contiguous to the perfect form 


Y1- 
We have demonstrated in Number 38 that all these forms are 
equivalent to the forms 


1). yi — pris, 
2). gi + p(a1%2 — 64324), where 6=0 or 1. 
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Let us examine three perfect forms 
1). git petite, 2). yi —prix3, 3). git p(tite — £324). 


1). By making p = 1 in the form yi + px122, one obtains the 
principal perfect form y. 

2). Let us notice that the form y; — pxi23 is equivalent to the 
form 1 + px122. 

In effect, the substitution 


I I 1 I I 
G1 = —21, 2 = 2X3, 13 = NXg, T4 =X, +4 
does not change the form y; and transforms the form x1 22 into the 
form —z}25. 


3). By making p = 1 in the form 91 + p(#1%2—2324), one obtains 
the form 


2 2 2 2 
Uy + 49,03 +24 + %1%Q +4103 4+ 41X4 + LQ%3 + G2X4 


which is evidently equivalent to the perfect form 1. 

One concludes that all the perfect forms contiguous to the perfect 
form y are equivalent to the forms y and 1. 

It follows that the set of all the quaternary perfect forms be 
divided into two classes represented by the perfect forms y and 1. 

The set (R) of domains corresponding to various quaternary per- 
fect forms is made up of two classes, too, represented by the domains 
R and Ry. 


On the perfect forms in five variables and on the domains which 
correspond to them. 


We have determined two perfect forms in five variables 


2 2 2 = 
pHa tagt...+%54-21%2.+21"3+...+24%5, D= 


ye 0 2 
gr =p tagt...+¢54+%1934+21%44+...+44%5, D= 


The corresponding domains R and R, will be composed of forms 


R) piv + p205 +... + ps3 + pe(a1 — £2)? + pr(ai — a3)? 


+ pis(a4 — 2&5)’, 


Ry) prey + p2a3 +... + psag + po(w1 — 23)? +... + p2o(#1 + t2 — 24 — 25)”. 
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Examine the perfect forms contiguous to the perfect face y,. We 
have demonstrated in Number 38 that all these forms are equivalent 
to the forms 


1). gi — pxi2s, 
2). 1 — p(t 22 61304 6' 2325 6"'t4%5). 


(1) 


where 
6=0orl, §&=O0orl, 6"=0 orl. 
In the second case one obtains 8 perfect forms. By permuting 
the variables 73, #4, 25 one will replace the forms (1) by 4 forms; thus 


all the perfect forms contiguous to the perfect form yi are equivalent 
to the 5 following forms: 


1). Yit+pei%2, 2). yitptits, 3). pit p(tit2 — 425), 


4). pi + p(w1%2 —43%5 — L4%5), 5). 1 + p(w1e2 — 13%4 — 13%5 — Laws). 


1). By making p = 1 in the perfect form y; + px 22, one obtains 
the perfect form ¢. 

2). We have seen in Number 42 that the perfect form yi — pr123 
is determined by the value p = 1 of the parameter p in the case n = 5. 
One obtains the form 


Y= tatagtaptaztaja,t+aias+...+24%5 (2) 
which will be transformed with the help of the substitution 
Ly = —23, tg = 2 — , 23 = 24, G4 = 224-24, ts = 244-25 


into a perfect form 9}. 
3). In the form y1 + p(#122 — £425), one will put p = 0 and one 
will obtain the form 


rp taat... +42 +2122 +2123 +...+ 2325 


which is evidently equivalent to the form 1. 
4). In the form v1 + p(x1%2 — #3%5 — £4%5)), one will put p = 1 
and one will obtain the form 


2 
Ti tae t+... +02 +21 2_ +2123 +...+ 2225 


which is evident to the perfect form (2) 
5). It remains only to determine the perfect form: 


1 + p(t 22 — &3X%4 — L3X5 — L405). (3) 
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By effecting the transformation with the help of the substitution 


/ / / / / 
—%1+%2=%1, 1 4+%24+9%34+%44+4%5 =XQ, V3 =X3, C4=—X4, UH = THs 


(4) 
of the form 
21 + 2p(41 22 — 1324 — F325 — L425), 
one obtains the form 
wo ta ta +0? + 07 4 al tay tay tay +24" (5) 


2x525 — 2xhn), — 2xhu, — 2x40, — Wwe, 2ar,at| : 
By virtue of (4) the integral variables x, 25,274,274, x5 verify the 
congruence 
v,+254+2%3 +24 +25 = 0(mod2). (6) 
By applying to the form (5) the method unveiled in Number 2, 
one will determine the value of the upper limit R > 0 of value § with 
the help of equations 


é1 — RE, = 0, 9 + R(Eo — 3 — Ea — 5) = 0, €3 + R(—Eo + &3 — Ea — £5) = 0, 
4 + R(—€2 — &3 + £4 — 5) = 0, & + R(—€o — £3 — £4 + &5) = 0. 


It results in that 
fo = 3 =&4 = &, 
and one obtains the equations 
&(1—R)=0 and &(1—2R) =0, 


thus 


1 
R=-. 
2 
By declaring 


gv, =0, 7 =1, 2, =1, 2, =1,2, = 1, (7) 


one will satisfy the condition (6) and one will have the value 4 — 4p of 
the form (5). 
By making 
4—4p=2, 
one obtains 


‘ual 
aa 
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It follows that the positive quadratic form 


12 12 12 


| | | | | 12 
ty +a +..-+a5 +7 [a1 +22 +25 


12 
+ £4 


+ £x 225r5 —... 222°, | 


(8) 


will have a value 2 corresponding to the system (7). 

By virtue of that which has been discussed in Number 23, the 
smallest value of the form (8) will correspond to a system (1, l2,..., 15) 
verifying the inequality 


1 
R+B+R+G+R<2-5* where R= 5. 


L 

4 

One obtains the inequality 
Gabe gs <4. 


It is easy to demonstrate that the system (7) is the only one 
verifying this inequality on condition (6), the systems which verify the 
inequality 


2 2 2 2 
xy + xb i 


2 
bag +24" +24 


+ £5 


Qrx, —2ayz, —Qahzy —Qrgx4—Qrga,—2rya, > 0 


being excluded. By making p = 4 in the form (3), one obtains the 
perfect form 


1 1 1 1 
g2 = £4 +25 SF +054 griv2 +21X34+...+ 0905+ qratat qratet grate: 


3)\4 1 
D = (5) x. 
The corresponding domain R? is composed of forms 
pity + p2t3 +... + p5x2 + pe(wi — 3)? +... + pii(e2 — 25)? 
+pio(21 + 22 — 23 — £4)? + pi3(a1 + Z2 — 13 — 25)” 
+pi4(@1 + 22 — @4 - zs)" + pis(—#1 — 2 +234 444+ Zs)”. 


The number of parameter p1, p2,.--, 15 being equal to the num- 
ber of dimensions of the domain Re, one will determine without trouble 
15 inequalities which define the domain Re. 

45 

We have demonstrated that all the perfect forms contiguous to 
the perfect form yi are equivalent to the perfect forms y, yi and 2. 

Choose the perfect forms contiguous to the perfect form ye. 

To this effect let us notice, in the first place, that the perfect 
form y is contiguous to the perfect form ye, then observe that all the 
perfect forms contiguous to the form v2 are equivalent. 

To demonstrate this, examine all the faces in 14 dimensions of 
the domain Rg. 
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The domain Rz is characterised by 15 quadratic forms 
ce a5) 235 re 5, (a1 _ ma)" (x1 = Bi); (x1 — zs)", (x2 ~ a)? 
(a2 — 24), (v2 — 5)”, (a1 + @2 — 23 — 24)”, (a1 + 22 — 23 — 25)”, 


(v1 + 22 — @4 — 05)", (—@1 — 2 +23 + 24 + 25)”. 
(9) 

Each face in 14 domains of the domain Rz possesses 14 of these, 
and the form which remains can be called form opposite to the face. 

One concludes that each face is well determined by the opposite 
face. 

For the perfect forms contiguous to the perfect form yz to be 
equivalent, it is necessary and sufficient that all the faces of the domain 
Re could be transformed one to one with the help of substitutions 
which do not change the domain Ro. 

It would be easy to write all these substitutions, but one will 
proceed in another way, more speedy. 

Let us observe that the face P belonging to the domain R; and Rz 
is characterised by all the forms (9), the form (—a, —x2+a3+2%4+25)” 
being excluded. 

With the aid of substitution associated with the substitution (4), 
one will replace the forms (9) by the forms: 


(a 25)?, (a + a5)? + 4)?, (oi +25)? 
(ary + 2)”, (ay + 24)”, (ay +25)”, (wy + 04)°, (#3 + 25]')’, (10) 
(a, + 25)", (eg +25 + 2+ 25). 

By changing the sign of x and by permuting the variables 2}, 
24, £4, 2, one will transform into itself the forms (10), and the form 
(a, + 25 + 24, + 24)? will not change. 

To each similar substitution corresponds a substitution which 
transforms into itself the domain Rz and the face P of the domain Ra, 
and does not change the form (—x, — #2 + #3 + 24 + a5)?. 

By changing the sign of x, and by permuting x4, 24,24, 25, one 
will transform the form (x/, + x})? into forms 


(a £ 5)?, (a £24)”, (xt + 274)”, (a) + 25)? 
and one will transform the form (a5 + 2)? into forms 
(ay + 23)”, (ay +24)”, (ay + 25)*, (#3 + 24)", (ag + 2I5))*, (4 + 25)”. 
Thus only the forms 
(wy +2)", (wy +2)", (wy + 0h + 04 + 25)” (11) 
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remain to examine. 
By returning to the forms (9), one obtains the forms correspond- 
ing to the forms (11). 


5503; ( ZT, —%2+%34+ X44 5). (12) 


It is demonstrated that all the forms (9) can be transformed into 
forms (12) with the help of substitutions which do not change the 
domain Ro. 

With the help of substitutions 


t ! t ! t ! ! t ! t 
T= Xy—Xs, Lo = @3, X3 = LQ, L4 =X, +XQ, U4 =Xy{+@g—-M4—TLs, 
Lp = —2, +25 

and 


ats eo t t I! t t eee J esl aa 
T= 21, 2 = —-X, -—%ot%3g+%,4+ Ls, T3 = Lg, L4 = X4, L5 = Xz, 


one will transform the domain Rz into itself, and the form x2 will be 
transformed into forms x3 and (—2, — v4 + 24 +24 +25). 

We have demonstrated that all the forms of the domain Rz are 
equivalent. It results in, from that we have seen, that all the perfect 
forms contiguous to the perfect form yz are equivalent to the perfect 
form 91. 

One concludes that all the perfect forms in five variables consti- 
tute three different classes represented by the perfect forms y, y1 and 


p2- 


The set of domains (R) can be divided into three classes also, 
represented by the domains R, Ri, and Re. 
End of the first Mémoire. 
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New applications of continuous parameters to the theory of quadratic forms 
Second Memoir 


Research on the primitive parallelohedron 
by Mr. Georges Voronoi in Warsaw 
[Journal fiir die reine und angewandte Mathematik, V. 134, 1908] 
[translated by K N Tiyapan] 


The well known method of reduction for the binary, ternary and 
quaternary positive quadratic forms + rests upon a property of the 
positive quadratic form, to know: 

Every positive quadratic form Sy, 04-14ij Lit; has n variables 
in the set E. composing all of the systems (11, %2,---,%n) of integers 
of the variables x1, 22, --., In nN consecutive minima 


M, < M2<---< Mn 
determined at condition which the determinant w of a system 
(li1, lar, ---5 Ini), (lia, baa, ---;Ina),--+5 Lins dan, - ++; tan) (1) 


which represent these minima in the set E does not vanish. 
In all the cases where one has 


w=ctl 


one can transform the quadratic form >) ai;74xj into an equivalent 
form by using a substitution 


n 
a= > lath (¢=1,2,...,n) 
k=1 


In the transformed form 7) (a;;2;2;, one will have 


ay, = Mp (k =1,2,...,n) 


{ Lagrange, Recherches d’Arithmétique [Studies in arithmetic] (Oeuvres, V. 
III, p. 695) 


Gauf, Disquisitiones arithméticae (Oeuvres, V. I, art. 171, p. 146) 


Lejeune-Dirichlet, Uber die Reduktion der positiven quadratischen Formen 
mit drei unbestimmten ganzen Zahlen [On the reduction of the positive quadratic 
forms with three indeterminate integers] (Oeuvres, V. II, p. 41) 


Minkowski, Sur la réduction des formes quadratiques positives quaternaires 
[On the reduction of the quaternary positive quadratic forms] (Comptes 
Rendus des séances de l’Académie de Paris, V. 96, p. 1205) 
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The form }))/a;;2;2; obtained is said to be reduced with respect 
to the consecutive minima. 

The binary, ternary, and quaternary positive quadratic forms can 
be reduced with respect to the consecutive minima. { The algorithm 
which one uses in doing the reduction of these forms is founded on the 
following theorem. 

For a positive quadratic form 


F(@i,22;-<-54,) =) > _agtiay (n= 2,3,4) 


to be reduced with respect to the consecutive minima, it is necessary 
and sufficient that one has the inequalities 


f(€1,22,---,€p-1, 1, 2441,---,2n) > Qkk (k = 1,2,...,n) (2) 


and 
Q11 S ao2 <...< ann (3) 


which is valid for integers of the variables 


U1,---,Uk-1,Uk415---,Un (k =1,2,...,n) 
By letting 
r= 2,+6;2, where 6,=0 and i=1,2,...,n (4) 
one will determine for the given form f(21, v2,...,€n) integers 61,..., 
dk—1, 9k41;---,5n the condition of which the corresponding value f (61, 
-.-;0p-1, 1, 6441,---;6n) would be smallest. By making successively 
k = 1,2,...,n and repeating the procedure stated, one will always 


transform the given form with the aid of the substitution (4) into a 
form which is no different from the reduced form except by a permu- 
tation of the coefficients (n = 2, 3, 4) 

The procedure stated in the general case can not be carried on 
indefinitely and one will always arrive at an equivalent quadratic form 
> 4,212; which verifies the inequalities (2) and (3), but one does not 
know from the number of variables n > 4 whether the coefficients aj,, 
(k =1,2,...,n) in the form obtained exhibit a system of consecutive 
minima, besides: one also does not know whether the reduction of 
every positive quadratic form with respect to the consecutive minima 
is possible. 


{ Korkine and Zolotareff, Sur les formes quadratiques positives. (Mathema- 
tische Annalen, V. 6, p. 336 and V. 11, p. 242) 
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One rids oneself of the described difficulty by changing the no- 
tation of system with n consecutive minima into nothing more than 
considering the systems (1) which verify the equation 


w=. 


This is the method known as Hermite method + which has re- 
cently been improved by Mr. Minkowski in the memoir titled Diskonti- 
nuitatsbereich fir arithmetische Aquivalenz. [Discontinuity domain for 
arithmetical equivalence] { in the set E, the quadratique > > aijzix; 
being positive and a1,Q2,,Q@, any arbitrary parameters. 

In the case n = 2 , the problem put forward has been solved by 
Lejeune-Dirichlet and by Hermite § 

By reflecting upon the principles which have served as basis in 
these researches of these two illustrious geometers, I have observed 
that the problem introduced is intimately connected to the problem 
of the reduction of positive quadratic form. 

In effect, Lejeune-Dirichlet and Hermite have demonstrated the 
following theorem. 

The conditions necessary and sufficient for which the inequality 


ax” + 2bry + cy? + 2ay + 2By > 0 


holds, for any integral values of x and y, in general come down to six 
inequalities 


al? + 2blm + cm? + 2(al + Bm) > 0, 
al!” + 2bl'm! + cm!” + al’ + Bm’) > 0, (5) 
al!” + 2b1""m" + em!” + 2(al” + Bm") > 0, 


where the systems of integers 
a, m), (, m’') and ie m") 


depend only on coefficients of the quadratic form (a, b,c). 

By considering the parameters a and ( as the Cartesian coordi- 
nates of a point (a, 8) of the plane, one will determine by the inequali- 
ties (5) a hexagonal P which is formed by three pairs of parallel edges. 


{| Hermite, Extraits de lettres a Jacobi sur différents objet de la théorie des 
nombres (This Journal, V. 40, p. 302) 


{ This Journal, V. 129, p.220 
§ Lejeune-Dirichlet, Mémoire cited 


Hermite, Sur la théorie des formes quadratique ternaires [On the theory of 
ternary quadratic forms] (This Journal, V. 40, p. 178) 
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The study of properties of the hexagon P plays an important role in 
the study of Lejeune-Dirichlet which has indicated two fundamental 
properties of the hexagon P. 
I. There exists a group of translations of the hexagon P with the 
aid of which all the plane will be covered by the congruent hexagons. 
IT. Any binary positive quadratic form can be transformed by an 
equivalent form (a,b,c) satisfying the conditions 


a—b>0,b>0,c—b>0. (6) 
The hexagon P corresponding to the form (a,b,c), in the case 
a—b>0,b>0,c—b>0, 
is characterised by the systems 


(1,0), (0, 1), 1, -1) (7) 


In the case a—b = 0, or (b= 0), orc—b=0, the hexagon P 
reduces itself into a parallelogram. 

The inequalities (6) define a domain D of binary quadratic forms 
which is perfectly determined by the systems (7). 

With the help of the substitution 


t= a, y= -y', 
one will transform the domain D by a domain D’ defined by the in- 


equalities 
a+b>0,-b>0,c+b>0 (8) 


which is characterised by the systems 
(1,0), (0, 1), (1,1) 


One calls reduced by Selling[’s method] the binary positive quad- 
ratic forms which verify the inequalities (8). { 

By effecting all the transformations of the domain D with the 
help of substitutions 


a= pe’ +qy',y=p'e't+qy' 
of integral coefficients and of determinant +1, one obtains a set (D) 
of domains of binary quadratic forms. 


The set (D) of domains uniformly partitions the set of all the 
binary positive quadratic forms, that is to say: a form which is interior 


t Selling, Uber die binaren und ternaren quadratischen Formen. [On the 
binary and ternary quadratic forms] (This Journal, V. 77, p.143) 
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to any one domain D of the set (D) does not belong to any other 
domain of this set; a form which is interior to a face of the domain D 
belongs to only one other domain of the set (D) which is contiguous 
to the domain (D) by this face. 

The results summarised have brought me to a new point of view 
on the problem of reduction of positive quadratic forms. 

The problem of reduction of positive quadratic forms consist of a 
uniform partition of the set of positive quadratic forms with the help 
of domains of forms, determined using linear inequalities and enjoying 
the property that any substitution of integral coefficients and of deter- 
minant +1 does not change the set (D) of these domains. By parti- 
tioning the set (D) into classes of equivalent domains and by choosing 
the representatives of all the classes 


D,D,,...,Dm-1; (9) 


one will call reduced the quadratic forms which belong to these do- 
mains. 

One could attach the supplementary condition to the domains 
(9) by demanding: 1). that m = 1,2, 2). that the positive quadratic 
forms interior to the domain D are not equivalent and lastly, 3). that 
the number of linear inequalities which define the domain D be the 
smallest one possible. 

T hope to return another time to the problem posed of the reduc- 
tion of positive quadratic forms. 

In this mémoire, I restrict myself to the study of domains of 
quadratic forms which one obtains by generalising the results shown in 
studies of Lejeune-Dirichlet and of Hermite for the positive quadratic 
forms in any number of variables. 

The hexagon of Lejeune-Dirichlet can be replaced for the positive 
quadratic forms of n variables by a convex polyhedron of the analytical 
space in n dimensions. 

For a positive quadratic form >> >> ajjx;2;, the corresponding 
polyhedron R presents a set of points (a;) verifying the inequality 


SY aijaiz; + 2>° aie; >0 (10) 


in the set E. The polyhedron R can be determined with the help of 
independent inequalities 


 dolale st? Sada 201k =1,2).2:57) 
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the number 27 of which does not exceed a limit 
or < 20" = 1. 
the systems of integers 
#(li1, lor,..-,ln1), HChi2, loe,..-,In2),---, E(liz,lar,---y Inv) =) 


define by the corresponding equations 


SoS. aiglinlin x= 25° ailiz =0 


27 faces in n — 1 dimensions of the polyhedron R. As these faces 
partition themselves into 7 pairs of parallel faces, I call parallelohedron 
the polyhedron R corresponding to any positive quadratic form. 

The systems (11) enjoy many important properties. 

1. For a system (li, le,...,ln) to belong to the series (11), it is 
necessary and sufficient that two systems (l1,le,...,1n) and (-l, —la, 

.-,—ln) are the only representations of the minimum of the form 
> Yo ayjxjx; in the set composed of all the systems of integers which 
are congruent to the system (li,lo,...,ln) by relation to the modulus 
2, the system l, = 0,l2 =0,...,ln =0 being excluded. 

2. Among the systems (11) are found all the representations of 
the arithmetical minimum of the positive quadratic form \~ > ayjx4x;. 

3. among the systems (11) are found all the systems (1) which 
represent n consecutive minima of the form ajyjxjx;. 

4. All the determinants which one can form of any n systems 
belonging to the series (11) do not exceed in numerical value a limit 
nt. 

By designating by the symbol S, the number of faces in v di- 
mensions (v = 0,1,2,...,%— 1) of a parallelohedron R, I have found 
that 


Sy <(n+1—v)A%§) (Mm) mai. (v =0,1,2,...,n—-1) 
By making v = 0 in this inequality, one obtains 
So < (n - 1)! ’ 


therefore the number of vertices of a parallelohedron R does not exceed 
a limit (1+ 1)!. By making v = n — 1, one obtains 


Sa. 200" 41), 


I demonstrate in this memoir that there exist parallelohedra, the 
symbol S, for which are expressed by the formula 


S,=(nt1—v)AC (mma. (v =0,1,2,...,n -1) 
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All these parallelohedra are primitive. 

The notation of positive parallelohedra plays an important role 
in my studies. 

I have arrived at the notation of primitive parallelohedra by 
observing that the parallelohedra possess Property I of hexagons of 
Lejeune-Dirichlet, in knowing: 

I. There exists a group of transformations of a parallelohedron 
R with the help of which one uniformly fills the analytical space in n 
dimensions by the congruent parallelohedra. 

Designate by () the set of parallelohedra which are defined by 
the inequality 


ss oe AjjLiX; + 2 > AL; > ss we aig lil; + 2 Dy ajl; 5 
l,lo,...,ln being arbitrary integers. Ay system (J;) of integers char- 
acterise a parallelohedron of the set (R). 

I demonstrate that the set (R) of parallelohedra corresponding 
to the various systems (l;) of integers unformly fills the space in n 
dimensions. 

The corresponding group of translations of the parallelohedron 
R defined by the inequalities (10) is composed of vectors [A;] which 
are determined by the equalities 


M= =>} oul, @=1,2,...;0) 
k=1 


U1, Jo,...,J, being arbitrary integers. 

Any vertice (a;) of parallelohedra of the set (R) belongs to at 
least n + 1 parallelohedra. I call simple a vertice (a;) which belongs 
only to n+ 1 parallelohedra of the set (R) and I establish a notion of 
primitive parallelohedron as follows: 

One call primitive parallelohedron, a parallelohedron the vertices 
of which are simple. 

All the parallelohedra which are not primitive are called non- 
primitive. From this point of view, the hexagon of Lejeune-Dirichlet 
presents a primitive parallelohedron and each parallelogram is a non- 
primitive parallelohedron in two dimensions. 

Any nonprimitive parallelohedron is a boundary of primitive par- 
allelohedra and can be considered as a case of degeneracy of primitive 
parallelohedra. 

I divide the primitive parallelohedra into various types by char- 
acterising a type of primitive parallelohedra by a set (L) of simplexes 
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correlative to the various vertices of parallelohedra which belong to 
the set (R). 
An identical vertice (a;) is determined by n + 1 equations 


SS. aaglinl jn + 2S° ali =A. (k =0,1,2,.. .,1) 


In n+ 1 systems of integers 
(lin lon, -++sdnk)s (k = 0,1,2,...,) 


I make a simplex L correspond by defining it as a set of points which 
are determined by the equations 


n n 
io S- Delix, where So oe =1 and Or > 0. 
k=0 


= k=0 ; 
(B= 0j1) 25.235 tH 1,252.25) 


The set (L) of simplexes which are correlative to the vertices of 
the set (R) of primitive parallelohedra enjoys important properties. 

1. The set (L) of simplezes uniformly partition the space of n 
dimensions. 

2. By effecting the various translations of a simplex of the set (L) 
the length of vector [l;] which are determined by the arbitrary integers 
ly, J2,...,ln, one obtains a class of congruent simplexes which belong 
to the set (L). 

3. The number of incongruent simplezes of the set (L) is finite. 

Property II of hexagons of Lejeune-Dirichlet for the primitive 
parallelohedra can be generalised as follows: 

I. All the quadratic forms which define the primitive parallelohe- 
dra belonging to the type characterised by the set (L) of simplexes are 
interior to a domain of quadratic form in ant) dimensions defined 
by linear inequalities. 

T obtains the linear inequalities which define a domain D of quad- 
ratic forms corresponding to a set (L) of simplexes by examining the 
incongruent edges of primitive parallelohedra belonging to the type 
characterised by the set (L) of simplexes. 

An vertice (a,;) of primitive parallelohedra of the set (R) belongs 
to n + 1 edges [a;, ai,] of these parallelohedra (k = 0,1,2,...,7). 

By putting 


Qik — Aj = PikPk, (@=1,2,...,n;k =0,1,2,...,n) 


one can determine the positive parameter p;, of such manner that the 
numbers p14, P2k;---;Pnk are integers and do not possesses common 
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divisor. I demonstrate that the parameter p, expressed by a linear 


function 
pr=>> S- vh aij (12) 


of coefficients of the given quadratic form )> >> a4; 2;7;, the coefficients 
k k F : 
ph) =p, (@ =1,2,...,n37 =1,2,...,n) 


being rational. 

I call regulator of the edge [a;, ai,], the function p;, determined 
by the formula (12); the system (p;,) is called characteristic of the 
edge 

[a;, ix]. (k = 0, 1, 2; pa] th) 


As the edge [a;, a4] is correlative to a face P;,, of n—1 dimensions 
of the simplex L which is correlative to the vertice (a;), I call the func- 
tion (12) regulator of the face P;, and the system +(P;,) characteristic 
of the face P;, of the simplex L (k = 0,1,2,...,n) 

By designating by 


Pk and + (pik); (k =1,2,...,¢) 


the regulators and the characteristics of all the incongruent faces in 
n—1 dimensions of the set (LZ) of simplexes, I demonstrate the following 
important theorem: 

The domain of quadratic forms which is characterised by the set 
(L) of simplezes is defined by the linear inequalities 


p= ST ePay 20. (F=12,.--0) 


All the domains of quadratic forms which I have studied in this 
memoir possess a remarkable property: they are simple domains, that 
is to say the number of independent inequalities which define them is 
equal to ninth) 

Another coincidence has attracted my attention for a long time: 
that is the relation which exists within the results shown in this mem- 
oir and those which have been obtained in my first memoir titled: 
“On some properties of perfected positive quadratic forms” + I have 
observed that the set of characteristics +(pi.), k = 1,2,...,0 is noth- 
ing but the set of all the representations of the minimum of a perfect 


+ This Journal, V. 133, p. 97 
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quadratic form y. Thee domain D either coincides well with the do- 
main R corresponding to the perfect form y, or presents well a group 
of this domain. 

Despite all my effort, I have not succeeded in discovering the 
tie which attaches the two problems shown and which seem to be so 
different, abstraction made of a remarkable formula 


1 < 
Dod aijrias = (nD! Do pawn (Pints + Parva +--* + Pnktn)? 
“ k=1 


which supplies the expression of an arbitrary quadratic form )7 > ai;- 


x42; in function of the regulators p, (k = 1,2,...,0) which are deter- 
mined by the formula (12). 
In this formula w; (k = 1,2,...,0) are positive integers which 


depend only on corresponding faces of simplexes of the set (L). 

To the various types of primitive parallelohedra corresponds a set 
(D) of domains of quadratic forms. The set (D) uniformly partitions 
the set of all the positive quadratic forms in n variables. 


I show in this mémoire an algorithm, by the aid of which one can 
determine all the domains of forms which are contiguous to a domain 
of the set (D) by the faces in n(nth) —1 dimensions. This algorithm 
comes down to a certain reconstruction of the set (L) of simplexes by 
another set (L‘). 

The set (D) of domains of forms transforms into itself by all 
the substitutions of integral coefficients and of determinant +1. By 
dividing the set (D) into classes of equivalent domains, one obtains 
with the aid of the algorithm shown the representatives 


D: Disc Dona 


of various classes of domains belonging to the set (D). 


By calling reduced the quadratic forms which belong to the do- 
mains obtained, one establishes a new method of reduction of positive 
quadratic forms. 


I have applied the general theory shown to the study of two 
types of primitive parallelohedra of the space in n dimensions which 
correspond to the principal domain of quadratic forms and to the 
peak ae are contiguous to the principal domain by the faces 
n(nt+l 

2 


in — 1 dimensions. The principal domain is defined by the 
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inequalities 


n 
ap 20) HT 25h) 
k=l 
Se SU CH Bling a Wl aD 


I study in detail the parallelohedra of the space in 2, 3 and 4 
dimensions. 

In the space in 2 dimensions, there is only one type of primitive 
parallelohedra, provided that one does not consider as different the 
equivalent types; it is the hexagon of Lejeune-Dirichlet. 

The set (D) of domains is composed in this case of a single class, 
the representative of which is the principal domain defined by the 
inequalities (8). 

In the space in 2 dimensions, there is only one single space of 
primitive parallelohedra — it is the parallelogram. 

In the space in 3 dimensions, there is only one single type of 
primitive parallelohedra — it is a polyhedron of 14 faces, 8 of which are 
hexagonal and 6 of which are parallelogrammatic. 

The set (D) of domains is composed in this case of a single class, 
the representative of which is the principal domain. By calling reduced 
a ternary positive quadratic form az? + a'y? + az? + Qhyz + 2b'zx + 
2b" xy which belongs to the principal domain determined with the help 
of inequalities 


at+b'+b" > 0,a'+b"+b>0,a"+b+0' > 0,-b > 0,-b' > 0,-b" > 0, 


one will arrive at the method of reduction of ternary positive quadratic 
forms due to Selling. t 

In the space in 3 dimensions, there are 4 spaces of primitive 
parallelohedra, they are: 1). the parallelepiped, 2). the prism of 
hexagonal base, 3). the parallelegrammatic dodecahedron and 4). the 
dodecahedron in 4 hexagonal faces and 8 parallelogrammatic faces. 

In the space of 4 dimensions, there are three types of primitive 
parallelohedra. The set (D) of domains is composed of three classes 
of domains of quaternary quadratic forms. 

I have determined the three representatives of these classes 


D,D',D", 


t Selling, Mémoire cited 
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By calling as reduced the quaternary positive quadratic form 
which belong to the domains D, D', D", I have arrived at a modifi- 
cation of the methods of reduction of quaternary positive quadratic 
forms due to Mr. Charve. + 

By virtue of this theorem, the problem of uniform partition of 
the space in n dimensions by congruent primitive parallelohedra al- 
ways comes down to the study of parallelohedra corresponding to the 
positive quadratic forms. 

I am inclined to think, without being able to demonstrate, that 
the theorem introduced is also true for the nonprimitive parallelohedra. 

The parallelohedra of the space in 2 and in 3 dimensions have 
been studied by Mr. Fedorow 4 which has discovered with the help 
of purely geometrical considerations, the exitence of two spaces of 
parallelohedra in the space in 2 dimensions and the existence of five 
spaces of parallelohedra in the space in 3 dimensions. Mr. Fedorow 
has demonstrated that there is no other parallelohedra in the space of 
2 and of 3 dimensions. 

The parallelohedra in 3 dimensions of Mr. Fedorow play an im- 
portant role in the theory of the structure of crystals. § 

First part 
Uniform partition of the analytical space in n 
dimensions with the aid of translations of the same convex polyhedron 
Section I 


t Charve, De la réduction des formes quadratiques quaternaires positives [Of 
the reduction of quaternary quadratic forms] (Comptes-Rendus des séances 
de l’Academie du Paris), V. 92, p.782 and Annales de lEcole Normale 
supérieure, 2”% serie, V. XI, p.119 


4 Fedorow, Basic principles in the theory of diagrams. St. Petersbourg, 1885 
(in Russian) 
Fedorow, Regulare Plan- und Raumteilung. [Regular planar and space par- 
tition | (Abhandlungen der K. bayer. Akademie der Wiss. II Cl., XX Bd. II Abt. 
Miinchen, 1899) 


See also: Minkowski, Allgemeine Lehrsatze tiber die convexen Polyeder. 
[General theorems on the onvex polyhedron] (Nachrichten von der K@igl. 
Gesellschaft der Wissenschaften zu Gottingen, Matheem. -Physikalische 
Klasses, 1897, p.198) 


§ See: Fedorow, Courses in Crystallography. St. Petersbourg, 1901 (in Rus- 
sian) 
Soret, Cristallographie physique. [Physical crystallography] Geneve, 1894. 


Schénflies, Kristallsysteme und Kristallstruktur. [Crystal systems and crys- 
tal structure] Leipzig, 1891 


Sommerfeldt, Physikalische Kristallographie.[Physical crystallography] Leip- 
zig, 1907. 
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General properties of parallelohedra 
On the conver polyhedra in n dimensions 


One will call point of the analytical space in n dimensions any 
systems (1,22,...,2n), or simply (x;), of real values of variables 
X1,XQ,---,en- 

Consider a system of linear inequalities 


n 
aon + >- anes > 0 (k = 1,2,...,0) (1) 
i=1 
of any real coefficients. 
One will say that the set R of points verifying the inequalities 
(1) is of n dimensions, if there exist points satisfying the conditions 


aon + >> dinars >0. (k=1,2,...,0) 


One will call them point, interior to the set R. 

Fundamental principle. { For the set R of points verifying the 
inequalities (1) to be of n dimensions, it is necessary and sufficient 
that the equation 


oO 
po + >> pr(aon + >> ainas) = 0 
k=l 


does not reduce into an identity so long as all the parameters po, p1,---, 
Po are positive or zero. 

Definition I. One will call convex polyhedron any set of points 
verifying a system of linear inequalities, on condition that this set be 
bounded and of n dimensions. 


Let us suppose that the inequalities (1) define a convex polyhe- 
dron R and suppose that all the inequalities (1) be independent. In 
such case, the polyhedron R possesses o faces in n — 1 dimensions 
which are defined by the corresponding equations 


aon + >> ainn; = 0. (k =1,2,...,¢) 


{ The principle announced differs only in the formulation from the fundamen- 
tal principle explained in my first memoir titled: On some properties of 
perfect positive quadratic forms. (This journal, V. 133, p. 113) 
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Definition II. Suppose that a point (a;) belonging to R. verifies 
the equations 


aor + > air; = 0, (r =1,2,...,u) (2) 
and that one had the inequalities 
aor + >_ aina; > 0. (k=p+l,...,c) 


Designate by v the number of dimensions of the set P(v) com- 
posed of points belonging to R and verifying the equations (2). One 
will call face in v dimensions of the polyhedron R the set P(v)a, (v = 
Ol Bev Dy 

In the case v = 1, one will call edge of the polyhedron R a face 
P(1) and in the case v = 0, one will call vertex of the polyhedron a 
face P(0). 

For more generality in the notations, one will designate by the 
symbol P(n) the polyhedron R itself. 

Under this restriction, one can introduce the following proposi- 
tion: 

Any point belonging to the polyhedron R is interior to a face P(v) 
of that polyhedron, where v = 0,1,2,...,n. 


Let us suppose that the polyhedron R possesses s vertices 
(a1), (Qi2), ---, (Qis)- 

Designate by 
(a1), (O42), ---, (im) 


all the vertices of R which verify the equations (2). 

Theorem. + The face P(v) inv dimensions (v = 0,1,2,...,n) of 
the polyhedron R defined by the equations (2) presents a set of points 
determined by the aid of equalities 


m 
2i= > 9,air where 5>9,=1 and 8, >0. (r =1,2,...,m) 


r=1 


Set of domains in n dimensions corresponding to the different 
vertices of a convex polyhedron. 


{¢ See my mémoire cited, Number 12 
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Let us suppose a vertice (a;) of the polyhedron R be determined 
by the equations 


aor + D> apa = 0. (k =1,2,...,p) (1) 


Definition. One will call domain corresponding to the vertice (x4) 
the set A of points determined with the help of equalities 


bw 
r= So pean where Pk Pa 0. (k = 1,2, es -> ft) (2) 
k=1 


Designate by 
A, Ag,...,As (3) 


the domains corresponding to the different vertices 


(a1), (a2), aioe (dis) 
of the polyhedron R. By virtue of the definition established, the set 
(3) of domains enjoys the following properties: 
I. All the domains of the set (3) are in n dimensions. 
Let us suppose the domain A determined by the equalities (2) 
be not in n dimensions. 
All the points (x;) belonging to the domain A verify at least one 


linear equation 
So piv = 0. 


By virtue of (2), one will have 
S pidin = 0. (k =1,2,...,H) (4) 


As the equations (1) define a vertice (a;) of the polyhedron R, 
one will find among the systems 


(a11, sie ->@n1), (a12, er -n2), ser 89 (@1p)- 7 - Onp) 


n systems the determinant of which is not zero; it follow that the 
equalities (4) are impossible. 

IT. Any point of the space inn dimensions belong to at least one 
domain of the set (3). 

Let (a;) be an arbitrary point. Examine the sum 


Sl aio, (kb =1,2,...,8) 


121 


122 
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and suppose that the smallest sum }*a,;2; correspond to the vertice 
(a;) defined by the equations (1). One will have the inequalities 


S- aici > So aia. (k = 1,2, oar 38) 
By virtue of the theorem of Number 3, one obtains 
yy Ayr, 2 De A404, 


for any point (z;) belonging to the polyhedron R. 
One concludes that the inequalities 


Saja; — Y > aj > 0 and don + >> aint >0 (k=1,2,...,0) 


can not define a polyhedra in n dimensions and, by virtue of the fun- 
damental principle of Number 1, one will have an identity 


o 
po + pC aia4 — So aixs) + D> palaon + D> ainze) = 0, 
k=1 


where 
Po 20, p = 0, pe = 0. (k = 1,2,...,¢) 


By making x; = a; in this identity, it will become 
o 
po + © pe(aor + >~ ainos) = 0, 
k=1 

and as according to the supposition made 

aor + So ain >0 
as long as k = w+1,...,0, it is necessary that 

Po = 0, Put =0,.--, Po = 9, 


therefore 


y 
p(>_ aia; — Sais) + S> pr (Qow + _ ainxi) = 0. 
k=1 


One draws 
iv 
a= So Nag where 2& >0, (k=1,2,...,p) 
p 
k=1 


therefore the points (a;) belongs to the domain A. 
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If. A point which is interior to a face Av) (v = 0,1,2,...,n) 
of any domain of the set (3) belongs only to the domains of the set (8) 
which are contiguous by the face A(v). 
Suppose the point (a;) be interior to a face A(v) of the domain 
A. 
By designating with 
(ai), (di2),---, (@ir), 7 Sb 


the points which characterise the face A(v), one can put f 


Es 
a= S- pair where pp >0. (kK =1,2,...,7) 
k=1 


Suppose that the point (a;) be interior to another face A’(v’) of 
a domain A’ which corresponds to a vertice (a). One can put 


! 


Z 
a; = > Onin where p;, > 0. (h=1,2,...,7') 
h=1 


By virtue of these equalities, one will have an identity 


po +7 pe (aor + S7 aixei) = S7 (on + Yo ain 21) (5) 
h=1 h=1 


By making within this identity x; = a;, one obtains 


! 
T 


Po = Yoon + yo anos), 


h=1 
and it results that 
po = 0. 


By making within the identity (5) 2; = #/, one obtains 
po + >~ pr (aon + D— aina%) = 0; 
k=1 


consequently po = 0 and 


aor + So anal, = 0. Ck; 2;, 225,27) 


{¢ See my mémoire cited, Number 13 
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In the same manner, one finds 
bp, + So ainas =0. (h=1,2,...,7') 


One concludes that the two faces A(v) and A’(v’) coincide. ¢ 

By virtue of properties demonstrated of the set (3) of domains, 
one will say that this set uniformly partitions the space in n dimen- 
sions. 


Definition of the group of vectors 


Definition I. One will call vector the set of points determined 
with the help of equalities 


y= 2j,+u(a,—aj) where 9<u<1, (1) 

(a;) and (ai) being any two different points. 
One will designate the vector determined with the help of equal- 
ities (1) by the symbol [a;, a4]. In this case a; = 0(i = 1,2,...,n), 
one will designate the corresponding vector by the symbol [aj] and one 


will call it rector of the point (a}). 
Definition IT. Suppose that 


[Ait], [Aa], --- 5 [Aim] (2) 


be the vectors of arbitrary points (Ai), (Ai2),---, (Aim). One will call 
group of vectors the set G of vectors determined with the help of equal- 


ities 
m 
Ma = doled: 
k=1 


ly, lo,..-,lm being of arbitrary integers. 
One will call basis of the group G of vectors the vectors (2). 


Translation of polyhedra. 
Definition. Effect a linear transformation of a polyhedron R with 
the help of a substitution 
n= aU, — ri, (@=1,2,...,n) (1) 


the coefficients 1, A2,..-,An being arbitrary. One will say that one 
has effected a translation of the polyhedron R the length of the vector 
[Ai]. 


{ See my mémoire cited, Number 20, p. 133 
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Suppose that the polyhedron R be determined by the inequalities 
ok +0 ini >0, (k=1,2,...,¢) 


The transformed polyhedron R’ will be determined, by virtue of 
(1), by the inequalities 


aon + So ain (wi —X) 20. (k=1,2,...,¢) 
One will call congruent the polyhedra R and R’. 


Let G be a group of vectors. By effecting the different transla- 
tions of the poly hedron R the length of vectors belonging to the group 
G, one will form a set R of congruent polyhedra. 

One will say that the set (R) of congruent polyhedra uniformly 
partition the space in n dimensions in the following conditions. 

I. Any point of the space inn dimensions belongs to at least one 
polyhedron of the set (R). 

Il. A point which is interior to any one face P(v) (v = 0,1,2,...,n) 
of a polyhedron of the set (R) belongs to only the polyhedrons of the 
set (R) which are contiguous by the face P(v). 


Definition of parallelohedra 


Definition. One will call parallelohedron any convex polyhedron 
R possessing a group G of translations with the aid of which one can 
uniformly fil the space in n dimensions by the polyhedra congruent to 
the polyhedron R. 

By virtue of the definition established, the parallelohedra possess 
an important property, in knowing: 

By effecting a linear transformation of a parallelohedron with the 
help of a substitution by any real coefficients 


n 
= / ay 
ti=a0+> our, (@=1,2,...,7) 
k=1 


one obtains a convex polyhedron which is also a parallelohedron. 
Observe that by virtue of the definition established, any paral- 
lelohedron of the space in n dimensions is a parallelohedron. 


Properties of the group of vectors of a parallelohedron. 
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Suppose that a parallelohedron R be defined by the inequalities 
aok + So ain >0. (k=1,2,...,¢) 


Designate by G the group of the parallelohedron R and suppose 
that the group G possesses the basis 


[Aa], [Ada], ---» [Aem]- (2) 


All the vectors which form the basis of the group G can not verify 
the same linear equation 
So pids = 0, 


because otherwise the set (R) of congruent parallelohedra correspond- 
ing to the group G would not fill the space in n dimensions. 
One concludes that among the vectors (2) there are n vectors 


[Ait], [Asa], --- 5 [Aim] (3) 


the determinant +A of which is not zero; one will call them indepen- 
dent. 

Theorem I. The numerical value A of the determinant of n in- 
dependent vectors possesses a limit 


A >| dx,dxr2---dxy. 
(R) 


Let (a;) be any point which is interior to the parallelohedron R. 
Introduce within our researches a parallelepiped K determined with 
the aid of equalities 


n 
aj =ai+ > Updjx, (@=1,2,...,n) (4) 
k=1 
where 
fue (5) 


One can choose the positive parameter 6 in such manner that 
all the points of the parallelohedron R defined by the inequalities (1) 
belong to the parallelepiped K. 

Take a positive integer m and determine (m+1)” systems (h, la, 
..-,ln) of integers verifying the inequalities 


O<ip<m. (k=1,2,...,n) (6) 


Voronoi translated 4: First and second parts of the second memoir 


Designate by 


k=1 


(m + 1)” corresponding vectors belonging to the group G. 

By applying the translations of the parallelohedra R the length 
of vectors (7), one obtains (m+ 1)” different parallelohedra of the set 
(R): 

RY (h=1,2,...,(m+1)") (8) 


Designate by H a parallelepiped which is determined by the 
equalities 


n 
vi =aG+ > Upder, (¢=1,2,...,n) (9) 
k=1 
where 
—6<up<mt+o. (K=1,2,...,n) (10) 


I argue that all the points of parallelohedron (8) belong to the 


parallelepiped H. In effect, let (a")) be any point of the parallelohe- 
dron R“) (h = 1,2,...,(m+1)"). By posing 


a, =a) —\,  (¢=1,2,...,n) (11) 


one obtains a point (x;) belonging to the parallelohedron R which is 
congruent to the point given (xs"), By virtue of (4), (7) and (11), one 
obtains 


n 
a") =a; + Soi + Un) AK, 


k=1 


and by (5) and (6), it becomes 
—b <I, tun < m4, (k =1,2,...,n) 


thus the point (x\")) belongs to the parallelepiped H. 
It follows that 


/ dx idx ---dtyn > ay dx,dxq---dxn. (h=1,2,...,(m+1)”) 
(H) pn 2 (R*) 


By observing that 


i dx, dx2---d&, = A(m + 26)” 
(A) 
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and that 


i Cc = pn ee (h = 1,2,...,(m+1)") 
R R 


one obtains 


A(m + 26)” > (m+ 1)” / dxydx2---d&y. 
(R) 


By making the number m increase indefinitely, one finds 
A =a) dx,drz---dty. 
(R) 


10 

Theorem IT. The group G of vectors of a parallelohedron possesses 
basis formed by n independent vectors. 

Designate by G’ a group of vectors having the basis (3). It can 
be that the two groups G and G’ coincide. In that case n vectors (3) 
present a basis of the group G. 

By supposing the contrary, one will have among the vectors (2) 
at least one vector [j] which does not belong to the group G’. By 


putting 
n 
M= oie, 
k=1 
one will have among the numbers 1[{,/5,...,1/, at least one number 
which is fractional. 
Designate by 11, lo,...,l, the integers verifying the inequalities 


1 
Me —tel $5 (R= 1,2,...,n) 


and suppose that I! —1, #0. 
By designating 
Ne =Aws (FH 1,2)...5n,.k fr) and = p= Yas, 
one obtains a system of n independent vectors 
[Vin], [Via], Be Ge Nin] 


belonging to the group G, the determinant +A’ of which verifies the 
inequality 


0<A’< =A. 


1 
2 
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The procedure explained can not be prolonged indefinitely, by 
virtue of Theorem I, therefore one will always obtain a system of n 
vectors forming the basis of the group G. 


Theorem III. The numerical value A of the determinant of a 
system of n vectors forming the basis of the group G is expressed by 
the formula 


A= dx, -dxq-++:daty. 
(R) 


suppose that the system (3) of n vectors presents a basis of the 
group G. 

Introduce in okur studies a parallelepiped H' determined with 
the help of equalities 


Ly = OG + So urd, (= 1525 64557) (12) 
k=1 
where 
5<up<m—6.(k=1,2,...,n) (13) 


I argue that any point of the parallelepiped H’ belongs to at 
least one of parallelohedron (8). In effect, let (a) be any point of the 
parallelepiped H'. 

Designate by R° a parallelohedron of the set (R) to which belongs 
the point (24). Let [A;] be the vector which defines a translation of the 
parallelohedron R to R°. By putting 
j — Xi ’ (14) 


vi=z 


one obtains a point (x;) belonging to the parallelohedron R which is 
congruent to the point z}. By virtue of the supposition made, the 
vector [A;] can be determined by the equalities 


Mi = So Ue Mir - (15) 
k=1 


As the point (x) belongs to the parallelepiped H', one will 
present the equalities (14), by (12) and (15), in the following form: 


etiz=at So (ux —[g)Xak - 
k=1 
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The point (#;) belonging to the parallelohedron R belongs also, 
by virtue of the supposition made, to the parallelepiped K determined 
by the equalities (4), by condition of (5). It follows that 


—b <up—Ip <6, (k =1,2,...,n) 
and as, by (13), 
O<up<m—d, (k=1,2,...,n) 


it becomes 
O<i<m, (k=1,2,...,n) 


therefore the vector [A;] determined by the equalities (5) is among 
the vectors (7) and the point examined (2') of the parallelepiped H' 
belongs to a parallelohedron of the series (8). 

It follow that 


dx ,dx_-+-dtn, < / dx dxq-+-dxtn- 
fe ye (R*) 


By making the number m grow indefinitely, one obtains 
A< / dx ,drq-+-day. 
(R) 
By virtue of Theorem I, it is necessary that 


A =| dx ,drq:+-daty. 
(R) 


Properties of faces inn —1 dimensions of a parallelohedron. 
12 
Suppose that a parallelohedron R be defined by the independent 
inequalities 


don + > ainas > 0. (k =1,2,...,6) 


Designate by Py(k = 1, 2,...,0) the faces in n — 1 dimensions of 
the parallelohedron R determined by the corresponding equations 


aon + >> anes = 0. (1) 


Let (a;) be a point which is interior to the face P,. Examine a 
parallelepiped K defined by the equalities 


x; =a; +u; where |u| <e.(¢=1,2,...,n) (2) 
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One can choose a parameter € however small that one will have 
the inequalities 


dor + > airs > 0, (r = 1,2,...,0,r #k) (3) 


for any point (x;) of the parallelepiped K. It results in that all the 
points of the parallelepiped K verifying the inequality 


aon + D> dinate > 0 (4) 


belong to the parallelohedron R. As the point (a;) verifies the equation 
(1), the equation (4) reduces, by reason of (2), to this one here 


So dows > 0. 


I argue that one can choose a value of the parameter e however 
sall that all the points of the parallelepiped K verifying the inequality 


So ainus < 0 
will belong to another parallelohedron R, of the set (R). By relying 
on the demonstrated properties of the group G of vectors, one will 
easily demonstrate the proposition stated. 
Two parallelohedra R and R, are contiguous by the face P, 
in n — 1 dimensions. Designate by [Aix] the vector which defines a 
translation of the parallelohedron R, to R. The face P, which is 
defined in the parallelohedron R by the equation (1) will be defined in 
the parallelohedron R, by the equation 


—aon — > ane; = 0. (5) 


By carrying out a translation of the face P, the length of the 
vector A;z, one obtains another face P, of the parallelohedron R which 
will be within the parallelohedron determined by the equation 


—dor — So ain (wi — Xin) = 0. 


One will call parallel the faces P, and P;, of the parallelohedron 
R. We have arrived at the following important result: 


All the faces in n —1 dimensions of a parallelohedron can be 
divided into pairs of parallel faces. 


Designate by 
Ri, Ro,..., Re 
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all the parallellohedra which are contiguous to the parallelohedron R 
by the faces P,, Po,...,P,. Designate by 


[Aa]; [Az], eis [Vic] (6) 


the corresponding vectors. 

By virtue of the definition of the parallelohedron, the vectors (6) 
form the basis of the group G. Among the vectors of this group there 
exist the systems of n vectors which form a basis of the group G. 


Congruent faces in different dimensions of a parallelohedron. 


Suppose that a face P(v) in v dimensions of a parallelohedron R 
also belongs to the parallelohedra 

R,, Ro,...,R, of the set (R). Let (a;) be a point which is interior 
to the face P(v). One can determine a positive value of the parameter 
e in such a manner that all the point of the parallelepiped K defined 
by the equalities 


x;=a;+u; where |u;|<e (@=1,2,...,n) 


belong to the parallelohedra R, Ry, Ro,..., R;. 

Designate by [Aix] the vectors the length of which one will carry 
out the translations of parallelohedra R;, into R(k = 1,2,...,7). 

By carrying out the translations of the face P(v) the length of 
vectors [Aix] (K = 1,2,...,7), one obtains the new faces 


P'(v), P"(v),[...,]P (v) 


of the parallelohedron R. 
Definition I. One will call congruent the faces of the parallelohe- 
dron R 


P'(v), P"(v),...,P(v) 


in v dimensions (v = 0,1,2,...,n—1). 


Theorem. The number of parallelohedra of the set (R) which 
are contiguous by the same face in v dimensions can not be less than 
n+1—v(v=0,1,2,...,n-1). 

Suppose that the face P(v) be determined within the parallelo- 
hedron R by the equation 


dor + > Girt; = 0. (r = 1,2,...,p) (1) 
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Designate by Ri, Ro,...,R, the parallelohedra which are con- 
tiguous to R by the faces in n — 1 dimensions defined by the equations 
(1). The face P(v) will belong to all the parallelohedra R1, Re,..., Ry, 
therefore 

TD p. 
As the face P(v) is in v dimensions, it is necessary that 
L > nv, 


and as a result 
TONY. 


Definition IT. One will call simple a face inv dimensions which 
belong to only n+1-—v parallelohedra of the set (R). 

Definition IT. One will call primitive a parallelohedron, all the 
faces in different dimensions of which are simple. 

The primitive parallelohedra possess many important properties 
which simplify the study. 

In the subsequent studies, one will study only the primitive par- 
allelohedron and all the nonprimitive parallelohedra which can be con- 
sidered as a boundary of primitive parallelohedra. 

I am inclined to think that each primitive parallelohedron can 
be considered in this point of view, but I have not been successful in 
demonstrating this. 

Section II 
Fundamental properties of primitive parallelohedra 


Definition of primitive parallelohedra. 


We have called in Number 16 “primitive parallelohedron” all par- 
allelohedron, all the faces in different dimensions of which are simple. 

Theorem I. for a parallelohedron to be primitive it is necessary 
and sufficient that all the vertices be simple. 

The theorem stated is evident by virtue of the definition estab- 
lished. 

Theorem II. Two primitive parallelohedra belonging to the set (R) 
can be contiguous by only one face inn —1 dimensions. 

Suppose that a face P(v) in v dimensions of a primitive paral- 
lelohedron R be determined with the aid of n — v equations 


Gor + > Girt; = 0. (r =1,2,...,n—v) (1) 
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Designate by R1, Ro,..., Ry the parallelohedra which are con- 
tiguous to the parallelohedron R by the faces in n — 1 dimensions de- 
fined by the aid of equations (1). The face P(v) will not belong to the 
parallelohedra R,, R2,..., Ry, by virtue of the definition established, 
thus the theorem introduced is demonstrated. 


Edges of primitive parallelohedra of the set (R) 


Let (a;) be a vertice of the primitive parallelohedron R deter- 
mined by n equations 


aon + D> agai = 0. (k =1,2,...,n) (1) 


Designate by Ri, Re, ..., Rn the parallelohedra contiguous to the 
parallelohedron R by the faces in n — 1 dimensions determined with 
the help of equation (1). 

By virtue of the definition established, the vertice (a;) will not 
belong to the parallelohedra Ri, Ro,..., Ry of the set (R). 

Determine n numbers Piz, Pox,.--, Pry with the help of equa- 
tions 


yee SUS 2 nee PSTD, 2) (2) 


The equations (2) do not define the number Pix, Pox, .--, Prk to 
a common factor. Attach to the equations (2) a condition 


Soap > 0K = 1, 2-020) (3) 
and consider a vector g, determined with the help of equalities 
ti = a;+pipp where p> 0. 


By attributing to the parameter p positive values sufficiently 
small, one will determine, by (3), the points of the vector g, belonging 
to R. By putting 

Qik = 4 + PikPk; 
one will determine a vertice (a;x) of the parallelohedron R adjacent 
to the vertice (a;) by an edge P,(1) of the parallelohedron R (k = 
1,2,...,n). One will characterise the edge P,(1) by the symbol [a:, ais]. 

Observe that all the points of the edge P,(1) verifies n — 1 equa- 
tions 

aor + > dina =0. (r=1,2,...,.n4,7r 4k) 
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It follows that the edge P;,(1) belongs to the parallelohedra 
R,Ri,..-,Re-1, Regi,---,Rn (k =1,2,...,n) 


and by virtue of the definition established, does not belong to any 
other parallelohedron of the set (R). 
One concludes that the parallelohedra 


R,, Ro,...,Rn 
are contiguous by an edge too. By designating this edge by Po(1), one 
will determine it with the symbol [a;, a0] by putting 
Qj0 = C4 + Pi0Po- 


We have arrived at the following result: 

There exist n+1 edges of parallelohedra of the set (R), contiguous 
by one common vertex of these parallelohedra. 

Observe that n — 1 edges 


P,(1),..-,; Pe1 1), Pry i(1),---, Pe) (k = 1,.2;.5.;7) 


define a face in n — 1 dimensions which is common to the paral- 
lelohedra R and R,(k = 1,2,...,n). Two parallelohedra R;, and 
Ry (k = 1,2,...,n3h = 1,2,...,n) are contiguous by a face in n — 1 
dimensions which is defined by n — 1 edges 


P,(1). (r=0,1,2,...,.n,r4#k,r Fh) 


Canonical form of equations which define a vertex of a primitive 
parallelohedron. 


By conserving the previous notations, one can determine the 
vertice (a;) within the parallelohedron R with the help of equations 


ux (aor + >. aixvs) = 0, (k = 1,2,...,n) (1) 


U1,U2,---,Un being positive arbitrary parameters. One will say that 
the equation 


—ur (Gor + S- aini) =0 where u;z > 0 


does not define within the parallelohedron R a face in n —1 dimensions 
because the inequality 


—Ug (don + > dix ti) > 0 
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will not satisfy all the points of the parallelohedron R. 
Theorem. One can determine the positive values of parameters 
U1, U2,---,Un to a common factor, such that by putting 


! — EA oF ees a —_ 
Go, = UkGok, Op = Under, (6=1,2,...,n;k =1,2,...,n) 


one will define the vertice (a;) within the parallelohedron R by the 
equations 


So ai (wi — 0%) = 0, (eS 122.570) (2) 


and one will define the vertice (a;) within the parallelohedron Ry, (k = 
1,2,...,n) by the equations 


Sin — dig) (5 — ai) = 0, (h = 1,2,...,.n;hF k) 


' (3) 
— So ai, (2s - 4) = 0. (k =1,2,...,n) 


Take an arbitrary positive parameter 6 and determine the pa- 


rameters U1, U2,.--,Un after the equations 
Uk > dix(aj — Om) = 6. (k =1,2,...,n) (4) 
I argue that the values ui, u2,..-,Un obtained satisfy the condi- 


tions of the theory stated. 

To demonstrate this, observe in the first place that the equations 
(4) define the positive values of ui, u2,...,Un- In effect, we have seen 
in Number 18 that the edge Po(1) defined by the equalities 


x; =at+ul(ajg —a;) where O<u<1 (5) 


does not belong to the parallelohedra R,, Ro,..., Rp». One concludes 
that by attributing to the parameter u any negative values sufficiently 
small, one will determine by the equality (5) a point which will be 
interior to the parallelohedron R. It follows that 


So ain (a —aj)>0, (k=1,2,...,n) 
and the equations (4) give 
up >0. (k=1,2,...,n) 
This established, designate by 
S_ al? (e; — 04) = 0 (r = 1,2,...,n) (6) 


the equations which define the vertice (a;) in the parallelohedron 
Ry, (k =1,2,...,n) 
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Observe that n edges P,.(1) (r = 0,1,2,...,n,r # k) are contigu- 
ous by the vertice (a;) in the parallelohedron R,. Each equation (6) 
will be verified by n — 1 edges. One can thus put 
S- al? (air — a4) = 0, (r =1,2,...,n3r #k) (7) 
Poy (a — a4) > 0 
and 
{ cai ou ai) = 0, (r = 0,1,2,...,n;r F kyr F# h) (8) 


The conditions established define the coefficients of equations (6) 
to a common positive factor, which can be arbitrarily chosen. 

Observe that the coefficients of equations (1), which define the 
vertice (a;) in the parallelohedron R are also determined to a common 
positive factor and satisfy the conditions 


J S- dix (air — 24) =0, (r = 1,2,...,n;7 kjk =1,2,...,n) 
rt So ain (ain — a4) > 0 
The equalities (4), (7), (8) and (9), one takes 


(9) 


(k) _ 

As,’ = —dORURGGR, 
tae ges VGA csmh= 12 mh A 
a3, = On(UnGih — UR), 


where 61, 62,...,6, are positive factors. One can put 
es ea Pee ees 
and the equations (6) become 
So (unain — Updiz) (zi — a4) = 0, (h=1,2,...,n;h Fk) 
— So unain (as —a;) =0. 


The theorem introduced is thus demonstrated. 

One will say that the equations (2) and (3) which define the ver- 
tice (a;) in the contiguous parallelohedron R, R,,..., R, are presented 
in the canonical form. 

We have seen in Number 18 that the parallelohedra R, and 
Rp (k = 1,2,...,n;h = 1,2,...,n) are contiguous by a face in n — 1 
dimensions. As this face is characterised by the edges P,(1)(r = 
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0,1,2,...,n;r # kj3r # h), one will determine it in the parallelohe- 
dron R», by the canonical equation 


Yai = afn)(@i — 04) = 0. 


Canonical form of inequalities which define a positive parallelo- 
hedron. 


Suppose that a primitive parallelohedron R is determined with 
the help of independent inequalities 


aon + >> ainsi > 0. (k =1,2,...,¢) 


Bu designating with wi, u2,.-.,u¢ of arbitrary positive parame- 
ters, one will determine the parallelohedron R with the help of inde- 
pendent inequalities 


ug (don + >— dinate) > 0. (BS 1,265) (1) 


We will see how all the problem of the study of primitive paral- 
lelohedra comes down to the appropriate choice of parameters uz, u2, 
philly. 

Fundamental Theorem. One can determine the positive values of 
parameters U1,U2,-.-,Ug to a common factor, such that by putting 


Gigs = URGOK, Up — UkGik, (i = 1,2,...,.n;k _ 1,2,...,0) 
one will determine the parallelohedron R with the help of inequalities 
ay, + D> aint; > 0 (k =1,2,...,0) (2) 


which enjoy the following property: all the vertices of the parallelohe- 
dron R will be determined by the equations presented in the canonical 
form. 

One will call the inequalities (2) canonical. 

By conserving the previous notations, suppose that one had cho- 
sen the parameters uj, U2,.--,Un in such a manner that the vertice 
(a;) is determined by the canonical equations 


ayy +) aigei =0. (6 =1,2,...,n) 


Examine the equations which define a vertice (a;,) (k = 1,2,...,n) 
of the parallelohedron R adjacent to the vertice (a;) by the edge P, (1). 
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The vertice (a;,) satisfies n — 1 equations 


ay, + >_ ai, 2; = 0. (h =1,2,...,.n;h# k) (3) 
Designate by 


box + ee bine; = 0 (4) 
the n*” equation which defines the vertice (aig). 
Determine the positive parameters up, (h = 1,2,...,n,h 4 k) 


and vu, corresponding to the equations (3) and (4), which reduces to 
these equations in the canonical form: 
vn(ag, + > 94,28) =0 (h=1,2,..., mph Fk) 
and 
vn (Bor + >. binws) = 0. 
I argue that one can put 
mal. (h=1,2,...,.n;hFk) 


To demonstrate this, examine the canonical equation which de- 
fines in the parallelohedron Rp (h = 1,2,...,n;h # k) afacein n—1 di- 
mensions common to the parallelohedra R, and Rp (r = 1,2,...,n;r F 
h,r #,k). 

By virtue of the theorem of Number 19, this face will be deter- 
mined within R, by the canonical equation 


So (ai, — a, )(@i — 04) = 0. 


Besides, this same face will be determined in R,, by virtue of 
the supposition made, by the canonical equation 


So (ural, — una, )(a; — a3) = 0. 
It results in that 
Up Cy — Unaip, = 5( a4, — ain); (i = 1,2,...,n) 
and so 
Ur = 6, Uh = 6, 
thus 
Up =Un. (7 =1,2,...,n;7r A kr Fh) 


As the parameters v,(h = 1,2,...,n) are defined to a factor, 
one can put 
vp = I, (h =1,2,...,n;h #k) 
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and it only remains to determine the parameter v;z in order to define 
the vertice (a;,) by the canonical equations. 


By applying the procedure explained to all the vertices of the 
parallelohedron R adjacent to the vertice (a;) and so on, one will 
successively determine the values of various parameters corresponding 
to all the inequalities (1). 

It can turn out that one determines for one inequality the value 
of the corresponding parameter in various manners. I argue that all 
these values of the same parameter coincide. 

The problem posed is extremely difficult. It is within this group 
of studies explained that is manifested their true geometrical charac- 
teristic, and one does not manage to master the difficulties which arise 
as a result with the help of geometrical methods. 


Set of simplexes corresponding to the various vertices of a prim- 
itive parallelohedron. 


We have seen in Number 4 that the various vertices of a paral- 
lelohedron R (a1), (@i2),..-, (Ais) correspond to the domains 


Aj, Ao,...,As (1) 


which uniformly fill the space in n dimensions. 

By conserving the previous notations, examine a domain A which 
corresponds to the vertice (a;) of the parallelohedron R. 

The domain A is composed of points determined by the equalities 


x= So praik where pz, > 0. (k =1,2,...,n) (2) 
k=1 


The domain A possesses n faces in n — 1 dimensions which cor- 
respond to n edges P;,(1), (kK = 1,2,...,n) contiguous by the vertice 
(a4). 

One will call the domain A simple. 

Extract from the domain A a simplex L by the solution with the 
help of equalities 


u= SS Opuraix where Sook <1 and %} >0. (kK =1,2,...,n) 
k=1 


The simplex L possesses n + 1 faces in n — 1 dimensions which 
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are opposite to n + 1 vertices 
(0), (u1ai1), (u2aiz), ee) (Un@in), 


Examine the face of the simplex L which is opposite to the vertex 
(0). One can present the equation which defines this face in the form 


1— Spe: =0. (3) 


It follows that one will have an inequality 


1-) > pias > 0 


for any point of L which does not belong to the face examined. 
As the vertices of L: (u,aiz)(k = 1,2,...,7) satisfy the equation 
(3), one has 


1 
SS) pian = —, (k = 1,2,...,n) (4) 
Uk 
thus 
Spite > 0. (= 1,2) 00.50). 
By virtue of (2), one obtains the inequality 


So vii >0 


which holds for any point (2;) of the domain A, the vertex (0) being 
excluded. 


Examine in the same manner n domains Aj, Ao,..., A, which 
are contiguous to the domain A by faces in n — 1 dimensions. 

One will take from the simple domain A,a, (k = 1,2,...,n) de 
fined by the equalities 


y= S> pnaint pedir where p, >0 and pp > 0, (h=1,2,...,n;h Fk) 
a simplex L, composed of points 


“= So Pnunain + Upupbip where Soon +0, < 1,0, > 0,0, > 0 
(h = 1,2,...,n;h 4k) 
Designate by 


1—)) pints = 0 


the equation of the face of the simplex L, which is opposite to the 
vertex (0). 
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One will have the equalities 


1 
YS pindin = — (h=1,2,...,n;h £b) 
Ub 


and 
1 
S\pinbin = —. 
Uk 


By virtue of equalities (4), one obtains 


> paan => pian. (h=1,2,....nph £&) 


It follows that 
So rati= ote, (5) 


for any point (x;) belonging to the face common to domains A and 
Ag. 

By applying the procedure explained to the domains which are 
contiguous to the domains A;,A»2,...,A, and so on, one will extract 
from any domain of the set (1) a corresponding simplex. 

It can turn out that one extracts from the same domain the corre- 
sponding simplex by various manners. I argue that all these simplexes 
coincide. 

It is clear that the problem stated does not differ from a formu- 
lation of the problem put forward in Number 21. 

We shall show a new formulation of this problem. 


On a function defined by the set of simplexes corresponding to 
the various vertices of a primitive parallelohedron. 


24 
Introduce within our study a function P(a1,22,...,2%n) of vari- 
ables 11,22,...,%n by defining as follows. 
1. One will determine the function P(a,22,...,2%n) in the do- 


main A by the formula 
n 
Pay Or, 2ay-0)8n) = Do pave. 
i=1 
2. In the domains A; (k = 1,2,...,n) contiguous to the domain 


A by the faces in n — 1 dimensions, one will determine the function 
P(%1,%2,...,%n) by the formula 


n 
Pra,) (41; £2;-- Ln) = Sate (k = 1,2, 2,7) 
t=1 
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Let 
AAR AM coe AUR) (1) 


be a series of domains which are successively contiguous by the faces 
in n — 1 dimensions. One will successively take from these domains 
the following simplexes. 


EE cg 


and one will determine the corresponding function. 


n n n n 

= on ~ ; ~ oH ; (m) ' 

PiXi, DXi, Pi Liyeeey Pj Xj. 
i=1 i=1 i=1 i=l 


One will define the function P(21, r2,...,%,) in the domains (1) 
by the formula 


Poa) (1, £2, ---,2n) = >" pi ai. (k =1,2,...,m) 
i=1 


Fundamental Theorem. The function P(#1,%9,...,2%n) defined 
by the conditions 1, 2, and 3 is continuous and uniform in all the 
space in n dimensions. 

Observe that the fundamental introduced only give as a new 
formulation of the fundamental theorem of Number 20. 

Take an arbitrary closed contour C. By traversing the contour 
C, one can determine a series of domains successively contiguous by 
faces in n — 1 dimensions in which belong the points of the contour C: 


POD AE Ns ce AKIO), AION AC 0 


To demonstrate this, take a point (0) of the contour C and 
designate by Co a curve which is being traversed within a domain A©) 
leaving from the initial point (£9). Suppose that the curve Co does 
not coincide with the contour C' and designate by (€j1) the final point 
of the curve Co. 

Suppose that on leaving the point (€;) one got out of the domain 
A) and that one entered inside the domain A’. Designate by C, a 
group of contour C which one has traversed in the domain A’ when 
leaving the point (€;1) and so on and so forth. Suppose that one had 
divided with the help of the procedure described the contour C into 
groups 

Co, C1,---;Cm, Co 
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which belong to the domains 
AOP At AN 2 AOR) | Ar. (2) 


It can turn out that two adjacent domains of this series A“) and 
A+) are not contiguous by a face in n — 1 dimensions. One inserts 
in this case between the domains A‘*) and A+.) new domains of the 
solutions as follows: 

A point (441) which is the final point of the curve C, and 
which gives the initial point of the curve Cy41 belongs, by virtue of 
the supposition made, to the domains A“) and A(t), One concludes 
that the point (€:,441) is interior to a face A“ (v) in v dimensions 
which is common to the domains A‘) and A(*t+)), 

One can determine a parallelepiped K with the help of equalities 


Li = Engi tu; where |u| <e, (@=1,2,...,n) 


of manner such that the points of the parallelepiped D do not belong 
to the domains of the series (1) (Number 22) which are contiguous by 
the face A“ (v). 

Take with the parallelepiped K two points (aj) and 2,441 which 
ae interior to the domain A“) and A+!) and take within the par- 
allelepiped K a curve C\*) which joins the points (aj,) and (#i,441)- 
One can choose this curve in such a manner that it does not pass be- 
yond any face of domains (1) (Number 22) of which the number of 
dimension s is less than n — 1. 

Suppose that the curve C\*) traverse the domain 


AN) ACD ng A AY, 


By virtue of the supposition made, the domains obtained are 
successively contiguous by the faces in n — 1 dimensions. All these 
domains are contiguous pairwisely by the face A“ (v). 

In the same manner, one will examine all the pairs of adjacent 
domains of the series (2) and one will form the series 


AO) Als Ae AO) 
of domains successively contiguous by the faces in n — 1 dimensions to 


which belong all the points of the closed contour C' given. 


This established, observe that the fundamental theorem intro- 
duced is true in the case where all the domains (2) are contiguous in 
at least one edge. 
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In effect, suppose that one had successively taken away from the 
domains (2) the simplexes 


LUE Ee STA Pty) (3) 


I argue that the simplex L(+") taken from the domain A) 
coincide with the simplex L ©). To demonstrate this, designate by 


By virtue of the supposition made, the domains (2) are contigu- 
ous by at least one edge. Let (a;) be a point of this edge. 

As the domains A® and A’ are contiguous by a face in n — 1 
dimensions, one will have, as we have seen this in Number 23, an 


equality 
Yea: = visi (5) 


which holds for any point (x;) of thee face common to the domains 
A® and A’. 
By making x; = a;, one obtains 


Spa = So pia 
In the same manner, one will obtain 
Sopa; = So piai = we pg = Spf Ya,. 
On the other hand, the identity (4) gives 
Sop ai =6 Sola; , 
and as )> pa; > 0, then 6 = 1, therefore 


oe as = Sop ai 


and the two simplexes L©) and L("+» coincide. 
By virtue of the definition established, one will determine the 
function P(21,...,2n) in the domain A) by the formula 


P(A) (1, 22,---,2n) = S- pi0)ai 


by leaving the domain A) and by returning to within that domain 
after having traversed the path C. 


146 


27 


Voronoi translated 4: First and second parts of the second memoir 


We will see that the general case can be brought back to the case 
examined. To this effect, suppose the projection of any one contour C’ 
evaluated in relation to surface S$ is determined by the equation 


Soa: =1. 


1 vy 


Te Nae (¢=1,2,...,n) (6) 
one will call the point (#4) the projection of the point (z;) within the 
surface S. 

Designate by C’ a projection of this contour C. 

Suppose that by traversing the contour C’, one returns to the 
initial point (£;) with the same solution of the function P(a,...,¢n) 
of which when leaving that point. I argue that one will return to the 
corresponding point €; of the contour C' with the same solution of the 
function P(a,...,%n). 

To demonstrate this, it suffices to observe that the points (€;) 
and (;), by virtue of equalities (6), belong to the same domains of the 
series (2). 

One concludes that it suffices to examine the different closed 
contours belonging to the surface S. 


By putting 


Introduce in our study a function d(x;, x1) being defined by the 


formula 
d(x4, 4) = pee — 2;)?. 


One will call distance between two points (x;) and (a4) the cor- 
responding value of the function d(z;, x;). 

Lemma. One can determine a positive parameter 6 satisfying the 
following condition: every closed contour C belonging to the surface 
S will be situated in the domains which are contiguous by at least one 
edge, if the distance of all the point of the contour C, each of all to 
the rest, do not exceed the limit 6. 

Let (&;) be a point of the contour C’ belonging to the domain A. 
Put 


n 
a SS padi where pp > 0. (K=1,2,...,n) 
k=1 
By virtue of the equation 


weal, 
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the sum >7;_, Px is not less than a positive fixed limit. 


be Pk = T- (7) 
k=1 


Suppose that the contour C' is not situated entirely within the 
domain A. 

Let (€;) be a point of C which does not belong to the domain A. 
By putting 


& = So pair: (8) 
k=1 


one will have among the numbers p},p5,...,p', at least one negtive 
number. 
Suppose, to fix an ideas, that 


p, 20, py >0,...,p, 20 (9) 
and that 
Bast < Opa = Oe pa <0: (10) 
After the supposition made, one has the inequality 
One can choose the parameter 6, of such a manner that one had 
the inequalities 
lek — Pal <€, (k=1,2,.--,n) (11) 
€ being a positive parameter also small as one would wish. 
By (10), one obtains 
0<pr<e,-e<p, <0. (K=ut+1ljpt2,...,n) (12) 


Choose among the numbers 1, p2,..-, Pn the one which is the 
largest. By virtue of the inequality (7), this number can not be less 
than >. By supposing that 


Ps 
OS 5 
n 


one will find the number looked for among the numbers (1, p2,..-, Py: 
Suppose, to fix the ideas, that 


3 
pi>-. 
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the inequality (11) gives 


ss 
This posed, suppose that the point (£/) belonged to the domain 

A' and put 
& = —ugaj, where uz > 0. (k = 1,2,...,n) (14) 


k=1 


Designate by (a;) and aj, two vertices of the parallelohedron R 
corresponding to domains A and A’ by defining them by the equations 


aon + D> aines = 0, (k =1,2,...,n) 
and by the equations 
ag, + > aia; = 0. (k = 1,2,...,n) (15) 


By virtue of equality (8) and (14), one obtains an identity 


nm nm 
Po + >— pe (aon + d— aime) = So ue (ag, + S > aise). (16) 
k=1 k=1 
By making in this identity x, = a;, one finds 


Po = dun (aon + D5 apne) = 0. (17) 


By making in the identity (16) 2; = aj, it will become 
po + a pi, (aon + S- ajnai;) = 0. (18) 
k=l 


Suppose that 
ao1 + So aia > 0. 
By virtue of (7), (12), (13) and (17), one will have 


Be 
. 
po + 2 Pe (aor an So axa) > es — €)(a01 + da), 


nm 


n 
de Pi (aon + Dj aia) > —€ D7 (aon +) aie’); 


k=pt+1 k=p+1 
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and the equality (18) gives 


n 
“(aor + So aiaj) <€]an+ S aaoi+ S> (aon + >— aino%) 
k=p+1 
(19) 
Designate 


n 
A= “(aor + re) and B=aoi+ So aire; + S- (aor + S\ ainai), 
k=p+1 
one will have 
A>0O and B>0QO, 


and as a result 


A 


One could determine the ratio 4 correspondent to the different 
vertices of the parallelohedron R. Designate by w the smallest of 
these ratios which is not zero. The parameter ¢ being arbitrary, one 
can suppose that 


€e<w. 


The inequality (20) becomes impossible, it is therefore necessary 
that A= 0 or [to put it] differently 


ao1 + So aia =0. 
By virtue of the equality obtained, the coefficients of the equation 
ao1 + So aia =0 


are proportional to those of an equation which is among the equations 
(15). 
By putting 


ao. + So aia = u(agp, + S- ai, 24) where u > 0, 
one will have 
agua Gad 2ign) 


We have arrived at the following result: all the domain traversed 
by the contour C’ examined are contiguous by at least one edge which 
is characterised by the point (aj). 
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We are now in the state of reaching the demonstration of the 
fundamental theorem announced. 

Let C' be any contour belonging to the surface S. Suppose that 
on leaving the point (&;) one passes via the points (66), (€:), (&) and 
one returns to the point (€;). 

The path around the contour C’ can be replaced by the paths 
C and C’. 

The contour C) will be composed of a group (€;) — (6) of C, 
of the vector [e0, &'| and of a group (6) — (€) — (€') of the contour 
C and of the vector [&’, €0. 

Suppose that by traversing the paths C®) and C’ one uniformly 
defined the function P(#1,%2,...,2%n). In this case the trajectory by 
the group (é) — (€) of the contour C' can be replace by the path the 
length of the vector fe, et"). 

By replacing the group (€) — (&!) — (&’) of the contour C by 
the vector fe, et"), one will transform the contour C to C©), thus, 
by traversing the contour C,, one will return to the point (&), by 
virtue of suppositions made, with the same solution of the function 
P(21,%2,...,2%n). 

Two contours C©) and C’ can be examined in the same manner 
and so on. 

Suppose that one had determined the contours 


Cy, C2,..-,Cm (21) 


which replace the path C. By supposing that the function P(21, 22, 
..-;%n) be uniform the length of contour (21), one will demonstrate 
that it will be uniform the length of the contour C' given. 

This established, observe that we can always choose the contours 
(21), of such a manner that their contours satisfy the conditions of the 
lemma of the previous Number. In this case, any contour (21) will be 
situated within domains which are contiguous by at least one edge. 
We have seen in Number 25 that by traversing the same contours one 
will always return to the point of departure by the same solution of 
the function P(11,2%2,...,%n) as while leaving this point. It is thus 
demonstrated that any closed contour C' possesses the same property. 

We have demonstrated that the function P(#1, %2,...,2n) is uni- 
formly defined in any domain of the set (1) (Number 22). It remains 
to demonstrate that the function P(a,22,...,2%n) is well defined in 
any point of the space in n dimensions. 
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Suppose that a point €; belongs to two domains A and A), 

I argue that the function P(a1,x2,...,an) for the point €; will 
have one same value in the domain A and in the domain A). 

To demonstrate this, one will form a series of domains 


A, A',...,A™, A® 


which are successively contiguous by faces in n — 1 dimensions and in 
which belongs the point &;. 

As the point €; belongs to the face common to domains A and 
A’, one will have ,by virtue of the formula (5) of Number 23, 


Pray (1 €2; tee on) = Pray (£1 2; tee 1€n)- 
In the same manner, one obtains 


Peas Sisbajeeas Ga) = Prany (Er, €2;-++5&n), 


Pram (Er, €25-- +5 &n) = Pray (&1, &2,--- &n)- 
It results in that 
Pray (£1, &2, tee en) Z Pray (61, &2, tee En): 
The fundamental theorem announced is thus demonstrated. 


Canonical form of inequalities which define the set (R) of prim- 
itive parallelohedron S. 


Choose within the set (R) of primitive parallelohedra any par- 
allelohedron Ro . Suppose that the parallelohedron Ro is determined 
with the help of canonical inequalities 


don + > ina; > 0. (k =1,2,...,¢) 


Observe that we can replace these inequalities by the following 
canonical inequalities: 


u(aok + > aixei) > 0, (k =1,2,...,0) 


u being a positive arbitrary parameter. 

Designate by Ry (k = 1,2,...,0) the parallelohedron which is 
contiguous to the parallelohedron Ro by the face determined within 
Ro by the equation 


Qok + S- ARr;, = 0 (1) 
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and suppose that the vector [A;,] defined a translation of the paral- 
lelohedron R;z to Ro. 

It follows that the parallelohedron R; will be determined by the 
canonical inequalities 


aon + > ain (wi + Aix) = 0, (h =1,2,...,0) 
or by the canonical inequalities 
urlaon + >. din(#i + Aix)] > 0, (h =1,2,...,0) (2) 


ux being an arbitrary positive parameter. 

The face P, in n — 1 dimensions common to the parallelohedra 
R and R;, is defined in the parallelohedron Ro by the equation (1). 
Within the parallelohedron R;,, the face P, will be determined by 
an equation in which the coefficients are proportional to those of the 


equation 
—aok — oe AiR, = 0. 


One can choose the positive parameter u,, of a manner such that 
one had the identity 


—aon — D> aint = un(don + >— ain (wi + ik))- 
In this case, the inequality 
—agn — ) > aina; > 0 
is found among the inequalities (2) which define the parallelohedron 
Rx- 


One will say that these inequalities are represented in the canon- 
ical form. 


Observe an important property of canonical inequalities which 
define the parallelohedra Ro, R1, R2,..., Re. 

Let (a;) be a vertice of the parallelohedron Ro determined by 
the canonical equations 


aon + D> agai = 0. (k =1,2,...,n) (3) 


Examine the canonical equations which define the vertice (a;) in 
the parallelohedron R, (k = 1,2,...,n). 

The equations (3) being canonical, one will determine the ver- 
tice (a;) within the parallelohedron R;,, by virtue of the theorem of 


31 


32 


Voronoi translated 4: First and second parts of the second memoir 


Number 19, by the equation 
S (ain — aiz)(ei — 04) =0,  (h=1,2,...,n,h#K) 
—) 5 an(a¢—0%4)=0 (K=1,2,...,n) 


By virtue of the supposition made, the inequality 


— So ax (2: —aj) 20 


exists among the canonical inequalities (2) which define the parallelo- 
hedron R,, which results in that the inequalities 


“(ain — aun )(ts— 04) 20, (h=1,2,..., 0,8 Fk) 


also exist among the canonical inequalities (2). 
One concludes that the canonical equation 


S" (Gin — Gin) (ae — a4) = 0 


define in the parallelohedron R, a face in n — 1 dimensions which 
is common to the parallelohedra R, and R,. the same face will be 
determined in the parallelohedron R;, by a canonical equation 


SS" (air — ain) (44 — a4) = 0. 


by applying the procedure explained, one can determine the 
canonical inequalities which define the parallelohedra contiguous to 
the parallelohedra R;, Ro,..., Rs and so on. 
For every parallelohedron R of the set (R), one can form a series 
of parallelohedra 
Ro, R',R",...,R°™,R 


which are successively contiguous. One will determine successively the 
canonical inequalities that define the parallelohedra of this series. 

One could arrive at the parallelohedron R by other ways and 
determine the canonical inequalities which define the parallelohedron 
R in various manners. 

We shall se that the canonical inequalities which define a par- 
allelohedron of the set (R) do not depend on the path by which one 
arrives at the parallelohedron (R) leaving from the principal parallelo- 
hedron Ro. 


Generatriz function of the set (R) of primitive parallelohedra. 
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Consider a set (R) of primitive parallelohedra. Suppose any par- 
allelohedron R of the set (R) be characterised by a vector [A;] which 
defines a translation of parallelohedra R to a principal parallelohedron 
Ro. 

Designate by G the group of vectors [A;] which correspond to the 
different parallelohedra of the set (R). 

Introduce in our study a function 

V (#1, £2,---+,2n,A1, A2;--+;An) 


of variables 71, 22,...,%, and parameters Aj, A2,..-, An by defining it 
within the space in n dimensions and for the group G such that: 
1. Within the principal parallelohedron Ro, one will write 


V (a1, %2,-.-,%p,0,0,...,0,) =0. 


2. Within the parallelohedron Ry which is contiguous to Ro, one 
will write 


V (a1, 22, sees En, Atk, A2ks-++>Ank = Gok + So ainei, (k S125 .,0) 
providing that in the parallelohedron Ro the canonical equation 
aor + ey ay,r;, = 0 


had the face in n — 1 dimensions common to the parallelohedra Ro and 
Rx. 

3. By supposing that the parallelohedra R and R’ characterised 
by the vectors [A;] and Aj, are contiguous by a face in n — 1 dimensions 
which is defined within R by a canonical equation 


ao + S- a,x; = 0, 
one will write 


roy ry 
V (#1, ©2,-+-) Uns At; 5 AQ,---5An) = 


V (a1, ©2,--+,2n,A1, A2,--+;An) + ao +o aja. 


Let R be any parallelohedron of the set (R) characterised by a 
vector [A;]. One will form a series of parallelohedra. 


Ro, R’,...,R™,R 


which are successively contiguous by faces in n — 1 dimensions. Des- 


ignate b 
P i (0) (0), _ 
ag + Soa; 2;,=0 
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the equation of the faces common to the parallelohedra Rp and R' and 
defined in Ro; designate by 


ay + > aja; =0 


the equaion of the face common to the parallelohedra R’ and R” de- 
fined in R’ and so on. 
By applying the definition established, one will determine the 
function 
V (#1, %2,---,2n,A1,A2,---;An) 
by the formula 


V (a1, %2,---,%n,A1,A2,---,An) = fay” + Sal”) 2,). 
k=0 


Fundamental theorem. The function V (#1, %2,---,%n,A1,A2;---; 
An) is well defined for any vector [Xj] of the group G. 
Suppose that one had formed a series of parallelohedra 


R,R',R",...,R°(,R (1) 


which are successively contiguous. On leaving the parallelohedron R 
with any solution of the function V (#1, t2,-.--,%n,A1,A2,---;An), one 
will return inside the parallelohedron R after having traversed the par- 
allelohedra (1) with a solution of the function V (21, 22,...,2n,A1, A2, 
..-;An) which, by virtue of the definition established, is expressed by 
the vertice 


V (a1, 22, +25 Un, M1; A2; ee pe) oh So (ay? + Soa, a): 
k=0 


We shall demonstrate that one will always have 
Dall + aay =o 
k=0 
Examine, in the first place, the case where all the parallelohedra 
(1) are contiguous by at least one vertice (a;). By virtue of Theorem 
II of Number 17, all the primitive parallelohedra (1) will be in this 
case contiguous one to one through faces in n — 1 dimensions. 
Designate by 


aon + )> ain(ai — 0%) = 0, (k =1,2,...,m) 
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the canonical equation of the face common to the parallelohedra R™ 
and R(k = 1,2,...,m) defined within the parallelohedron R. 
We have seen in Number 30 that the canonical equation of the 
face common to the parallelohedra R' and R" and defined within R’ 
will be 
S (an — ai) (zi — a) = 0 


and so on and so forth. One obtains the formulae 


a Safa; =) aa (2i — a), 
ay + >> aja; = > (aie — a) (as — a4), 


rh iimaes Saf Ya, = S20 Gim = Gim—1) (ai — a4); 
al) Le So al) a; = Same: — a), 


and it follows that 


Sal? + Daa =a. 
k=0 


We shall see that the general case can be brought back to the 
case examined. 

Theorem. One can determine a positive parameter 6, in a man- 
ner that every closed contour C' is found within the parallelohedra 
which are contiguous by at least one vertex, providing that the dis- 
tance between any two points of the contour C does not exceed the 
limit 6. 

Observe, in the first place, that the distance between the points 
(&) and (€;) belonging to the two parallelohedra which are not contigu- 
ous can not be less than a fixed limit. To demonstrate this, suppose 
that the point (€;) belong to the parallelohedron R defined with the 
help of inequalities 


aor + D> ain 200 BSH 1,2) cog) 


Designate by Ri, Re,...,R, the parallelohedra which are con- 
tiguous to R and examine the set K of points belonging to the paral- 
lelohedra Ri, Ro,...,Re- 

Designate by 


(au), (au2), ra) (is) 
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the vertices of parallelohedron R and designate by 
(af), (aM), ...,(a),  (h=1,2,...,0) 


the vertices of parallelohedron Rp (h = 1,2,...,0). 
By virtue of the supposition made, one will have the inequalities 


aon + Saino? <0, (K=1,2,...,85;h=1,2,...,0). 
Designate by p the smallest numerical value of vertices 
h 
aon + oanal? (k= 1,2,...,8;h =1,2,...,0) 


which does not become zero. By virtue of supposition made, one will 
have the inequality 


h 
p+ Gon + So ainasy? <0, 
on condition that 
h 
aon + y anos”? <0, 


where (k = 1,2,...,8, h=1,2,...,0). 
This established, take any point (€/) which does not belong to 
the set kK. Examine the points of a vector [€;, €]. By putting 


a = & +u(€;—&) where 0<u<1, 


let us think the parameter u of a continuous manner within the interval 
0<u<1. One will determine a point 


gO = & + uo(€; — &) where 0< up <1 (2) 


which belongs to the boundary of the set K, that is to say to a face 
in n — 1 dimensions of parallelohedra Ri, Re,...,R, and which also 
belongs to another parallelohedron R’. 

Suppose that the point (60) belongs to the parallelohedron Ry). 
The parallelohedra R, and R’ will be contiguous by a face in n — 1 
dimensions. 

Designate by 


(a), GP),...,(0) (3) 


the vertices of parallelohedron R; which belong to this face. 
None of these vertices verifies the equation 


aon + D_ aint = 0 
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because otherwise the face examined would belong to two parallelohe- 
dron of the series R, Ri,...,R,, which is contrary to the hypothesis. 
Therefore one will have the inequalities 


p+aon+ > anal? <0. (k=1,2,...,t) 


The point (66) belonging to the face of R,, which is charac- 
terised by the vertices (3), probably determined by the equations 


k=t k=t 
ge) = S_ dealt? where So oe =1 and % >0.(k =1,2,...,#) 
k=1 k=1 


Of the previous inequalities, one draws 


ptaon+ S- aint” <0. 
By observing that on the other hand one has 
aon + >> ain& > 0, (4) 
one finds, by (2), 
p+ aon + s ding; < 0. (5) 


By virtue of inequalities (4) and (5), the distance d(&;,&) can 
not be smaller than a fixed limit d. 


Solution of the centre of the primitive parallelohedra 


This established, examine a contour C' formed which the points 
had the mutual distance that does not surpass 6 . By supposing that 


6 <d, 


one will have a contour C’ which is situated within the contiguous 
parallelohedra two to two. [one to one] 

Let €; be any point of the contour C’ belonging to the parallelo- 
hedron R. Suppose that not all the points of contour C’ belong to R 
and designate by €/ a point of contour C which does not belong to R. 
Put 


8 
& = Sono where So =1 and 3, > 0, (k = 152550858) (6) 
k=1 


f= S-9;,Q where Soo =1 (7) 
k=1 
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As the point (€/) does not belong to R, one will have among 


the numbers 71, 05,..., 0, at least one number which will be negative. 
Suppose, to fix the ideas, that 
0 >0,...,8,>0 and 04, <0,...,0, <0 (8) 


One can choose the parameter 6 as small that one would have 
the inequalities 


1, —Oel<e, (k=1,2,...,8) (9) 


e being a positive parameter also as small as one would like. By virtue 
of (8), it will become 


O<% <6, -€<0,<0. (K=pH+,...,s) (10) 


Observe how the largest one among the numbers 01, V2,...,05 
can not be smaller than + by (6) by supposing that 


1 
€<-; 
8 
one wil find the required number among the number 01, V2,...,Uy - 
Suppose, for fixing ideas, that 
aL 
0,>-. 
8 


By virtue of (9), it will become 
‘ 1 
vy > ¥ 6 (11) 


We have demonstrated that the point (€/) can not belong to 
these parallelohedra R,, R2,...,R, which are contiguous to R. By 
supposing that the point (£;) belong to the parallelohedron R;, one 
will have an equality 


don + So ain€ <0 (12) 
Observing that by virtue of equations (7) 


s 
don + So ain€ = S79; (aon + S- ainain); 
k=1 


one obtains, because of (12), 


SI, (don + D> ainain) <0 


k=1 
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Of this inequality one draws, by (10) and (11), 


1 & 
3 (aon S- ainain) —€ | aon So aincin ate S- (aon + S- ain cin) <0. 


k=pt+1 


By putting 


8 
1 
A= 3 (aon S- ainais) and B= aon+ >> ajnQirt S- (aon t+ >> ainair); 


k=pt+1 
suppose that A > 0; the previous inequality gives B > 0, thus 


A 
€> B (13) 
Observe that the numbers A and B do not change when one 
replace the parallelohedron by any parallelohedron of the set (R). One 
concludes that the ratio 4 which does not vanish possess a positive 
minimum w. 
By supposing that 


€<wW, 


the inequality (13) becomes impossible and it is necessary that A = 0 
or otherwise 
don + So ainci =0 


We have arrived at the following result: all the parallelohedra 
within which is situated the contour examined C' are contiguous by 
the vertice (aj1). 

With the help of the lemma of Number 35, one will easily demon- 
strate the fundamental theorem stated by repeating the reasoning ex- 
plained in Number 28. 


Fundamental properties of the generatrix function V (a1, 22,..., 
In, A1,r2; wie An) 


Theorem I. Suppose that two vectors [\;] and pro] characterise 
two parallelohedra R and R) of the set (R). One will have an in- 
equality 


V (1, €2,...,%n,A1, A2,---,An) 0 (exec AS Ae de), 


on condition that the point (a;) be interior to the parallelohedron 
R©, 
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Let(é(”) be any point which is interior to the parallelohedron 
R©, 

Take a point (€;) which is interior to the parallelohedron R and 
examine a vector [e, &;] determined by the equations 


ao, = 0 +u(& — 6) where 0<u<1. 


A group of the vector [EO &] belong to the parallelohedron R°. 
Designate, 


= 0 + ur(& —€) where 0<u<1 


and suppose that the vector [e6, &] represents the group of the vector 
[é, &] which belong to R©). 

The second group [&}, &;] of the vector [EO &] does not possess 
any point (€/) common to the parallelohedron R©). The point (€}) 
belongs to a face p©)(v) of the parallelohedron R©). One will choose 
among the parallelohedra which are contiguous by the face p (v) a 
parallelohedron R’ which contains a group of the vector [&/, &]. 

Designate 


Gi = & tur(Gi—G) where uy <u <1 


and suppose that the vector [€/, &'] represents a group of the vector 
[é;, &;] which belongs to the parallelohedron R’ and so on. 
Let us suppose that one has determined m points of the vector 


le, 
SP EP Gat) k= 2,2) (1) 
where 
O<ul <ueg << Um <1 (2) 


which correspond to the vectors [e, ae ber el eee el, &;] belong- 
ing to the parallelohedra 


RO R..., RR 


successively contiguous. 
Designate by 


of + Daa =0, &=0.1.2..4m—1 


the canonical equation of the face common to the parallelohedra R‘*) 
and R‘*+1) which is defined within the parallelohedron R). 
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By virtue of the established definition in Number 32, one will 
have a formula 
V (#1, @2,...,0n,A1,A2,-.-,An) = V (sii, .0 BH, MO, AP ce AP) 


m— 3 
+o" (af? + Lalas) (3) 
Examine the sum 
a) + Soares and ai") + > a & (k =0,1,2 m—1) 
0 % 4 0 % ae = 2 rs + ae dey 


By virtue of the supposition made, the point (EF) verifies the 


of + Dalit? <0 
As the point (€“)) belongs to the parallelohedron R™), one will 
as") + yoaPe? >0. 

By virtue of (1) and (2), one obtains 


al") + yah” >0 and al*) + Sal &; <0. (k=0,1,2,...,m—1) 


equation 


have an inequality 


As the point (66) is interior to the parallelohedron R, we will 


have 
a) + Ss ale) >0 and a”? + ya; <0, 


It results in that 

m-1 m1 

S- (a + S- al?) ¢)) >0 and > (aS*) + S- as*)¢,) <0. 
k=0 k=0 


By substituting in the formula (3), one obtains 


VEO, ,..., CO Na Nai w++5An) = VE, ,. Fee ee eee ae 


and 

V(éi, €2, mere Ens Ar, A2; .: -5 An) < V(E1, &2, eo 
Theorem II. Suppose that the parallelohedra R©, R',..., R°-) 

be contiguous by a face p(v) in v dimensions. By designating by 

pas”), (k = 0,1,2,...,2—v) the vectors which characterise these par- 

allelohedra, one will have an inequality 


OO eNO 


Vian 5s ea As Sts (ERO EMA 
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on condition that the point (a;) be interior to a face p(v) and that the 
vector [Ay] is not among the vectors rs), (k = 1,2,...,(n—v)). 
By supposing that A; = ous one will have the equation 


V (a1, 2,...,¢n, AS, A), ..., AM) = V(e1, 2,..., on, A, AM, ..., AM). 

(k = 1,2,...,(n—-v)) 

One will easily demonstrate the announced Theorem II by re- 
peating the reasonings which have been established previously. 


The results obtained open a new way for the researches con- 
cerning the primitive parallelohedra. One can consider the set (R) of 
primitive parallelohedra under a new point of view, in knowing: 

Each parallelohedron R© of the set (R) characterised by the vec- 
tor bead presents a set of points (x;) verifying the inequality V (aj, x2, 
+5 %n,A1,2,---,An) = V (5,22, ---,2n, AW, ..., AM), for any 
vector [Aj] belonging to group G. 

We have seen in Number 32 that for the principal parallelohedron 
Ro of the set (R) one has 


V (ai, @2,---,%n,0,0,...,0) =0. 


It follows that the principal parallelohedron Ro is defined by the 
inequality 
V (x4, @2,---,;%n,A1,A2,---;An) > 0 


which holds for any vector [\;] of group G. 
Solution of the quadratic function V (ai, €2,...,2n,A1,A2,--+; An) 


Suppose that the principal parallelohedron Ro is determined with 
the help of canonical inequalities 


aon + >> aensrs >0. (kK =1,2,...,0) 


Designate by [A;x] the vector which defines a translation of the 
parallelohedron R,; to Ro (k = 1,2,...,0). 

Take two parallelohedra R;, and Ro contiguous to the parallelo- 
hedron Ro through the faces P, and P, which are not parallel. Put 


A= rE + Ain 


and designate by R the parallelohedron of the set (R) characterised 
by the vector [Aj]. 
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The parallelohedron R is contiguous to the parallelohedra R; 
and R,, through the faces which are congruent to the faces P, and P,. 
One can thus form the series 


Ro, Ry, R and Ro, Rp, R 


of parallelohedra which are successively contiguous. 
Let us suppose that the parallelohedron R, is determined with 
the help of canonical equations 


ux|[aor + So air (as + Vik) | > 0. (r a Pa 0) 


The face of the parallelohedron R; which is congruent to the face 
P», will be determined by the equation 


uxlaon + >, din(as + Aix)] = 0. 


It results in that the function V (aj, 22,..-,%n,A1, A2,---,An) is 
expressed by the sum 


V (Xj, E2,.++,%n,A1,A2,-+.,An) = aont > ainaitur [20 + Se ain (ai + dix)| ‘ 


In the same manner, one obtains 


V(@j,£2,..+,%n,A1,A2,++.,An) = aon+ > ainti+Un [xox +90 aie (ai +in)| : 


By virtue of the fundamental theorem of Number 34, one will 
have an identity 


aon + D> aince tur [aon + So ain (we + in)| = 
aon +S > ainei + Un [a0 + So ain(vs + din)| : 
It follows that 


aon + ux (don + D> ainAsw) = aon + Un(Gow + > aieAin) (1) 


and 
Qik + UkGin = Gin + Unde. (6 =1,2,...,n) 


We have supposed that the coefficients aj, and ajp, (i = 1,2,...,n) 
would not be proportional , thus it is necessary that 


Up =1 and uz =1 


We have arrived at the following important result: 
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it Any parallelohedron R characterised by a vector [\;] will be 
determined by the canonical inequalities 


aon + d- ain (wi + di) > 0. (k =1,2,...,0) 


Observe that by virtue of (1), one will have the equation 


So aindin = So aindir. 
In this equation, one can attribute to the indices k and h the 
values k = 1,2,...,0;h =1,2,...,0. 


Theorem. The vectors 
[Aaa], [Aza], --- 5 io] 
form the basis of the group G. By posing 


o 
N= ye Ie Ask (2) 
k=1 
where 11, l2,...,l, are arbitrary integers, one will determine each vec- 


tor [Ai] of the group G. By indicating 
a= SS lithe, (3) 


one will define the function V (a1, @2,-..-,%n,A1, A2,---,An) by the for- 
mula 


V (a1, @2,---,2n,A1, A2,---, An) ee 
De (aor 5 2 ieAie + D0) + 3 20h a 


Let us suppose that the formula (4) is verified by the vectors 
pr] and [A‘] which are defined by the equations 


n 


n 
k=1 k=1 


We will see that the formula (1) will also be true for the vector 
[\;] determined by the equations 


die = AL +N. 
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Let us indicate by R, R© and R’ the parallelohedra characterised 
by the vectors [A,], [A(?’] and [4]. 

The parallelohedron R©) will be determined by the canonical 
inequalities 


Qok + So ain (as + \) > 0. (k a ee .,0) 
One concludes that the function V (#1, r2,...,%n,A1,A2,---;An) 
is expressed by the formula 


V (a1, ©2,..-,2n,A1, A2,---,An) = 
V(w1,02,.--,2n, XO), er dY) + U(a1,@2,.--,2n,',2;---; at 
6 
Where the function U(x1,42,...,%n,X',5,---,),) represents the 
generatrix function determined with the condition that the parallelo- 
hedron R©) have been chosen for the principal parallelohedron. 
By designating 


al” = So aiz and a, = So yan, @ =1,2,...,n) (7) 
k=1 k=1 


one will have, by virtue of the supposition made, 
V (a1, 22,. Ue ar AW) = 
ye HO (aon — £ MawAun + Danas) +$ Dal, 
U(a1, £2,.--,2n,r',r$,---, A) = 
Wher (aon + Daied” — $ Daiwdie — DO ain) sel Seai Nt 
Let us put 
ky =I 4.04. (hk =1,2,...,0) 
By virtue of (6) one obtains 


V(a1, €2,...,%n,A1,A2,---,An) = Dole (aon — $a duw + > inxs) (8) 
et yale Ly ati + 5 ee Gin e”. 
Let us examine the sum 


LE SOROME LDP an 
Pa AY? + pda + DD ail (9) 
By virtue of (5), one will hve 


2 apr = - S al” Nan. 
i=1 


h=1 i=1 
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We have seen in Number 39 that 
n n 

Yo aindin = D> ain Aix 
i=l i=1 


therefore 


ss apr = S- - ainl” raw 
i=1 


h=1 i=1 
and, because of (7), this becomes 


S- Ghle = DS a) Nig 
i=1 i=1 
It follows that 
Faull” = Sal, 
k=1 é=1 
By virtue of (7), one will also have 
FS aati” = roi”, 
k=1 é=1 i=1 
One can therefore present the sum (9) under the form 


5 S- al? © + a a,X, + > SC ain AO 


k=1 é=1 

1 

=5 (Soa A + ala + So ai + D7 a)24) 
1 

= 5D (00 +a!) A? +X). 

As 
al + ai =a; and 4° + =A, 
the formula (8) can be written 


V (a1, @2,---,2n,A1, A2,---,An) = 
“ 1 1 
dat («os 5 So ain din + Danes] 5 So aids. 


It is easy to verify the formula (4) in the case 


Ag = AR. (kK =1,2,...,0) 
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This results in that the formula (4) holds for any vector [Aj] 
belonging to the group G. 
Theorem II. The group G possesses a basis formed of n vector 


[wat], [722], -- -, [wen]. 


By putting 
n 
A= So lari (11) 
k=1 
where 1/1, l2,...,l, are arbitrary integers, one will determine each vec- 


tor [\;] of the group G. By indicating 


n 
V (a1, 22,---,%n, 771, 72,--+)Fn) = Pok +o pai, (k= 1,2 sagt) 


i=l 


and 
a4 = > In Dik; (12) 


one will have the formula 
V (a1, 22,---,@n,A1, A2,---,An) = 


Sok (ms “5 S- pintin + mass) a So adj. 
k=1 t=1 e=1 i=1 


One will easily demonstrate Theorem II introduced with the help 
of the formula (4). 

Let us notice that the sum )> a;A; presents, by virtue of equation 
(11) and (12), a quadratic form of integral variables ly, lo,..., In 


So aids = 5 YO Annleln, 


k=1h=1 


where one has put 
Lae eae 
Ann = 5D Putin + 5D Pantin (k =1,2,...,n;h=1,2,...,n) 


We will see that the quadratic form >> >> Agnlgln obtained is 
positive. 


Theorem I. Any primitive parallelohedron possesses a centre. 
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Designate by (¢;) the point satisfying the equations 


1 n n 
Pok — 5D PikTix + depini =0 (k=1,2,...,n) (1) 
i=1 i=1 
I say that the point (¢;) represents the centre of the principal 
parallelohedron Ro 
To demonstrate this, put 


Aih = So aie (h = 1,2,...,¢) 
k=1 


By virtue of Theorem II of Number 40, one obtains 
V(@1,22,++-52nyAthsAdhs +++: Anh) = 


n 
h 1 1 h h 
y nS : (a = PikTin + y Pint ) +s y (pint YP tien LY ,) Ath 


On the other hand, by virtue of the definition established in 
Number 32, one has 


V(a1, ©2,---52n, Ath, A2hs---5 Anh) = aon + So ainvi 
It follows that 


ain = So” vin, (h F 1, 2, ekg a) (2) 
k=1 


and 


doh = oe (vs a ry) ts So aindin (h =1,2,...,0) (3) 
k=1 


Multiply the equation (1) by (J) and by attributing to the 
index & the values 1, 2,...,, add the equations obtained, it becomes, 
by (2) and (3), 


1 
don — 5D Gindin +) ) ainG = 0(h = 1,2,...,0) (4) 


That posed, take any one point (x;) belonging to the parallelo- 
hedron Ro . 

For the point (¢;) to be the centre of the parallelohedron Ro, 
it is necessary and sufficient that the point (#4) determined by the 
equations 
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also belongs to the parallelohedron Ro . 
By virtue of the supposition made, one will have the inequalities 


aon + d_ dines > 0. (h =1,2,...,¢) (6) 
By noticing that by (4) and (5) 
aon + >- aint, = —aon — D_ sn (i — dan) 
and that the inequality 
—aon — >) ain(xi — Ain) > 0 
is found among the inequalities (6), one obtains 
aon + >> ana, > 0. (h=1,2,...,0) 


It is therefore demonstrated that the point (&;) represents the 
centre of the parallelohedron Ro. 

Let us notice that the centre (€;) is interior to the parallelohedron 
Ro. 

To demonstrate this, let us suppose that a point (x;) is interior 
to the parallelohedron Ro. 

One will have the inequalities 


aoh +S oan >0. (h=1,2,...,¢) 
Among these inequalities can be found the inequalities 
—aoh — So ain (ai —Xin) > 0. (h=1,2,...,0) 
By taking the summation of these inequalities, one obtains 
Slog 0) ST, 2.4446) 
and, because of the equation (4), it becomes 


aon + So angi > 0. (h = 1,2,...,0) 
Theorem ITI. The quadratic form 


Sah + pile +--+ Pinln) (with + male +... + Tindn) 


i=l 
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Apply Theorem I of Number 37 to the centre (¢;) of the principal 
parallelohedron Ro, one will have the inequality 


V(r, Ca, +++ Gn At, Az,---,An) > 0, (7) 


whatever the vector [\;] of the group G may be, the vector [0] being 
excluded. 

By virtue of Theorem II of Number 40 and, [by virtue] of the 
equation (1), it becomes 


1 
P(C15 625-+23Gnj At ABs-+2y Am) = 5D (Pils +... +pindn)(wials +.. + indn) 
and, from (7), one finds 


S- (pals + pilot... + Dinln) (rials + miglo +... + Tinln) >0 
The inequality obtained holds, whatever the integral values of 


the variable 1, l2,...,l, may be, the system /; = 0,lz = 0,...,l, =0 
being excluded. 


Continuous group of the linear transformations of the primitive 
parallelohedra 


Applying a linear transformation of the principal primitive par- 
allelohedron Ro with the help of a substitution 


n 
a = an + > ons, (@ =1,2,...,n) 
k=1 
with any real coefficients and of the determinant which does not vanish. 
One obtains a new primitive parallelohedron R’ which will be 
determined with the help of the canonical inequalities 


n 
aba +d atat, 20, (h=1,2,...,¢) 
k=1 


where one has put 


n n 
t t 
Aon = Gon + 5 Gin Qin, App = 5 Qih Qik (1) 
i=l i=l 
(R27; 2) ea WBS Aly 2532 0.) 


The group G’ of vectors corresponding to the parallelohedron R’ 
obtained will be determined by the equations 


n 
A= Dorr, (2) 
k=1 
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on condition that the vector [A;] of the group G corresponds to the 
vector [A‘] in the group G’ . 
Designate 


n 
V(a1,22,...;8n,A1,A2,--+)An) = Bo + > pits 
i=1 


and 
n 
Poosad ryy BN mt ! 
V (21, %,---En At, by-+«s Xn) =Bo+ > Pi X4 
i=1 


By virtue of the formula (4) of Number 40 and [by virtue] of the 
equation (1) and (2) one obtains 


nm n 
Po = Po + Sop +t iaio, i= S piaix (k =1,2,...,n) 
i=1 j=1 


Of which result [7;] and [7{] being any two corresponding vectors, 


one will have 
Sonim = Dovin (3). 


Theorem. The quadratic form 


SoS Agnliln = Sal +piglet+...+pinln) (mal +melet...+Tinln) 
h=lh=1 i=l 


44 
Carry out a transformation of the primitive parallelohedra of the 
set (R) with the help of a substitution 


1 “ 
pok — 5 Pin Tin SS pinvi =a, (k=1,2,...,n) 


i=l i=1 


One obtains a set of the primitive parallelohedra (R’). 
The corresponding value of the function V(2},74,...,01,,A4, A, 


., Ai.) for the set (R’) will be expressed by the formular 


nm 1 n nm 
VG ayy ta Mag) = dhe +50) Aislils- 


i=1j=1 
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By virtue of the theorem Number 38, the principal parallelohe- 
dron of the set (R) will be determined by the inequalities 


i=1 


which hold, whatever the integral values of J), l2,...,J, may be. 
The various parallelohedra of the set (R’) will be determined by 
the inequalities 


Each parallelohedron of the set (R’) will be characterised by a 
corresponding system (uo) of integers Oe 1), sited Rie) : 

Observe how one could replace the base of the group G formed 
of n vectors by another base also formed of n vectors, these two bases 
will be equivalent, by virtue of Theorem III of Number 11; the cor- 
responded positive quadratic form > >> Ajjlil; will be replaced by an 
equivalent form; the inequalities (4) define within this case the set of 
the parallelohedra which can be transformed as the set (R’) with the 
help of a corresponding linear substitution on integral coefficients and 
of the determinant +1 . 

The following remarkable theorem is thus demonstrated. 

Theorem. By applying the linear transformation of a primitive 
parallelohedron with the help of the substitutions in some real coef- 
ficients which form a group continuous for linear substitutions, one 
obtains a set of primitive parallelohedra which is perfectly determined 
by a class of equivalent positive quadratic form, on condition that one 
does not consider as being different the quadratic forms with propor- 
tional coefficients. 

We have seen how any positive quadratic form defines, by the 
help of the inequalities (4), a set of congruent parallelohedra which 
can be primitives or not. 


Section III 


Solution of the parallelohedra with the aid of positive quadratic form 


Definition of the convex polyhedron corresponding to a positive 
quadratic form 


Let yj1 > j=144j2i2j be an arbitrary positive quadratic form 
in n variables x1, 22,...,2%, . Imagine a set R of points (a;) satisfying 
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the inequality 
Dee + 2d x4 >> 0, 
i=1j=1 


whatever may be the integral values of 71, %2,..-,%n - 
By virtue of the definition established, ihe set R enjoys the fol- 
lowing properties: 


1. The set R is in n dimensions 
2. The point (0) represents the centre of the set R 


3. The set R is convex. 

Take we a system of arbitrary parameters €1,€2,...,€n and ex- 
amine a vector g composed of points (a;) which are determined by the 
equation 

a; = pe; where p>0 
It is easy to demonstrate that there exists an interval 
O0<p<po where po >0 
which correspond with the points of vector g belonging to the set R . 
By posing 
Qi0 = Pokis 
one obtain a vector [ajo] the points of which belong to the set R. The 


point (a9) belongs to the boundary of the set R, that is to say: the 
point (ajo) satisfies the inequality 


+ Soa, +2 SS) ae > 0, (1) 


whatever may be the integral values of 41, 22,...,2%n and satisfy at 
least one equation 


So eeu +25° aiols = 0, (2) 


li, l2,.--,l, being the integers which do not vanish. 
Designate 
n 
O41 = —A4o — Sauls (¢=1,2,...,n) (3) 
j=l 


one will have, by (2), the equation 


YS anaes +2 So aie: = S- x aij (ls — 21) (Lj —25)+2 S- aio (li— as) 
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and, by virtue of (1), one obtains 


> ages +253 > oxi > 0, (4) 
therefore the point (a;1) also belongs to the set R . 
By adding the inequalities (1) and (4), one finds, from (3), 


Sd aziz; ar So > ayail; = 0. 


The inequality obtained holds, whatever the integral values of 
%1,22,---,%n; this inequality can be written 


So do aiglils < D5 Yo aig (i — 2a) (Ly — 205) 


One concludes that the system (J;) is nothing but a represen- 
tation of the minimum of the positive quadratic form 7 > ajjxja; 
determined in the set composed of all the systems of integers which 
are contiguous to the system /; with respect to the modulo 2. 

The number of such systems is finite. Suppose that all these 
systems form a series 


(lin), (lia), ---, (lie) (5) 


Theorem. The set R presents a convex polyhedron determined 
with the aid of the inequalities 


Sd aijlinljn +25— clin > 0(k =1,2,...,0) (6) 


By virtue of the definition established, each point (a;) of the 
set R satisfies these inequalities. Suppose that a point (a;) satisfying 
these inequality does not belong to the set R. One will determine in 
this case a positive value of the parameter p in the interval 0 < p <1, 
such that 

a”) = pa; here 0 1 
; = pa; where0O<p<l, (7) 
one obtains a point (a) belonging to the boundary of the set R. The 
point (a) will satisfy, as we have seen, an equation 


S- So aiglily +2 Sa; =0 (8) 


characterised by a system (1;) belonging to the series (6) . 
By virtue of the equation obtained, one has 


So all, <0 
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and, by (7), it becomes 


Sails <0. 


By presenting the equation (8) in the form 


Ps So aiglili +2 Sali = 2(1 - p) ys agl;, 


one will have the inequality 


S- S- aig lil; +2 se ail; < 0, 
which is contrary to the hypothesis. 
Independent inequalities which define the convex polyhedron cor- 
responding to a positive quadratic form 
47 


It may be the case that among the inequalities (6) of the previous 
number there are independent inequalities. Suppose, for example, that 


the inequality 
Soyo aislils +25 aili >0 (1) 


ve dependent. One will have in this case an identity 


a So aijlil; +2 Sali =pot Se (~ So aislinbir +2 Y ailsh) 
k=l 


(2) 
where 
po = 9, Pr = 9, (k =1,2,...,¢). 


We have seen in Numer 45 that the inequality 
Dod assvias = D7 DY aajeily 20 


holds whatever the integral values of 21, 22,...,@m may be. 
By making in the identity (R) 


1 
aa= 5 aisls, 


one obtains 


pot Doe (LY awl -T Dewlal) =0 


and consequently 


po =90, Pr (2d aijlindss = YY aijlisl;) = 0 (k= 1,2,...,¢) 
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By supposing that p, 4 0, one will have 


SoS. aiglinlin - SOY. aijliel =0 
ye So aijlily = x So aig (li = Qk) (j os 15%) : 


By virtue of the equation obtained, the system (1; — 2s;,) is in 
the series (5) of Number 45. This is a condition necessary for the 
inequality (1) to be dependent. 


thus 


Theorem. For an inequality 


yo gat + 25° ails >0 (3) 


to be independent, it is necessary and sufficient that the quadratic form 
> Yo ayjxjx; does not possess as two minimum representations (I;) 
and (—l;) in the set composed of all the systems of integers which are 
contiguous to the system (l;) with regard to the modulus 2. 

We have demonstrated that the condition studied is sufficient. It 
remains to be demonstrated that this condition is necessar. 

Let us suppose that the inequality (3) is independent. In this 


case 
x S- aig lil; +2 | al; =0 


defines a face P in n — 1 dimensions of the polyhedron R. 
Let (a;) be a point which is interior to the face P. One has the 


inequality 
SY aijxia; +250 agar > 0, (4) 
whatever the integral values of x1, 22,..-.,2%n may be, the two systems 


(0) and (1;) being excluded. By putting, as we have done in Number 
45, 


a = —05 — Do aigls, (5) 
one will also have an inequality 
SD aura; +25 aja >0 (6) 


which holds for any integral values of 11, 22,...,%n, the two systems 
(0) and (J;) being excluded. By adding the inequality (4) and (6) one 


finds, by (5), 
S- So aigxin; a So aiid; >0 
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in other words 


Sy oh; < Soy aati — 2x;)(1j — 225). 


The inequality obtained holds for any integral values of #1, r2,..., 
In, the two systems (0) and (J;) being excluded. 

The theorem introduced is thus demonstrated. 

Corollary. The number of the independent inequalities which de- 
fine the polyhedron R corresponding to a positive quadratic form can 
not exceed the limit 2(2” — 1). 


Set (R) of parallelohedra defined by a positive quadratic form. 


Theorem. Let us suppose that the convex polyhedron R corre- 
sponding to a positive quadratic form 


YY ay xix; is determined with the help of the inequalities 


S- So airs; + 250 aia > 0. 


By applying the translations of polyhedron R the length of the 
vector determined by the equations 


vi = yeaah 
I ,lo,...,l, being the arbitrary integers, one will make up a set (R) of 
congruent polyhedra which uniformly partition space in n dimensions. 
Let us indicate with R’ the polyhedron which are obtained with 
the help of a translation of the polyhedron R the length of the vector 
[Ai]. The polyhedron R’ will be determined by the inequalities 


non n n 
S- ss AjjgXjLj +2 S (ai + » ayglj)X4 > 0. 
i=1 j=l i=1 j=l 


This inequality can be written 


So Dd ay etl) pty) +2 >> oaleeth) > D0 > aight +20 cule. 


One concludes that the polyhedron R’ will be determined by the 
inequalities 


SS > arias +2 ast > 0 aight +2 ele (1) 


which hold, whatever the integral values of variables 21, %2,...,%p 
may be. 
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One will say that the polyhedron R’ congruent with the polyhe- 
dron R is characterised by the system (I;). 

Let us indicate by (R) the set of all the polyhedra congruent to 
polyhedron R and which are characterised by the various systems (I;) 
of integers. 

I argue that the set (R) uniformly fills the space in n dimensions. 

Let us take an arbitrary point (a;) in the space in n dimensions 
and find the polyhedron of the set (R) of which belongs the point (a;). 
In this effect, determine a minimum representation (J;) of the form 


se ye Ag L4X;j + 2 > QjX; 


in the set E composed of all the systems (z;) of integral values of the 
variables %1,%2,--.,2n- 
One will have the inequality 


3 S:. Agi LL; + 2 > A4X;, > S- S- aig lil; +2 oe ayl; 
which holds in the set E. As a result, the point (a;) belongs to the 
polyhedron of the set (R) characterised by the system (I;). 
Let us suppose that the point (a;) belongs to the various poly- 
hedra of the set (R): R, R’,...,R“ characterised by the systems 


(i), (lin), | (lig) (2) 


By virtue of (1), one obtains the inequalities 


Sod aaglinlje +25° ailix = SY aaglil +25 ° aili. (3) 
(k =1,2,...,p) 
It follows that one will have the inequality 


DS ye Aig L4X; + 2 So aiwi > x a aig lil; +2 > ali, 
for any integral values of #1, 22,...,%n, the systems (2) being excluded. 
One concludes that the point (a;) is interior to a face common 
to the polyhedra R, R',...,R) and defined by the equations (3). 
We have arrived at the following result: Every positive quad- 
ratic form defines a set (R) of congruent parallelohedra which can be 
primitive or not. 


Algorithm for the search for the minimum of the form )) )> aij xiaj + 
2)> aja, in the set E. 
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Let us suppose that one had determined the independent inequal- 


ities 
Sd. aijlinln +250 ailje >0 (k=1,2,...,¢) 


which define the parallelohedron R corresponding to a positive quad- 
ratic form > > ajar; 
With the help of the systems 


(li), (liz), ae (lic) 


of integers, one can resolve many problems of the arithmetic theory of 
positive quadratic form. 
We seek, for example, the minimum of the form 


Sy aunty = 23° an; (1) 


in the set & composed of all the systems (#;) with integers, a1, Q2,..., 
a, being arbitrary parameters given. 

The values of 21, 22,-..,%» which correspond to the absolute 
minimum of the function (1) verify the equations 


nm 
S caine: + an =0 (k = 1; 25.2457) 
i=1 
We designate by (&;) the point verifying these equations. By 
posing 
Gat 
we determine the integers 1), l2,...,/, under the conditions 


1 é 
ntSs (¢ =1,2,...,n) 


In the case r; = 0(¢ = 1,2,...,n) the system (J;) is the one we 


have sought. We suppose that all the numbers r; (i = 1,2,...,n) do 
not vanish. We pose 


nm 
0 
a Ps ayt Soaigly 
j=l 


and examine the point (a) : 

Let us suppose that the point (a;) belongs to the parallelohedron 
of the set (R) which is characterised by the system (1;), therefore the 
system represents the minimum of the form (1) . 

In the case where the point (a) does not belong to the paral- 
lelohedron R, we determine a value po in the interval 0 < po < 1 of 
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parameter p, in the manner such that the point (poo) belongs to a 
face of the parallelohedron R . Suppose that this face be determined 


by the equation 
Soo aijlinlin +2 5— ailin = 0 


One will have an equation 
SoS aiglinlin + 20 So ablin =0 where 0 < po <1 
Let 


n 
1 _ 0 Aye! 
a = af + Doaiglin 
j=l 


and examine anew the point (a) and so on. I say that one will always 
determine a representation of the minimum of the form (1) by repeat- 
ing many times the procedure explained. To demonstrate, suppose 
that one had determined with the help of the algorithm shown a series 


of points 
(a!) Mee Gla?) sees (2) 


and a series of systems 


(OG) Creer Cg) Bees 


verifying the equations 
al = af) 4 Sagi’) (k= 1,2,...) (3) 
j=l 
and the equations 
So ail +257 pros =0 where 0 < py <1 


(k = 0,1,2,...) 
By virtue of these equations, one finds 


LE al +2 alk <0 K=012.) 
By designating 
mO abe FO WHIZ.) 6) 


and 
m0) = 4, 
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one obtains, from (3), 


n 
al) = a; + YS aigm\ (k =0,1,2,...) (6) 


j=l 


By substituting in the inequality (4), one gets 


Say Cy + m{) (u? + mi) +2 Sodi ‘Cg + m{) < 
¥ Youn" 42 eum 


This inequality, by (5), can be written 


SY amt fe 742 at < SO asm P42 a 
(k = 0,1,2,...) 
(k) ) 


The number of the systems (m;"’) of integers verifying these 
inequalities is limited. One concludes that the series of points (2) will 


always end by a point (aS*?) belonging to parallelohedron R . By 
virtue of the equation (6), the system (m\*) represents the minimum 
of the form $7 So ayer; + 23550 yx; in the set E. The problem 
described comes down to the search for all the parallelohedra of the 
set (R) which are contiguous by a face in the interior of which the point 
(a) is to be found. One will determine all these parallelohedra by 
successively determining the parallelohedra which are contiguous to R 
through the faces in n — 1 dimensions and so on and so forth. 


Properties of the systems of integers which characterise the faces 
in n—1 dimensions of the parallelohedron corresponding to a positive 
quadratic form 


Suppose that the systems 


(lit), = (Lia), ---, EMT) (1) 


characterises the faces in n — 1 dimensions of parallelohedron R cor- 
responding to a positive quadratic form 


) ) AjjUjiLj 


Theorem I. The elements lk, lok,...,lyk of any system (lx) 
belonging to the series (1) have no common divisor. 
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We have seen in Number 45 that the numbers [,k,lok,...,Ink 
verify the inequality 


de DL aurias— DD aiailjn > 0 
in the set &. By letting 
liz = bt; where 6 > 1 


and by putting x; = ¢; in the previous inequality, one gets 


SoS. aijtit; = 5S OS. aagtit; > 0 


and it is necessary that 6 = 1. 


Theorem IT. Suppose that n systems 


(pir), (Diz), ---, (Pin) (2) 


represent n consecutive minima 
M, <M. <...M, 


of the positive quadratic form )~ \\ aijx4xj. All the systems (2) are in 
the series (1). 

By virtue of the definition for the system of n consecutive min- 
ima, one will have an inequality 


Mr = DoD asprin Pin = ye aay (k =1,2,...,n) 


as long as all the numbers 71, %2,...,%,, can not be presented in the 
form 


k-1 
My = 5 Urpir , 
r=1 


the system (0) being excluded. 

Suppose that the system (p;,) does not belong to the series (1). 
In this case there exists a system (t;) of all the numbers verifying the 
inequality 


So aapinpjn > S> d- aig (Din — 2ta)(Djx — 23) 
On letting 
Gi = Dir — ti (3) 
one presents the previous inequality in the form 


Da Sy aigtit; + > S- Cig GY (4) : 
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By supposing that the two systems (t;) and (q;) are different from 
the system (0), one will have, by virtue of the inequality obtained, the 
equation 


k-1 k-1 
t= Soup, a => orp 
r=1 r=1 


and, from (3), it follows that 


k-1 
Pik = >_ (ur + vr)pir - 
r=1 
The equations obtained are impossible, since otherwise the de- 
terminant of n systems (2) would vanish, which is contrary to the 
hypothesis. 
As a result, the inequality (4) does not hold at condition where 
either 
#=0 or t;=pDiz (i =1,2,...,n) 
It is therefore demonstrated that the system (pix), (k = 1,2,...,n) 
belongs to the series (1). 


Corollary. All the representations for the arithmetic minimum 
of the positive quadratic form >> >> aij2;x; are within the series (1). 


Theorem II. The numerical value of determinant of any n sys- 
tems which belong to the series (1) is less than n! 
Choose any n systems in the series (1) 


(lin), (lia), ee eg (lin) 


which the determinant +w does not vanish. Let us indicate 


1X 1 
al?) = 5 Milis and Usp = 5 doaislie (k =1,2,.. ., 1) (5) 
j=l j=l 


By virtue of the inequalities 


ae x yD ayes >0 (h=1,2,...,7) 


which holds in the set E, 2n points (5) that belong to the parallelohe- 
dron R corresponding to the quadratic form )7 0 aijxi2;. 

Let us choose any n points among 2n points (5), making sure that 
two points corresponding to the same index k value are not among the 
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ones chosen. One forms in this manner 2n systems composed of n 


points 
(=i) (cf) ones (f82) sean -oos(eln) 


hy, he,...,hn being any permutation of the indices 1,2,...,n and p = 
0,1,2,...,n. 
We designate, to summarise, 


h 0 h 
af) =a, (k =1,2,...,4) a =al,,, (6) 
(kK=p+l1,...,njh =1,2,...,2") 
and examine a simplex K;,, determined by the equation 


t;,= > v.01? where S 9 <1 and 0, > 0 (k=1,2,...,n) 
k=1 k=1 

All the simplexes Ky, (h = 1,2,...,2”) belong to the parallelo- 
hedron R. Any point (a;), which is interior to a simplex K;,, does 
not belong to any other simplex of the series formed. This results in 
an inequality 


2h 


daydzy dey < [ dx,dtq+++dtp, (h=1,2,...,2") (7) 
(R) 


Kn) 
54 
On designating by D the determinant 
alo a2 -:- ain 
D= 
GQnl Gn2 --- ann 


of the quadratic form > > ayjx;x;, one has by virtue of (5) and (6) 
D 

i diy dez-+-dty = =. 

(Kn) ni Qn 


and the inequality (7) gives 
—D< dx dztz---dx,, (8) 
(R 


This established, we observe how the group G of vectors cor- 
responding to the parallelohedron R possesses a basis formed by n 
vectors 


[ax], [aja], seey [Gin] . 
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By virtue of Theorem III of Number 11, it follows that 
/ dz, dxr2---dt, =D. (9) 
(R) 


By substituting in the inequality (8), one would obtain 


w<n! 
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New application of continuous parameters to the theory of quadratic form. 
Second Memoir 
Studies on the primitive parallelohedra 
by Mr. Georges Voronoi in Warsaw 


Second Part 
Domains of quadratic forms 
corresponding to the various types of primitive parallelohedra 


Section IV 
Various types of primitive parallelohedra 
[Journal fiir die reine und angewandte Mathematik, V. 136, p. 67-181, 1909] 
[translated by K N Tiyapan] 


On the number of faces inn —1 dimensions of primitive paral- 

lelohedron. 
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Theorem. The number of faces inn—1 dimensions of a primitive 
parallelohedron is equal to 2(2" — 1). 

Let us suppose that a primitive parallelohedron R corresponding 
to a positive quadratic form }> > aij; 2;2; is defined by the independent 
inequalities 


SoS. aiglinljn ED Y_ Oilis > 0. (k =1,2,...,7) (1) 
We have seen in Number 48 that any system 
(liz, lok,---;lnk), (K =1,2,...,7) (2) 


represents the minimum of the quadratic form }> > ayjxix; in the set 
composed of all the systems of integers which are congruent to the 
system +(1;,) with respect to the modulus 2. The form 37) aij2ia; 
possesses in this set only two minimum representations +(ljx). 

Let us divide the set E, composed of all the systems (x;) of 
integral numbers x1, £2,...,2%n, into 2” classes 


Fo, Fi,...,Em where m = 2"—-1 


with regard to the modulus 2 and suppose that the set Ep is composed 
of systems the elements of which have the common divisor 2. 
All the systems (2) do not belong to the different sets 
Ey, Eo,..., Em where m= 2" —1. 


It follows that 
7r< 2-1, 
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T argue that 7 = 2” — 1. Let us suppose that among the systems 
(2) there are not found the systems belonging to a set E and we 
determine the minimum of the form 5° > ajja;7; in the set E,. Let 
(l;) be a representation of this minimum. 

Let us indicate by 


(ai), (2), ---, (Qs) (3) 


the vertices of the parallellohedron R defined by the inequalities (1) 
and examine the values of the function }) 7 aijllj + 250 ail; which 
correspond to the different vertices (3). Let us suppose that the sum 
YY ag lilj +25 cil; be the smallest one. 

By virtue of the supposition made, one will have the inequalities 


S- So aiglilj +2 S- Qipl; > S- 2 aig lil; +2 » Qugl;. (r =1,2,...,8) 
(4) 
By noticing that each point (a;) belonging to the parallelohedron 

R can be determined by the equalities 


s 
= S- 8, air where Soo, = land?, > 0,(r = 1,2,...,8) 


r=1 


one will deduce the inequalities (4) an inequality 


YLeastty +20 atk > OD ast +2 ot 
which holds for any poit (a;) belonging to the parallelohedron R. The 


system (J;) which represents the minimum of the form }7 7 aijaiay in 
the set &;, verifies the inequality 


Sas = SOY. aigeil; > 0 


in the set F. It results that the point 
1 n 

c= —5 So aigl; 
j=l 


belong to the parallelohedron R. By making in the inequality (5) 
a; = &, one notices 


So Gah + 25° ainls <0. 


The vertice (a;,) of the parallelohedron R verifies the inequality 


SOY. aiglil; + 2S ° and: > 0, 
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therefore it is necessary that 


SOY aaglil; +25 ainls = 0. (6) 


This stated, let us notice that the vertice (a;k) of the primitive 
parallelohedron is simple. 
Let us indicate by 


So igh at 25- agli? =0, (r=1,2,...,n) 


n equations which define the vertice in the parallelohedron R. As the 
vertice (ai) is simple, one will have an inequality 


S- SL agri; + 230 anes > 0, 


whatever the integral values of 71, 72,...,2» may be, the system (0) 
and the systems 


CPC ese) (7) 
being excluded. By virtue of the equality (6), the system (J;) is found 


among the systems (7) which all belong to the series (R). 
It is therefore demonstrated that 


T= 2"-1 


and that the number of faces in n —1 dimensions of the parallelohedron 
R is equal to 
Qr = 2(2” — 1). 


Definition of the type of primitive parallelohedra. 


Let us examine a primitive parallelohedron R determined with 
the help of independent inequalities 


Sd. aizlinljx +2 > — ailix > 0. (k = 1,2,...,0 where o = 2(2”—1)) 
Let us indicate with 


(ai), (aia), manny (Qis) 


the vertices of the parallelohedron R. One will determine with the 
help of equations 


Sag hP uP +2 ¢ ant =0. ( =1,2,...,n,8=1,2,...,8) 
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Each vertice (aj,) (k = 1,2,...,s) is characterised by n systems 
of integers 


a), a), ...,W®), (b= 1,2,...,8) (1) 


the determinant +w, of which does not cancel each other out. 
Let us indicate, to make short, n systems (1) by a symbol 


he 


All the vertices of the primitive parallelohedron R will be char- 
acterised by a set of symbols 


ee ee (2) 


This declared, let us examine another primitive parallelohedron 
R' corresponding to another positive quadratic form >) >) aj; 2:23. It 
can turn out that all the vertices of the parallelohedron R’ will alsobe 
characterised by the symbols (2). One will say in this case that the 
two parallelohedra R and R’ belong to the same type. 

Definition. One will call the various parallelohedra all the ver- 
tices of which are characterised by the set of symbols (2), “belonging 
to the same type.” 


One can characterise a type of primitive parallelohedra in many 
ways. 

Let us consider a set (R) of congruent primitive parallelohedra 
which corresponds to a positive quadratic form 3° > ayjxix;. 

All the vertices of parallelohedra belonging to the set (R) can 
be divided into classes of congruent vertices. Let us indicate by 7 the 
number of incongruent vertices belonging to the various classes. 

Any vertice of a primitive parallelohedron is congruent to n ver- 
tices of parallelohedron, this results in that 


S=(n+1)r. 


Let (a;) be any one vertice of parallelohedra of the set (R). One 
will define it with the help of n + 1 equations 


Sd. aaglindjn +2 >> clin = A. (k =0,1,2,...,n) 3 
The n+ 1 systems 


(lio), Lit), -- +, (lin) 
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characterise n+1 parallelohedra of the set (R) which are contiguous by 
the vertice (a;). By indicating with (1;) a system of arbitrary integers, 
one will characterise by the systems 


Cio + Ui), Ua + Ui), ---5 Gin +4) (4) 
all the congruent vertices of parallelohedra of the set (R). 
By attributing to the variables 1), l2,...,1, any arbitrary values, 


one will characterise by n+ 1 systems (4) a class of congruent vertices. 
One concludes this that a type of primitive parallelohedra can 
be characterised by 7 systems (4). 


To have more convenience in the notations, let us introduce in 
our studies the linear functions 


n n 
u=> lai, and un = >_ Liga;. (k =0,1,2,...,n) 
i=1 i=1 


One will say that the symbol (ug, u1,...,U,) characterise the 
vertice (a;) determined by the equations (3); the symbol (ug + u, ur + 
U,.++,;Un +4), u being a linear function in arbitrary integral coeffi- 


cients, characterise a vertice congruent to the vertice (a;). 
Let us suppose that one had characterised by the symbols 


(us, ul, ...,u), (k= 1,2,...,7) (5) 


T congruent vertices of primitive parallelohedra belonging to the set 
(R). One will say that the set of symbols (5) characterise a type of 
primitive parallelohedra. 


Let us examine the faces in various dimensions of primitive par- 
allelohedra belonging to the same type. 

Let P(v) be a face in vy dimensions (v = 0,1,2,...,n —1) of 
parallelohedra of the set (R) defined by the equations 


Sy So aislinkin+2 S > ailit = Sd aishiot2 > — aitio-(k =1,2,....n—v) 


One will characterise this face by n + 1 — v systems 


(ho) aise aa) 


or by n +1 —v corresponding linear functions. 


U0, U1,+++)Un-v- 
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All the faces in v dimensions of parallelohedra of the set (R) 
which are congruent to the face P(v) will be characterised by the 
systems 


(liols), (lila), ---, in—va) 


or by the corresponding linear functions 


Ug + U, Uy + U,.--,Un—p + U.- 
By making, for example, 1; = —lj) one obtains n — v systems 
(lit — lio), (ig — bio), ---, lign—v — Lio) (6) 


which enjoy the following property: all the determinants of the order 
(n — v)? which one can form from n— v systems (6) do not cancel 
one another at the same time. Let us indicate by w"~”) the greatest 
common divisor of these determinants. By declaring 


n-vV 
r= So (lit — lio) Ex, (7) 
k=1 
one will present a system (2;) of integers by the linear forms where 
£1, €9,-.-,€,—y are integral or rational numbers which belong to w'"—”) 
sets 


€x = Var + Yk (RSD gid er HA, 90.. 202) (8) 


where yi, Y2,---,Yn—v are arbitrary integers. Among the sets (8) is 
found a set where J,, = 0, k = 1,2,...,n—v and which is composed 
of integral values of £1, £2,..-,€n—v- 

In the case w("-”) = 1, the equalities (7) are possible only on 
condition that the number 1, £2,...,€,—v be integral. 

The set (8) play an important role in the subsequent studies. 

Let us indicate by the symbol o,_, the number of incongruent 
faces in v dimensions of primitive parallelohedra belonging to the type 
examined. By indicating with the symbol 5, the number of faces in v 
dimensions of corresponding primitive parallelohedron, one will have 
a formula 


Sy =(n+1—v)on_-y. (Vv =0,1,2,...,n-1) (9) 


Definition of the set (L) of simplexes characterising a type of 
primitive parallelohedra 
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Let us suppose that n + 1 systems 


(lio), lin), ---, Ulin) (1) 


characterise a vertice of primitive parallelohedra belonging to the type 
examined. 

Definition I. One will call correlative to the vertice of primitive 
parallelohedra characterised by the systems (1) a simplex L having n+1 


vertices 
(lio), (lin), Sao] (lin). 


The simplex L presents a set of points determined by the equal- 
ities 


i= So Velix where Sov. =1 and Vp > 0. (k = O:1,2,2257) 
k=0 k=0 


Let us indicate by (L) the set of simplexes correlative to the 
various vertices of a set (R) of primitive parallelohedra belonging to 
the type examined. 

Definition IT. One will say that a type of primitive parallelohedra 
is characterised by the set (L) of simplezes. 

One will call congruent two simplexes characterised by the ver- 
tices 


(lio), lia), +++, (lin) and Uo +k), Ua +4), ---; (in +h), 


l,l2,..-,l, being arbitrary integers. 

All the simplexes of the set (Z) can be divided into classes of 
congruent simplexes; the number of classes is expressed by the symbol 
On defined by the formula (9) of the previous number. 

With the help of equations 

n-vV n-vV 
= So Oalix where » and 3, >0, (k=0,1,2,...,.n—v) 
k=0 k=0 
one will determine a face in n—v dimensions of the simplex EL which is 
correlative to the face in vy dimensions of parallelohedra characterised 
by the systems 
(lio), (Ui), aS (li,jn—v)- 

One concludes that the number of incongruent faces in n — v 
dimensions of the set (£) of simplexes is expressed by the symbol 
On—-v (v = 0,1,2,...,n—1). 
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As all the vertices of simplexes of the set (Z) are congruent, one 
will declare og = 1, and the formula (9) of Number 59 
Sy =(n+1—-v)on_p 


will hold for the values of v = 0,1,2,...,n, provided that one would 
admit S, = 1. 
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Theorem I. The set (L) of simplexes uniformly fills the space in 
n dimensions. 
Let us suppose that a point (2;) be interior to a face of the 
simplex L characterised by the systems 


(ho)s(ha)s+i+5 Cae). (2) 


One will have 


a= >" pling where Soo =1 and 3, >0. (k=0,1,2,...,v) 


k=0 k=0 
(3) 
Let us suppose that the point (x;) be interior to a face in v’ 
dimensions of another simplex L’ characterised by the vertices 


(lig); (U1), ae. (li,)- 


One can write 


w= Olig where 5, =1 and J, > 0. a;(k =0,1,2,...,v’) 
k=0 


k=0 
(4) 
Let 5° >) aij2;2; be a positive quadratic form which defines a 
set (R) of primitive parallelohedra belonging to the type examined. 
Let us indicate by (a;) and (aj) two vertices of parallelohedra of 
the set (R) which are correlative to the simplexes LZ and L’. One will 
have the equalities 


J SS. aaglinlin + 2)° ailix 24. 

| 2S aitel, +2 oll = 4. 
By putting down 

yo aislialin + 25° ally =A+ pr, 
SoS aiglindje + 25° alliz = A’ + pi, 


(k=0,1,2,...,n) (5) 


(k =0,1,2,...,n) (6) 
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one will have the inequalities 
pe >O and p, >0. (k=0,1,2,...,n) 
From equalities (5) and (6) one derives 
J A! —A+2) (a4 — a))lin = Pks 
(A- Al+ 2S (ai — alin = py- 


By virtue of equalities (3) and (4), one obtains, 


(k =0,1,2,...,n) 


t 
Vv 


A'—At+ 2S (ai — aj) = So pee 


k=0 
A-A'+ 2S (a — a;)2j = So pp Ie- 
i=0 


By making the sum of these equalities, one finds 


So pn a So Ie = 0. 
k=0 k=0 
It follows, because of (3) and (4), that 
pe=0, GH 019-2257) “and. ppH 0. (ha O12: rw) 


let us notice that the equality p, = 0 is possible only on the 
condition that the system (Ji,) is found among the vertices of the 
simplex L, similarly, the equality p/, = 0 is possible only on condition 
that the system (l;;,) is found among the vertices of the simplex L’. 
One concludes that the systems 


(lio), (lin), iin (i) (7) 


characterise a face of the simplex L and that the systems (2) charac- 
terise a face of the simplex L’. As a point (#;) can not be interior to 
two different faces of the same simplex, it results in that the systems 
(2) and (7) coincide; therefore the two simplexes LZ and L’ are con- 
tiguous through the faces in v dimensions characterised by the systems 
(2). 

It remains to demonstrate that any point (a;) of the space in n 
dimensions belongs to at least one simplex of the set (L). 

To demonstrate this, let us take any one point (€;) which is 
interior to the simplex LZ and draw any one curve C’ which joins the 


195 


196 


62 


63 


Voronoi translated 5: Third part of the second memoir by Voronoi 


points (€;) and (2;). I say that all the points of the curve C will be 
situated in the simplexes 


yA Cee Bae 


belonging to the set (LZ). In effect, let us suppose that the point («;) 
not belong to the simplex L. The curve C' will go beyond in one point 
(€:) the boundary of the simplex L and will pass through a simplex L’ 
which is contiguous to the simplex L through a face in any one number 
of dimensions and so on and so forth. 


Theorem II. A point (x;) the elements 11, %2,...,2%n of which are 
integers can be only one vertex of simplezes of the set (L). 

Let us notice that there exist simplexes of the set (L) which 
passes the vertex (0); the number of these simplexes is expressed by 
the symbol So. 

By effecting the translations of these simplexes the length of the 
vector [a], one will obtain 5o simplexes which possess the vertice 
(x;). By virtue of Theorem I, the point (2;) can not belong to other 
simplexes of the set (L). 

Corollary. Suppose that a point (x;) the elements %1,%2,...,2n 
of which are integers, is not found among the vertices 


(lio), (la), PE (lin) 


of a simplex L. By writing 


Li = S> Velix where Soe = de 
7=0 k=0 


one will have among the numbers Jo,01,...,0n at least one negative 
number. 


Properties of symbols S, and o, (v =0,1,2,...,n). 


Let us take any one positive integer m and consider a set K of 
points which are congruent to m” points 


which one obtains by attributing to the numbers gi,92,..-,9n the 
integral values verifying the inequalities 


O<gpr<m. (k=1,2,...,n) 
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Let us take any one point (#) of the set K and suppose that 
the point (2+) be interior to any one face P(v) of simplexes of the 
set (L) (V = 0,1,2,...,n). By virtue of Theorem I of number 61, all 
points of the set K which are interior to the face P(v) can not be 
congruent. 

Let us indicate by 


PY, (k=1,2,...,0,;v =0,1,2,...,n) 


the various incongruent faces of simplexes of the set (L) and by the 
symbol 


mv (k= 1,2,...,0,;v =0,1,2,...,n) 


let us indicate the number of points of the set K which are interior to 
the face P,(v). ONe will have a formula 


S- 3 m”) =m". (1) 


v=0 k=1 


It is easy to determine the value of the symbol m”, 


indicate by 


Let us 


1) 0) fh) 


40 0°t1 2°77 GD 


the vertices of the face P,(v) and let us write 
“= 9,l where $70,=1 and 3, >0. (r =0,1,2,...,v) 
These equalities can be written 


By indicating, to make short, 


a — ml) = t;, ees I) = pin, (r = 1,2,...,v) 


and 
md, =T, (r=1,2,...,v) 


one will have 


V V 
i= SS rpir where Son <m and 7, >0.(r=1,2,...,v) (2) 
r=1 r=1 
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Let us indicate by wl) the greatest common divisor of determi- 


nants of the order v? which one can form from v systems 


(pir), (Piz), ---, Div) 


and suppose that the forms (2) represent the integers t, t2,...,tn, 
provided that the numbers 71, 72,-.-..,7, belong to one of wl) sets 

Tr = Epp + yp where r=1,2,...,.y,h= IO is (3) 
Y1; Y2,---,Yv being arbitrary integers. 


One can suppose that 


O<fn <1. (r=1,2,...,v,h =1,2,...,w”) 


By substituting the expressions of 7, (r = 1,2,...,v) derived 
from equalities (3) in the inequalities (2), one obtains 
Eran + yr > 0,7 = 1,2,...,v) So(&n tyr) <m. (4) 
r=1 


Let us indicate 


So Een =ant&n (5) 
r=1 


where the integer a, is determined after the conditions 
12% 21, (6) 


The inequalities (4) can be replaced by the following ones: 


yr > 0, (r = 1,2,...,v) and Sour <m-—a,—-1. 
r=1 

The number of systems (y1, y2,.-.,yv) of integers y1,y2,---, Yr 

verifying these inequalities is equal to 
(m — a@n)(m+1—a;,)---(m+v—1-ap) 
1-2---v. 

By replacing with a the number a, corresponding to the var- 

ious sets (3), one obtains the formula 


oe (v) (v) (v) 
8) 5 SS ea ee (7) 
mM, Ge 1-2---p ; 
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By substituting in the equality (1), one finds 


(v) 
n Ov Wk 


m—al))---(m+v—1-a” 
~yy! hk) aim 1 he) pan (8) 


v=0 k=1 h=1 


The formula obtained holds, whatever may be the positive in- 
tegral value of m. One concludes this that this formula presents an 
identity. 

65 
By comparing the coefficients of m” in the formula (8), one finds 


on 
y wy =n. 
k=1 


It follows that 
On <n. 


Let us introduce in our studies the finite difference of different 
orders by defining them by the formula 


FO) = r(—aye*# 
At A= 1G pit (mt 1): 


The formula (8) gives 


(v) 
n oy Ye (v) (v) 
0 
1-2---v—yp) 
vp k=1 h=1 


(uw = 0,1,2,...,n) 


By making m = 1 in this formula and by noticing that 


Qiao) er 
1-2---(V—yp) om 


since, because of (5) and (6) 


a”) < Vy, 
one finds 
on 
Sow <AM(m")mar- (w= 0,1,2,---,2) (9) 


k=1 
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It follows that 
Gy = A Gn a WS 2.225) 
We have seen in Number 60 that 
Sy =(n+1-v)on_y, (Vv =0,1,2,...,n) (10) 
therefore 


Sy <(nt1-—YAC% MN) mai. (v =0,1,2,...,n) 


Let us examine the conditions which have to be fulfilled for the 
symbols S, (v = 0,1,2,...,) to be expressed by the formula 


Sy =(n+1-—v)A® (mM) mai. (v =0,1,2,...,n) (11) 
By virtue of inequalities (9), it is necessary that 
w =1. (k=1,2,...,0,;4 =0,1,2,...,n) (12) 


These are the conditions necessary and sufficient for the formula 
(11) to hold. In effect, in the case wl”) = 1, the formula (7) becomes 
(m—v)(m+1—v)---(m—-1) 
1-2---p 
and the equality (8) takes the form 


m”) = 


 (m=v)-(m=1) 
DD ame ah 


It follows that 
ea ee ase = AWM (m"), 
; 1-25 =p) 
v= 
and by making m = 1, one obtains 
a, =AM (mM) mai. (4 =0,1,2,...,0) 


It results in, because of (10), the formula (11). 
Let us notice that the conditions (12) come down to a single 
condition 
On = nl. 
We will see that there exists primitive parallelohedra which sat- 
isfy this condition. 
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Theorem. The faces in 1, 2, 8 and 4 dimensions of simplezes of 
the set (L) enjoy the property that 
wv) =1. (k=1,2,...,0,;7 =1,2,3,4) 


The demonstration of the theorem introduced does not present diffi- 
culties. 

Corollary. The number of faces in different dimensions of prim- 
itive parallelohedra in the space of 2, 3 and 4 dimensions is expressed 
by the formula (11). 

1. By making in the formula (11) n = 2, one obtains 


So =6 and S; =6. 
2. By making in the formula (11) n = 3, one obtains 
So = 24, S$, =36, Sy =14. 
3. By making in the formula (11) n = 4, one obtains 
So = 120, S, = 240, Sp =150, S3 =30. 


By studying the primitive parallelohedra in the space of 5 dimen- 
sions, I have come across parallelohedra the number of faces of which 
is not expressed by the formula (11). 


We have seen that, in the case w) a 


1, one has 


al) =v. 


It is easy to demonstrate that, in the case wl”) > 1, one will have 
this equality for a single set (3) which is composed of integers; for all 
the sets which remain, one will have the inequalities 


2<al) <v-2 (v>5) (13) 
Let us make in the formula (8) m = 0. By noticing that 


(=ayo) = af) @ = 1= ah) _ 


0 
1-Q---p 


so long as al’) # v, one finds 


n 


Sot a= 0, 


v=0 
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By making in the formula (8) m = —1, one obtains, because of 
(13), 


Vy’ + Yor = (-0)". 
v=0 
By substituting in this formula the expression of o, derived from 
the formula (10), one will have 


sys, =1. (14) 


Let us notice that the equality obtained expresses a property 
of faces in different dimensions of primitive parallelohedra which is 
common to all the convex polyhedra of the space in n dimensions. + 
By making in the formula (14) n = 3, one will have 


So — $1 + S2— $3 =1, 
and as S3 = 1, this becomes 
Sot Sg=2+ 5S}. 


This is the well known formula of Euler. { 


Regulators and characteristics of edges of primitive parallelohe- 
dra. 


Let us examine the set (R) of primitive parallelohedra belonging 
to a type of parallelohedra characterised by a set (LZ) of simplexes. 

Let (a;) be a vertice of parallelohedra of the set (R) determined 
by the equations 


S- S- aiglindjs +2 S- ailiz =A. (k=1,2,...,n) (1) 


The system L correlative to the vertice (a;) is characterised by 
the systems 


(lio), (lit), - ++ (lin). (2) 
Let us indicate by (ai, (kK = 0,1,2,...,n)) the vertices adjacent 
to the vertice (a;) (Number 18). The simplex L; (& = 0,1,2,...,n) 


t See: Poincaré, Sur la généralisation d’un théoréme d’Euler relatif aux 


polyédres. [On the generalisation of the theorem of Euler relative to the 
polyhedra] (Comptes Rendus des Séances de l’Académie de Paris, V. 117, 
p. 144) 


{ Euler, Elementa doctrinae Solidorum. (Novi Comment. Petrop. 1758.) 
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correlative to the vertice (aj) will be characterised by the systems 
which one obtains from system (2) by replacing the vertice (1) of 
the simplex L by a corresponding vertice (Ii,,) of the simplex L;. The 
two simplexes LZ and L, are contiguous by a face in n — 1 dimensions 
P,, (k = 0,1,2,...,7) which is characterised by the systems 


(lin). (k =0,1,2,...,n;h #k) 


The face P, of simplexes EL and Ly is correlative to an edge 
[a;, in] of parallelohedra of the set (R). 
Let us indicate by 


So pina =, (k=0,1,2,...,n) 


the equation of the face P,. As one has 


S- pitlin = 5k, (h =0,1,2,...,n;h # k) 


it becomes 
>> pillia—lir) = 0. (h=0,1,2,...,n57 =0,1,2,...,.n;h A kyr £ k) 
(3) 
The equalities obtained define the number pix, pok,---,Pnk to a 
common factor close by. By supposing that pi, pop, ---,Pnk be integer 


not having common divisor, one will determine by the equality (3) 
two systems (pj,) and (—pj;z). One will call characteristic of the edge 
[a, az] or of the correlative face P, one of the two systems +(pix) 
likewise. 

By noticing that 


S—pinlin F On; 
one will attach, for more precision, a supplementary condition 
So piklix > dk- 


Definition. One will call characteristic of the face Py, with regard 
to the simplex L the system (p;x) which is well defined by the conditions 


So piklik > Ses D> pitlin = 5p. (h=0,1,2,...,n,h#k) (4) 


Let us notice that the characteristic of the face P, with regard 
to the simplex L;, will be the system (—p,,). In effect, one will have 


So pinlin F On 
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Let us suppose that 
SS pinlix > Op. 


In this case the two simplexes L and L, would be situated on 
the same side of the face P,, and one could find a point interior to 
the simplex L which would be interior to the simplex Ly too, this is 
contrary to Theorem I demonstrated in Number (6). It is therefore 


necessary that 
So pirlig < dks 


and the system (—p;,) presents the characteristic of the face P, with 
regard to the simplex Ly. 


One will determine the vertice (a;,) (k = 0,1,2,...,n) correla- 
tive to the simplex L; by the equations 


oS So aijlinljn + 25° ainlin = Ay (h=0,1,2,...,.n;h Ak) (5) 


and 
> as aigliglj, +2 > Onli, = Ar. (6) 
From the equalities (1) and (5), one derive 
25 (cu — aa)lin = Ag — A. (h=0,1,2,...,.n;h Ak) (7) 
As a result because of (3), one will have 
Qik — 0% = PinPr. (6 = 1,2,...,n;k =0,1,2,...,n) (8) 


On the ground of the supposition made, the vertices (a;) and 
(aiz) (Kk = 0,1,2,...,n) of primitive parallelohedra of the set (R) are 
simple. 

It follows that, 


Soo aigligli, +25 — cunli, > A 
Dod. aislinlitsin +2 _ ovnlin > Ax. 


By virtue of (1) and (6), one obtains 
2 S" (air —aj)liz, > Ap —A and 2 S "(air — a Vin <A,p—A 
and, because of (8), it becomes 


2Pk So inlix > Ay —A and 2p, S- pinliz <A, —A. (9) 


and 
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As by virtue of (7) and (8), one has 
2px >_ Dinlin = An — A, (h=0,1,2,...,.n;h#k) (10) 
the inequalities (9) can be written 


2pr > Pik (lik —lin) > 0, 2pn > vin(liy —Uin) <0. (11) 
(h = 0,1,2,...,n;h #k) 


By noticing that because of (4) 


So pin(li —lin) > 0, (h = 0,1,2,...,n5h #k) (12) 
one finds 
pe >0, (k=0,1,2,...,n) (13) 
and the second inequality (11) gives 
Spin (ly, — lin) <0, (h=0,1,2,...,05h £ k) (14) 
or differently, because of (4), 
So pinlix <5, (b =0,1,2,...,n) (15) 


that which we have demonstrated by another method. 


By substituting in (6) the expression of aj, derived from the 
equality (8), one obtains 


Dy So aiglin lin +2 So ailix + 2px So inlix = Ap. 


One will present this equality, because of (1), under the form 


SD aagliglie +2 >— calog— D> D> aaglinlsjn — 2 - calin = 
Ap — A-2pn >, pinlix, 
and lastly, by virtue of (10), 
2pr d_ Pin(lin — Ug) => dD aaglighjn +2D— alty 
— SOY aiglinlin — 2 D5 avilix 
where h = 0,1,2,...,n,h Ak, kK=0,1,2,...,n. 
Definition II. One will call regulator of the edge [a;, ajz| or of the 


correlative face P, the positive parameter px defined by the formulae 
(8) and (16). 


(16) 
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Let us notice that on the ground of equalities (3) and (8) the 
congruent edges and the congruent correlative faces possess the same 
regulator and the same characteristic. 

One can determine the regulator px by other formulae. 

Let us write 

ie = > 9M, where 5) 0M) =1. (k=1,2,...,0) (17) 


r=0 r=0 


On the grounds of equations (1) and (17), one obtains 


ys ye Gig ligl i, +2 ye alin, — S- S- aizlinljn — 2 Le ayliz = 


S- So aiglial ie = > 0) ye Saale: 


r=0 


By substituting in the formula (16), one finds 


2px > Pin(lin—Uin) = D> >- aglinlie— > 8” DD aajlirdjr (18) 
r=0 
where h = 0,1,2,...,.n;h Ak k =0,1,2,...,n. 
The formula obtained makes visible an important property of 


the regulator p,: the regulator p, is expressed by a linear function of 
coefficients of the quadratic form S> >> ayja;v;. By writing 


P= S- S- php aij, (19) 


one will have the rational coefficients ot = pe 4=1,2,....n,j7 = 
| ee 
72 

By virtue of the formula (19), the regulator p; will be per- 
fectly determined if one knows the corresponding coefficients pi) G= 
1,2,...,n57 =1,2,...,n). 

As the coefficients aj (¢ = 1,2,...,n;7 = 1,2,...,n) of the 
quadratic form 5° > a4j2;2; do not play any role in the determination 
of coefficients pi) (@ = 1,2,...,n;j =1,2,...,n) which depend only 
on the simplexes LZ and Lx, one can replace in the previous formula the 
coefficients a,j; by the coefficients x,x; (i = 1,2,...,n;7 =1,2,...,n). 

By introducing the linear functions, as we have done in Number 
58, 


Ur =e Ur => hte (r = 0,1, 2,...,7) 
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let us indicate by 
ul) and yl) (r = 0,1,2,...,n) 


the values of these functions which correspond to the values of variables 
X1,X22,---,en 
Li = Pik- (k = 0,1,2,...,n) 


By virtue of (4), one will have 
ul) = db. (h=0,1,2,...,n;h #k,u” > dx) 
By virtue of (15), one will have 
o\*) < Op. 


Let us notice that the numbers ,01,...,Un defined by the 
equality (7) will be determined by the equalities 


n 
UE = So OM ur where >> of) S11: 
r=0 


By replacing in the formula (18) the coefficients a;; by the coef- 
ficients aj7;,7=1,2,...,n,j7 =1,2,...,n, one obtaines 


n 


2pie(Se — vk") = (v4)? — S> 9 (uy). (k =0,1,2,...,n) 20 
r=0 


To return the formula obtained to the formula (19), it suffices to 
replace in the equality 
k 
m= DD ves 
the coefficients x;2; by the coefficients aij, i= 1,2,...,n,j =1,2,...,n. 


Fundamental transformation of the form 
a ye AjjU{L5 + 2 ye Qzx;— S- > aglil; —2 ye ajl; 
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By keeping the previous notations, let us indicate 


F(z) (#1, 82)---5%n) = 9) d- aagreay +20 ony — A (1) 


where one has admitted 


A= SoD. aijlintjx + 2 >_ lin. (k =0,1,2,...,7) (2) 
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By introducing the variables £,&1,.-.,&, after the conditions 


n n 
i=) )Srlir where D0 é- = 1, (3) 
r=0 r=0 
one will present the function F(z) (%1,%2,..-,%») under the following 
form: 
n 
Pj Gi eae Gta) = >> eat =e allan @ 
r=0 
One concludes that the function F(z) (21,%2,.--,2n) is linear 
with regard to the coefficients ajj,i = 1,2,...,n,j =1,2,...,n of an 


arbitrary quadratic form )> > ayjaja;. 
By making in the formula (1) 2; = lj,, one obtains, because of 
(2), 


Fry (liz, lak, --- Unk) =0. (k=0,1,2,...,n) 


The equalities obtained hold, whatever may be the values of 
aij =) = be eerie: = bee Deere 

Let us indicate by L° a simplex congruent to the simplex L and 
characterised by the vertices 


(lio + Ui), laa + Ui), ---, lin + hi), 


li, le,..-,Jn being arbitrary integers. 
By noticing that because of (3) 


n n 
with =) (lip +l) where 57g =1, 
r=0 r=0 


one will have an equality 


F(x0) (x1 +1, 22+ l2,...,¢n tln) = 
n 
SoD aa (ee + Wy +) — OG DY aig (ler +L) jr +5) 
r=0 
and after the reductions, it becomes 


Fz0)(z1 th, weth,...,¢an+ln) = SOY aijaiz; a" So asjlirlje, 
r=0 


therefore, because of (4) one will have 


Fro) (21 +1, @2 + le,...,2n tl) = Fir) (#1, 22,- -.,%n). (5) 
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By virtue of the formula (18) of Number 71, one will determine 
the regulator p; in the formula 


Dow Y. palin = Uy) = Fa Cialis FSG 245),@) 


74 
Let us indicate 


Fr, (@1,@2,...,%n) = 5d aijeiaj +2 - cinai— Ar, (k =0,1,2,...,n) 


L,, being a simplex contiguous to the simplex L by the face P;, (k = 
0,1,2,...,n). 

By substituting in this equality the expression of aj, defined 
from the formula (8) of Number 70, one obtains 


Fy, (41, 22,---,2n) = SY aaa; + 25° aga; + 2p¢ SS pina — Ax 
and, because of (1), one will have 
Fr, (21, 22, tee ,&n) = Fr) (#1, 22, . -;2n) + 2p So Pinas +A— Ag. 


By substituting in this equality the expression of A — A, given 
by the formula (10) of Number 70, one finds 


Fry, (a1, 02,.-.,n) = F(r)(@1, 82, ..,n) + 2pr > pie(wi — lin). (h # B) 


This formula can be written 


Fr) (#1, £2,-++,%n) = Fr, (1, 22,---,2n) + 2pr S- pin (lin — x4). (*) 
(h £k,k =0,1,2,...,n) 


The formula (*) obtained is capable of numerous and important 


applications. 
75 
Let us suppose that 71,%2,...,%m be arbitrary integers and that 
the point (x;) is not found among the vertices 


(lio), (lit), peas (lin) (7) 


of the simplex L. By admitting 


Ly = So ee he where So& = 1, (8) 
r=0 r=0 


210 


76 


Voronoi translated 5: Third part of the second memoir by Voronoi 


one will have by virtue of Theorem II of Number 62 among the numbers 
£0, 61,---,&, at least one negative number. Let us suppose to fix the 
ideas that 


& <0. (9) 
By noticing that because of (3) and of the formula (4) in Number 


69 one has 
do Pie (lin — 24) = Ex D0 in (lin — bit) 
and that 
S- pin(lin liz) <0, (R#K) 


one obtains, because of (9), 


S- pik (lin — @2) > 0. 


One concludes that the coefficient of 2p; in the formula (*) is an 
integer and positive in the case considered. 

In the same manner, one will examine the function F,, (v1, 22,..., 
Xn) and so on. 


Let us suppose that one have examined the simplex, 

Fs Fe Saas AS (10) 
successively contiguous by the faces in n — 1 dimensions the regulator 
of which present the function 

1, P2;+++;Pm- 


Let us suppose that by applying the formula (*) to the simplexes 
(10) one have obtained the equalities 


Fy (#1, %2,...,2n) = Fr (#1, 22,...,%n) + 2hipi where hi > 0, 
Fy) (€1,02,...,%n) = Fyn (#1, 02,...,0%n) + 2h2p2 where he > 0, 


Fym—1)(€1,£2,.--,2n) = Fyom) (#1, £2,...,£n) + 2hampm where hm > 0. 


It follows that 


mm 
Fy (x1, £2, - -;2n) = 25> hepe + From (21, X2, eys gta: (11) 
k=1 
The procedure shown can not be prolonged indefinitely and one 
will always arrive at a simplex L‘™) among the vertices of which is 
found the point (2;). 
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To demonstrate this, let us notice that the coefficients aij, = 
1,2,...,n,j = 1,2,...,n of the quadratic form >> > ayjaxjx; in the 
formulae obtained are arbitrary. 

Let us suppose that one have chosen the positive quadratic form 
>> aijx4xj; which defines a set (R) of primitive parallelohedra be- 
longing to the type characterised by the set (L) of simplexes. 

We have seen in Number 70 that one will have the inequalities 


pr>O. (k=1,2,...,m) 


By virtue of the definition of the function Fy, (#1, %2,...,2%n), one will 
have an inequality 
Fy, (x1, £2, wit iin) > 0, 


whatever the integral values of 71, 22,...,£%n may be, abstraction made 
from vertices (7) of the simplex L. It results in 


F(r0m)) (21, 22; ---, En) >0 


and the formula (11), in the case considered, gives 


m 
Fr (z1,22,- : tn) > 250 hepr- 


k=1 
As the coefficients hy, (k = 1,2,...,m) are of positive integers 
and the regulators p, (k = 1,2,...,m) belong to a series of regulators 


corresponding to the incongruent faces of simplexes of the set (L), one 
concludes that the number m can not be increased indefinitely. As a 
result the series (10) will be terminated by a simplex L‘”) among the 
vertices of which is found the point (z;,). 

It follows that one will have indentically 


Fi pcm) (21, 22, wee Bn) = 0, 


and the formula (11) becomes 


Fy (@1,%2,.-.,XLn) =i2 S- hipr where (k = 1,2,...,m) (12) 
[k]=1 


Let us notice that the formula obtained presents an identity 
which holds, whatever the values of coefficients aij,4 = 1,2,...,n,j = 
1,2,...,n may be, provided that the regulators p, (k = 1,2,...,m) 
are expressed by the formula (6). 


Fundamental theorem. Let us suppose that the regulators p, (k = 
1,2,...,0) corresponding to the various incongruent faces inn —1 
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dimensions of simplezes belonging to the set (L) be determined by the 
equations 


nm n 
k 
Pk = Se iP ais. (k =1,2,...,¢) 
i=1 j=l 
For a quadratic form 3° >> aijx;2; to define a set (R) primi- 
tive parallelohedra belonging to the type characterised by the set (L) of 
simplezes, it is necessary and sufficient that the inequalities 


pr = >_> pais > 0, (k =1,2,...,0) 


hold. 
We have seen in Number 70 that the inequalities 


pr>0, (k=1,2,...,0) 13 


present the necessary conditions. Let us suppose the coefficients of a 
quadratic form }> >> a;j2;2; verify the inequalities (13). By virtue of 
the formula (12), one will have the inequality 


Fr) (#1, 22, vibe En) >0 


so long as the point (x;) the element s of which are integers is not 
found among the vertices of the simplex L. By virtue of the definition 
established, the simplex L is in this case correlative to a simplex vertice 
(a;) of parallelohedra corresponding to the quadratic form examined 
DD aij 2i2j- 

The simplex L is chosen arbitrary in the set (Z) of simplexes, 
therefore all the simplexes of the set (L) are correlative to the sim- 
ple vertices of parallelohedra corresponding to the quadratic form 
DD aij 2i2;- 

I argue that these parallelohedra do not possess other vertices, 
it is that which one will verify without trouble. 


Let us notice that any quadratic form >> >> a,j;2;2; verifying the 
inequalities (13) is positive. To demonstrate this, let us examine a 
simplex L among the vertices in which is found the point (0). One 
will have in this case 


F(z) (#1, £2,---,%n) = Se aia: + 25 asi, 


and consequently 


F(x) (#1,.22,-+-1%n) + Fn) (—21, —22,..-,-2n) = 25° >> aijaia;. 
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The two points (#;) and (—2;) can not be the vertices of the 
simplex L, the point (0) being excluded. This results in 


Fir) (#1, 22, e253 En) + Fiz) (-a1, —%2,...,—Xn) > 0, 
therefore 
S> os aijxjx; > 0, 
whatever may be the integral values of 71, 22,...,%n, the system x; = 


0,@%2 = 0,...,%n =0 being excluded. 


Definition of quadratic forms with the help of regulators and cor- 
responding characteristics. 


Let us take any one quadratic form 5° 0 ajj;2;x; in arbitrary 
coefficients. Let us choose n numbers 21, %2,-...,%@n which are subject 
to the only condition: the equality 


hixg thereat... +hntn =0 


is impossible so long as the numbers hy, ho,...,hn are integers. 
Let us examine a vector g made up of points 


l 
+ + ux; where 0<u<1, 
m 


l1,lo,...,l, being arbitrary integers and m being any one positive 
integer. 

The vector g will traverse a certain number of simplexes belong- 
ing to the set (LZ). Let us indicate by 


Lo, L1,...,Ls5 (1) 


the simplexes of the set (ZL) which contain the various parts of the set 
g. On the ground of the supposition made, the simplexes (1) are well 
defined by the vector g and are successively contiguous by the faces 
in n — 1 dimensions. In effect, two adjacent simplexes L, and L,4, of 
the series (1) possess a common point (&;,) belonging to the vector g, 
therefore the simplexes LZ, and L;41 are contiguous by a face in any 
number of dimensions. Let us suppose that this face be characterised 
by the systems 


(lio), (lit), --- 5 (liv). (2) 
As 


[; 
bin = — + px; where 0< uz <1, 
m 


213 


214 


Voronoi translated 5: Third part of the second memoir by Voronoi 


one will have 


li - 
ot i= So oplip where S> 0, =1 and 9, >0. (r =0,1,2,..., 
= + Une where an >0. (r v) 


“ (3) 


By supposing that vy < n—1, one wil determine with the help of 
these equalities a system (h,) of integers verifying the equation 


hyxy + hore sais + Antn = 0, 


which is contrary to the hypothesis, therefore it is necessary that v = 
n—1and that the point (€) be interior to a face in n — 1 dimensions 
which is common to the simplexes Ly, and Ly41. 

Let us suppose that vy = n—1. By indicating with (pi) the 
characteristic of the face (P;,) characterised by the systems (2) with 
regard to the simplex L,, one will have, by virtue of the formula (4) 
of Number 69, 


S- pinlir = 5x, (r = 0,1,2,...,n—1) 


and the equalities (3) give 


lj 
doe + ups) = 5x 


and consequently 


Uk SS) Pinvi =6- Se. 


As >> pixt; # 0, on the ground of the supposition made, the 
equality obtained defines a point (&;,) of the vector g which is interior 
to the face P,. This results in that the vector g does not possess 
other points common to the face P,. By attributing to the parameter 
u a negative variation éu sufficiently small, one will define a point 
ui + (ux +6u)x; of the vector g which is interior to the simplex L,. By 
attributing to the parameter wu a variable du > 0, one obtains a point 
4 + (ug + 6u)x; which is interior to the simplex L;41. 

As in these cases one has 


i 
Do vie (~ + (ux + du)es) > be, (bu <0) 

and ; 
Do vin (~ + (uw + 5u)es) < be, (6u > 0) 
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it becomes 
So pines <0. (4) 
By indicating with p; the regulator of the face P, with regard 
to the chosen quadratic form )* a;;x;k; (k = 0,1,2,...,s — 1), let us 
apply the formula (*) of Number 74 to the simplexes (1). One will 
have the equalities 


l l l l 
Pps tice a) Pe Bice ees) 
m m m m 


l; 
+ 2p0 >- pio (ling — - — xi), 


l l l l 
ree F100) + tn) = Fr, (— +21, +++) + an) 


I 
+ 2ps-1 >) pis (linea — = — x4). 


It follows that 
l l exe l; 
Fito) + @1,---5 = + an) = 25> pn >i = pain, — mt 
k=0 


I I 
eC Aig ses eee). 
m m 


(5) 

Until now, the integers 11, l2,...,l, had been arbitrary. Let us 
suppose that the integers J), l2,.-.,J, satisfy the conditions 

0<i,<m. @=1,2,...,n) (6) 


Let us indicate by K the set of incongruent points (4) verifying 
these inequalities. 

The number of points belonging to the set K is equal to m. 

Let us apply the formula (5) to all the points of the set K and 
make the sum of equalities obtained. One will have a formula 


l l 
Fioo)(™ + 1y---5 +n) — 


l; ly l 
250 pe >> pik (lin, — = — xi) + yea + @i,---, a t er 
All the sums which are formed in this formula can be determined 
with a certain approximation. 
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Let us suppose that the simplex Lo be characterised by the sys- 
tems 


(lio), (li), SEs (lin). 
On the ground of the supposition made, the point (+) belongs 


to the simplex Lo. As there exist only a finite number of simplexes 


of the set L to which belong the points (4) verifying the inequalities 


(6), one concludes that one can determine a positive parameter in 
such a manner that the inequalities 


lin] <A G@=1,2,...,n;k =0,1,2,...,n) (8) 


holds. 
In this case, the corresponding value of the function 


I l. l 
Fit) (2 $12 t2a,....2 +40) 


can be presented under the form 


l l 
Fi) (2 + 1,..- +29] — So auxin; + € +> eas 


where the coefficients €9,€1,.-.,€, do not exceed in numerical value 
a fixed limit € which does not depend on coefficients of the quadratic 
form )7 >> aij#4;%j; and on the choice of the set (LZ) of simplexes. 

Let us examine the function Fiy,) (4+.21,...,4%+2n). After 


the proposition made, the point (4 + x;) belongs to the simplex Lg. 
Let us determine the integers t1, t2,...,¢» after the conditions 


l; 


and indicae by Li, the simplex congruent to the simplex L, which 
obtains by a translation of the simplex L, the length of the vector [t;]. 
By virtue of the formula (5) of Number 73, one will have 
l ln I In 
Fir.) (2421... ~ + ¢n) = Fy (440 +H bt, cet ~ +0n +tn) 


By indicating with 


the vertices of the simplex £{, one will have, by virtue of (9), the 
inequalities (8): 


lUnl <A. @=1,2,...,n;k =0,1,2,...,n) 
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It follows that the numerical value of the function 
l l 
Fy (2 +21 ttt ecg +2Ln +tn] : 
m m 


because of (8) and (9), does not exceed a fixed limit y which depends 
only on coefficients of the quadratic form >> }\ aij2;2; and on the 
choice of the set (L) of simplexes. By virtue of (10), one can write 
hy ln 
Fix,) | — +21,---,— +2n}] =%o0 where |go| < ¢. 
m m 


By substituting in the formula (7) the results obtained, one will 
present it under the following form 


Mn ( ; ; AijCiXj +€o + civi) =2 y Pk y Dik (es - 4 vi) 
j=l 
(11) 


In this formula, the coefficients €9,€1,...,€, do not exceed in 
numerical value a fixed limit which does not depend on numbers 
U1,02,---,Un.- 


Let us determine the coefficients of 2p; in the formula obtained. 

To that effect, let us choose any one face P in n—1 dimensions of 
simplexes of the set (Z). Let us suppose that the face P is characterised 
by the systems 


(OU cep recee Uchaae ye 


Let us indicate by p the regulator and by +(p;) the characteristic 
of the face P with regard to the quadratic form )> > a;;24a;. One will 
suppose, on the ground of (4), that 


So ivi <0. (12) 


Let us suppose that the vector g is made up of points 


l; 
—+ua; where 0<u<1 
m 


and corresponding to a point (4) belonging to the set K possesses a 
point which is interior to a face P’ congruent to the face P. 
By supposing that the face P’ is characterised by the systems 


(gi), (la + ga), ---, (lin—1, 94); 
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one will have, on the ground of the supposition made, 


L n-1 n-1 
= + ux; = 2, Pu(9 +lix) where ae =1 and %& > 0. 


The corresponding value of the coefficient of 29 in the formula 
(11) is expressed by the sum 


> SY pitla = a — Zj) (14) 


which extends to all the faces P’ congruent to the face P verifying the 
equalities (13), provided that the points (4) belong to the set K. 
Let us indicate, to make short, 


Spits =—A (15) 
t=1 


One will have, because of (12), 
A> 0. 


As the system (l;,) in the sum (14) indicate any one vertice of 
the face P’, one can write down 


lin = Gis 


and the equalities (13) and (15) give 


Sop (s. agin x) =(1—u)A. 
i=1 m 


Therefore, the study of the coefficient of 2p in the formula (11) 
comes down to the evaluation of the sum 


me —u)A where 0<u<l. (16) 


Let us designate, to summarise, 
—mg th = hj. (17) 


The parameter u verifying the equalities (13) is expressed by the 


formula ; 
u~ do pihi, (18) 
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and as 0 < u < 1, it becomes 
0< So phi < mA. 
By indicating with 7 the integer verifying the inequalities 
0<7r<mA, (19) 
let us write 
> ph ='r. (20) 
By virtue of (18), the corresponding value of the parameter u 


will be 


£58 
~ mA 

Let us substitute the expression found of the parameter u in the 
equalities (13), it will become, because of (17), 


U 


T 


n-1 n-1 
Aw +h; = m>~ dalix where Soo <1 and 3% >0. (21) 


k=1 k=1 
(k =1,2,...,n-1) 


This stated, let us notice that one can attribute to the number 
7 an arbitrary value verifying the inequalities (19). For similar values 
of 7 to exist, it is necessary that 


mA > 1, 


Let us suppose that the positive integer m satisfies this condition. 
In this case, the finding of the sum (16) comes down to the solution 


of a sum 
T<mA 


i 
dLea-wA= >) m(A-—) (22) 
T>0 
where m, indicates the number of systems (h,;) of integers h1, ho,..., 
h, verifying the equalities (20) and (21). 


It is easy to determine the number m,. 
Let us indicate by (h?) a system of integers verifying the equality 


S- phy = 1. (23) 


As, on the ground of the supposition made, the integers p1, po, ..., 
pn have no common divisor, the systems of integers verifying this equal- 
ity always exist. 
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One will determine all the systems (h;) of integers verifying the 
equality (20) with the help of formulae 


n-1 
hy =the + yy Thlik (24) 
k=1 
where the rational numbers 7), 72,-..,Tn—1 belong to certain sets 


Tr = ber +n, (kK =1,2,...,n—1;r =1,2,...,w) (25) 


w being the greatest commondivisor of n determinants of the order 
(n — 1)? which one can form from n — 1 systems 


(li), (liz), -- +» (li,n—1)- 
By substituting the expressions of hi,he2,...,hn derived from 
equalities (24) in the equalities (21), one obtains 


n-1 
Xi + Th? = So (md; = Th) lik- (26) 
k-1 


T 


A 


Let us notice that the numerical value of the determinant of n 


systems 
(x), (lit),---s Ciyn—1) 


is expressed by the formula 


1 Bie “ik, Hex 
dit Jor ss Int 
=E u = ) Lipjw = WA. 
lin-1 lan—-1 --- lnn-1 


Let us indicate by Az, A2n,---;Ank, (kK = 1,2,...,n — 1) the 
minor determinants which are defined by the equalities 


n 
>> Anlix =wA, (k=1,2,....n-1) 
i=l 


Se 0, J aeea hs G@S 2 aan Hr FR) 
The equalities (26) give 
T>- dawhi =wA(md, —Tr), (k=1,2,...,n—-1) 
and as a result 


= z Ae 7 
md. = Te + —H D> Aiehf. (k =1,2,...,n-1) 
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By virtue of (21) one obtains the inequalities 


7 
Te + Drinks > 0, (k =1,2,...,n—1) 
n—-1 


Soe + wh?) <1 


k=1 
Considering the set (25), one finds 


2 
Uk + &kr + So Ah? > 0, 
n—-1 


KEP saat= 1 480) 
>s (igi + ma > inh?) <m. 


k=1 


Let us write 


YREkr + Do uwh? =y_+v_, where 0<m<1 (k=1,2,...,n—-1) 
and 
n—-1 
bs vp =a) +v where 0<v <1, (28) 
k=1 
Yi5++-5Y),1 and a”? being integers. 
The inequalities (27) will be replaced by the following ones: 


n—-1 


So, <m—al?) — »v, Y, > Yn, (k=1,2,...,n-1) 
k=1 


or differently 
n—-1 
Sou, <m—al) -1 and y, >0. (k=1,2,...,.n-1) 
k=1 


The number of systems (yj,y5,---,Y),1) of integers verifying 
these inequalities is equal to 


(m — a) (m +1-a)---(mtn—2-a”) 
1-2---(n—1) 


One concludes that the symbol m, which expresses the number 
of solutions of equations (20) and (21) in integers is equal to the sum 


Ww T. T 
_ (m— a”) +++ (m+n—2- al”) 
am De 1-2---(n—1) 
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By substituting in the sum (26), one obtains 


T<mA if T<m ea mein 2G) 
Y(a-Z)m=S(a- De oa 


(29) 


Let us find a value approached by the sum obtained. By noticing 
that because of (28) 
0<al? <n-1, 


one can write 


yee Simtdaa) w 


n-1 n—2 
ea) Gene. toe 


where |6;au| does not exceed a fixed limit which doesnot depend on 
the number m. 
By substituting in the sum (27), one finds 


T<mA T<mA 


a ear eae a 


T>0 


where |6| does not exceed a fixed limit which does not depend on 
%1,%2,.--,2%n and on the number m. 
By noticing that 


ae T m A a 1 
»s (A-=) = > -Z +o where 0<0<;5, 


one can write 


T<mA - 1 -wA2 
_ re n n-1 2 ! u 
y (A ) m, am—DI™ +m" (6A* + d’A4+6") (30) 


where 6, 6’,6" do not exceed in numerical value a fixed limit. 
By substituting in the formula (11) the coefficient found of 2p, 
one will have, because of (19), 


o 
mS Daueneas ten + Deed) = ay Do pan peed? 
“k=1 


mS © Qe [de (S_ pinwi)” +O, S— pinws + Of 
k=1 
(31) 
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In the formula obtained the coefficients €0, €1,---, €n, 5k, 5%; On 
(k = 1,2,...,0) do not exceed in numerical value a fixed limit which 


depend only on coefficients of the quadratic form )7 > a;jx42; snf on 
the choice of the set (LZ) of simplexes. 

Let us replace in the formula obtained the numbers 21, %2,..., Xn 
by the numbers m21,m22,...,™m2n. As these numbers satisfy the 
conditions imposed on the numbers 21, 22,.-.,2n, the formula (31) is 
applicable and one obtains 


m2 2 
m" (Mm > S- Qj Lik; +€o +m S- esai) = f@—! D,paenl) Pik®i)” 
+m" ys 2pn[Onm? C5 pews)? +6,m So pina + dx]. 
k=1 


By dividing the two parts of the formula obtained by m”*?, let 
us make the positive integer m increase indefinitely, it will become 


1 < o 
S- Sonya, = f@—-1! S- PROR(PIRL1 + Pre@2 +---+ Pnk@n)”- 
“k=l 
(32) 


The sum which is found in the second member of the formula 
obtained extends to all the incongruent faces in n—1 in n—1 dimensions 
of simplexes of the set (L). 

We have deduced the formula (34) by supposing that the numbers 
%1,22,.--,2n form a irreducible basis. As the two parts of the formula 
(32) present two quadratic forms, one concludes that the formula (32) 
present an indentity. This results in that the formula (32) can be 
written 


n n 1 o n n 
ye aay = Gan Do Pace D> ajPixPi (Z) 
i=1 j=l “k=1 i=1 j=l 

where one has written 

n n 

k 
pe = >> Pay, (k = 1,2,...,¢) 
i=1 j=l 


the two quadratic forms }7 >) aijxixj and >) >) aj,242; being arbi- 
trary. 


Section V. 


Properties of the set (A) of quadratic forms 
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corresponding to the various types of primitive parallelohedra. 


Definition of the domain of quadratic form 
corresponding to a type of primitive parallelohedra. 


Let us suppose that a type of primitive parallelohedra is charac- 
terised by a set (ZL) of simplexes. 
Let us indicate by 


pe = > WP aij (k =1,2,...,0) 


the regulators which correspond to the various incongruent faces in 
n — 1 dimensions of simplexes of the set (L). 

Definition. One will call domain of quadratic forms correspond- 
ing to the type of primitive parallelohedra characterised by the set (L) 
of simplezes a domain A in quadratic forms verifying the inequalities 


pr = >.> PP aig 20. (b= 1,2,...,0) (1) 


On the ground of the fundamental theorem of Number 77, for 
a quadratic form f to define a set (R) of primitive parallelohedra 
belonging to the type characterised by the set (L) of simplexes, it is 
necessary and sufficient that the form f is interior to the domain A. 
This results in that the domain A is of aint) dimensions. 


Among the inequalities (1) can be found dependent inequalities. 
Let us suppose that one has chosen a system of independent inequali- 
ties 
Pi > 0, pa > 0,.--;Pm 20 


which define the domain A. With the help of independent regulators 
P15 P2;---;Pm One will present all the regulators under the form 


m 
Pk = hp: where h(*) >0. (r =1,2,...,mjk=1,2,...,0) (2) 


r=1 


Let us observe that any one quadratic form >> >> ajax; does not 
verify the equations 


P1 = 0, p2 = 0,..-, Pm =0 
because the equalities (2) give 


Pr = 9, (k =1,2,...,0) 
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and, by virtue of the formula (I) of Number 84, one has 


TE =o 
> 4j;2412; being an arbitrary form; it follows that 
ay =0. (i=1,2,...,n;j =1,2,...,n) 
To the domain A, therefore, the conclusion deduced in my first 
mémoire cited } are applicable. 
Let us indicate by 
P1,925++-)Ps (3) 


the quadratic forms which characterise the various edges of the domain 
A. 

The domain A of quadratic forms will be determined by the 
equalities 


s 
>. aes = So urge where uz, >0, (K=1,2,...,8) 


u=1 


U1, U2, ---,Us being positive arbitrary parameters or zeros. 
Let us notice that by virtue of the formula (I) of Number (84), 
each form yz(k = 1,2,...,8) of the series (3) will have for expression 


oO 
Pr= > Mw) (Dir&1 + Porto +... + DPnrfn)? 


r=1 


where 4) > 0. (r =1,2,...,0;k =1,2,...,0) 
Properties of independent regulators 


By keeping the notations from Number 69-74 let us suppose that 
a simplex L of the set (LZ) is characterised by the systems 


(lio), (lia), ---, (lin)- 
Let us suppose that among the regulators 


PO; P15---5Pn 


which correspond to the various faces in n—1 dimensions of the simplex 
L, is found at least one independent regulator. Let us suppose, to fix 
the ideas, that po is a similar regulator. 


{ This journal V. 133, p. 97 
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Let us indicate by Ly (k = 0,1, 2,...,n) the simplexes which are 
contiguous to the simplex (Z) through the faces in n — 1 dimensions 
characterised by the systems 


(lin). (h=0,1,2,...,.n;h A kjk =0,1,2,...,n) 


Let us suppose that by replacing in the simplex L the vertice 
(liz) by a vertice (I/,,), one obtains the simplex L, (k = 0,1,2,...,n). 
By virtue of the formula (6) of Number 73, one will have 


2pe S- pin (lin —Uin) = Pa Uigs lap escil eS 02 coe aR) 
(1) 


Let us admit 
ih = Mh where S- oh) =1. (k = 0, 1, 2, ste n) (2) 
k=0 r=0 


As, because of the inequality (14) of Number 70, 
devi (lin — Uy.) > 0, (d # I) 
it becomes, by virtue of (2) 
0 <0. (k=0,1,2,...,n) (3) 
Let us examine the numbers 
Oo Oise, (4) 


which correspond to the independent regulator pp. One will have, 
because of (3), 


0) =0. 


I say that among the numbers 0%, 0$,..., 9? at least two numbers 
are positive. As )>;, 0, = 1, it is evident that at least one number, 
for example J, will be positive. Let us suppose that 9° is the only 
positive number in the series (4). 

Let us indicate, to fix the ideas, 


99 <0, 0, .--, 05 <0, 041) =0,-.-,09_1 = 0,0, >0. (5) 


The corresponding value of the function F(z) (lig,---,%ho), by 
virtue of the formula (4) of Number 78, can be presented under the 
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form 


Fu (lio, ++ tno) = D5 do 4g lho — bin) Uo — yn) 
r 
= Se S- So aij (lik — lin) Ujr — lyn): 
k=0 


By virtue of the formula (I) of Number 84 and of inequalities (5), 
one can present this equality under the form 


(6) 


Fit) (lio,---stho) = > Rrpr where hy > 0, 


r=1 
and as on the other hand, because of (1) 
2/0 S- pio (lin — lig) = Foy (lig ---s bho) (7) 
it becomes 
po = S- orbr where gy >0. (r=1,2,...,¢) 
r=1 


We have supposed that po is an independent regulator, therefore 
it is necessary that 


g2 =0 so long as a regulator p, is not proportional to po. 
The formula (6) gives 
SoS) aig (lig — Lin )(Ihg — Lin) = 60 where 6 > 0, 
Sod ai (lik —lin)(ljx —ljn) = OkPo where p, > 0. 
(k =0,1,2,...,) 
It follows that one has identically, 


S->. a4j(lbo — bin) Uo — bin) = Dalla — lin) (Lj — Ujn)- 


For this identity to hold, it is necessary and sufficient that 


16 
tS = lin = 5, ie = lin). 


By virtue of Theorem I of Number 51, the numbers l/, —lin (i = 
1,2,...,n), and lin —lin (@ = 1,2,...,n), do not have common divisor, 
one concludes that 

Ly = lik, 
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which is impossible. 
Let us indicae, to fix the ideas, 


99 < 0,81 <0,...,9) <0, 0241 =0,..., 82 = 0, 9041 > 0,..., 02 > 0 

(8) 

where A > 0 and p <n — 2. 

88 
Theorem: By replacing in the simpler L the vertices (liz), k = 
0,1,2,...,A, successively by the vertice (li,) one will obtain the sim- 
plexes 

Lo, L£1,..., Ly (9) 


which are contiguous to the simplex L and one to one by the faces 
in n —1 dimensions the regulators of which are proportional to the 
regulator po. 

Let us apply the formula (*«) of Number 74 to the simplex L and 
Ly (k = 0,1,2,...,); one will have 


F(t) (hoy « «+s tho) = Fx) lor «+s tho) + 206 >, pir (lin — Ui) 


(h A kjn =0,1,2,...,A) 


By virtue of (8), one obtains, 
S"pin(lin — lip) > 0. (h # kjk =0,1,2,...,A) 
In view of (8), one finds 
Fir,)(lios-++s!no) = Okpo where 6, >0 (k=0,1,2,...,2) 


and 
Pk = Urpo where uz >0. (k =0,1,2,...,A) (10) 
On the grounds of (1) and (7), it becomes 


Fury (liz; . ws tin) = wr (1) (lo, oe . tho) where wy > 0. (k =0,1,2,. Lay) 


The equality obtained presents an identity with regard to the 
coefficients of the quadratic form 5° 5° aija;;. One derives, because 
of (2), the equalities 


2 
(0)? - 96 = on (07-09), (= 0,1,2,---4n) 


HOI) = wp. (6 =0,1,2,...,759 =0,1,2,..., m9 #5) 
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As yy0 o = 1 and iio BY = 1, it is necessary that w, = 1 
and 
0) = 9, (i =0,1,2,...,n) 
therefore 
7 (k = 0,1,2,...,) 


The formula (1) becomes in this case 
2Pk So vir (lin Pat lio) = Fury (lio; = - sth): (h #k;k=0,1,2,.. -A) 
Let us notice that the simplexes 
L, Lo, 11,-..-,L£y 


make up a group of perfectly determined simplexes corresponding to 
the independent regulator pg. That which we have mentioned con- 
cerning the simplex LE can be related back to all the simplexes of the 
series (9). All the simplexes which remain L)41,...,£, are contigu- 
ous to the simplex L through the faces the regulators of which are not 
proportional to po. 
89 

Let us notice that the simplexes (9) make up a convex polyhedron 

kK having n+ 2 vertices 


(lig), (lio), a | (lin). 


In effect, all the points of simplexes (9) belong to polyhedron K made 
up of points determined by the equalities 


n n 
xi = Ug + So ugliz where u+ So ux =1 and u>0,u,z, >0. (11) 
k=0 u=0 
(k = 0,1,2,...,n) 


Targue that any point (x;) determined by these equalities belongs 
to at least one of simplex (9). 
Let us suppose, in the first place, that one has the inequalities 


up, tus >0. (k =0,1,2,...,n) 


One will present the equation (11), because of (2), under the following 


form: 
n 


Cf= So (ur + ude lig 
k=0 
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and, as )>, (ug + uv?) = 1, one concludes that the point (x;) belongs 
to the simplex L. 
This laid down, let us suppose that at least one of numbers uz + 


ud®, k =0,1,2,...,n, is negative. Let us choose among the numbers 
Ug U1 Uy» 
“90? “90? ) “90. 
99 BY wy 


which are all negatives or zeros, because of (8) and (11), a number $$ 
» 


the numerical value of which is the smallest. The point (x;) determined 
by the equalities (11) belongs in this case to the simplex L,. To 
demonstrate this, one will present the equalities (11) under the form 


Uk ! Op 
7 pee +5 — Up— | lip. =0,1,2,...,.n;rp#k 
Xi (u+ 3) 10 : («. use ) tr (r 0, 34 5157 ) 


On the ground of suppositions made, one will have the inequalities 


0 
ut = >0, up—up— >0, (r=0,1,2,...,n;57 FR) 
Vp Vk 


and, as 


one concludes that the point (z;) belongs to the simplex (L,) (u = 
0,1,2,...,A). 

Let us examine the faces in n — 1 dimensions of the polyhedron 
kK. On the ground of conditions (8), the polyhedron K possesses pp— 
faces in n — 1 dimensions Q,; which are characterised by n+ 1 vertices 


(lig), (lin): (h=0,1,2,....n;h AkjRK=A+1,...,p) 


The vertice (l;,) where k = \+1,...,~ is opposite to the face 6,(k = 
A+1,..-,p). 

All the faces in n — 1 dimensions of the polyhedron K which 
remain are characterised by n vertices. One will characterise them in 
the polyhedron K by two opposite vertices. 

One obtains in this way n — w faces Py, (k = w+1,...,n) of 
the polyhedron K characterised by two opposite vertices (I{,) and 
li, (k = wt1,...,n) and one obtains (A + 1)(n — ps) faces Py, (h = 
0,1,2,...,A;k = w+1,...,n) characterised by two opposite vertices 
Liz and lin. 
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Let us notice that the polyhedron K is contiguous through the 
faces Q, (k = A+1,...,) to other independent regulator po. 

to demonstrate this, let us examine the simplex Ly (k = A+ 
1,..., 4) contiguous to the simplex L through the face in n — 1 dimen- 
sions characterised by the vertices 


(lin). (kh =0,1,2,...,.n:hARR=A+F1,...,p) 


This face presents a part of the corresponding face Q, of the polyhe- 
dron K. 

By applying the formula (*) of Number 74 to the simplexes L 
and Lz, one obtains 


Fut) (Uo.--- tho) = Fuca) Uo, «++ tho) + 2% >> Pir (lin — lin) 


where h#k and n=A+1,..., py. 


On the ground of conditions (8), one will have 


S pin(lin —Uo)=0, (K=A41,...,p) 


therefore, because of (7), 


Foy) Uo ---s bio) = Fay Uios ---stno) = 20 > Pio (lin — Uio)- 
(h#0;k =A41,...,p) 


As the point (ig) is not found among the vertices of the simplex 
Ly, it is necessary that among the regulators of faces of the simplex 
Ly, are found, by virtue of the equation obtained, regulators which are 
proportional to po. 

By noticing that 


io = > Olin + OL, where D> 0} +0 =1 
(h=0,1,2,....n;haAkjkK=A+1,...,p) 


since because of (8), J? =0 (k =A+1,..., 44), one concludes, on the 

ground of the previous theorem, that by replacing in the simplex L;, 
the vertices (I;,) (h = 0,1,2,...,) by the vertice (U4) ) one will obtain 
a group of simplexes 


DEO gE de = RAS ai) (12) 


which are contiguous one to one by faces in n — 1 dimensions the 
regulators of which are proportional to po. 
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Let us indicate by K, the convex polyhedron made up of sim- 
plexes (12). One obtains the polyhedron K;, by replacing in the poly- 
hedron K the vertice (J;,) by the vertice Ii, (k =A+1,...,p). One 
concludes that the polyhedra K and Ky are contiguous through the 
face Qr.- 

Let us examine other faces of the polyhedra Kk. The face Py (k = 
p+1,...,n) belongs to the simplex L which is contiguous through the 
face P;, to the simplex L,. The regulator p, (k = 1 +1,...,n) of this 
face can not be proportional to the independent regulator po. 

It may turn out that any one of regulators corresponding to the 
various faces of the simplex L, is not proportional to the regulator po. 
In this case, the polyhedron K will not be contiguous through the face 
P;, to any one analogous polyhedron corresponding to the independent 
regulator po. 

It may also turn out that among the regulators of faces of the 
simplex L, are found regulators which are proportional to fo; in this 
case, the simplex L, belongs to a convex polyhedron Kk; which is 
contiguous to K through the face P, (k = w+1,...,7n). 

In the same way, one will examine the analogous faces Pp, of the 
polyhedron K (h = 0,1,2,...,A;kK =p4+1,...,n). 

By applying the procedure shown to the various incongruent sim- 
plexes of the set (Z), one will determine the incongruent convex poly- 
hedron 

K,Ky,..., Ku-1 


which are made up of corresponding groups of simplexes belonging to 
the set (L). 


Reconstruction of the set (L) of simplexes by another set (L') of 
simplezes. 
One can partition the convex polyhedra 
Ki Kis ius ked (1) 


corresponding to an independent regulator p into new simplexes. 
By keeping the previous notations, let us examine the convex 
polyhedron K made up of simplexes 


L,Lo,..-, Dy. (2) 
The polyhedron K possesses n + 2 vertices 


(3), (lio), «++, (lin). 
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it Theorem. By replacing in the simplex L characterised by the 
vertices 


(lio), (la), ee ey (lin) 
a value (li,) by the vertice (li) where k = + 1,...,n, one obtains 
n — p simplexes 
y Sere pene oa (3) 
which also make up the polyhedron K. The simplexes obtained do not 
belong to the set (L) of simplexes. 
Let us write, as we have done in Number 87, 


= So Oglix where S> 0, =1 (4) 
k=0 k=0 


and 


Vo < 0,01 <0,..., 9, <0, 0)41 = 0,...,0, = 0, 0p41 > 0,...,0n > 0. 
(5) 


It is clear that each point of simplex (3) belongs to the polyhe- 
dron K. 

Let (x;) be any one point of the polyhedron K determined with 
the help of equalities 


wi = uly t+ > uidis where u+ > uz =1,u > 0, ux > 0. (k =0,1,...,n) 


k=0 
(6) 
Let us choose among the numbers 
Upt+1 Un 
ie Oe 


the one which is the smallest. Let us suppose, to fix the ideas, that 
Ur Uk 
—>—. (r= 1,...,n 
UD, a UK ( b+ ) ) ) 


I argue that the point («;) belongs to the simplex L,. In effect, the 
equality (6) can be speculated, because of (4), under the form 


Uk ! On 
i= a = th- = ,1,2,..-, ; 
x (u+ St) n+ : (us ung) ts (h=0 n;h#k) 
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By observing that 


SN, ip SO: (h =0,1,2,...,n;h #k) 
Vr Vi 


ut +S (us us") =1 (h=0,1,2,...,n;h#k) 
k 
h 


one concludes that the point («;) belongs to the simplex Li, (k = 
p+i1,...,n). 

The simplexes (3) can not belong to the set (LZ), because this set, 
by virtue of Theorem I of Number 61, uniformly partition the space 
in n dimensions. 


Let us suppose that one has replaced in the set (L) the group 
of simplexes (2) by the corresponding group (3). Let us suppose that 
one has effected this reconstruction of simplexes of the set (L) with 
regard to all the polyhedra which are congruent to the polyhedra (1). 
One obtains in this way a new set (L’) of simplexes which enjoy the 
following properties. 

1. The set (L') of simplezes uniformly fills the space inn dimen- 
Stons. 

2. The set (L') can be divided into classes of congruent simplezes 
and the number of different classes is finite. 

Let us find the regulators and the characteristics of faces in n— 1 
dimensions of simplexes belonging to the set (L’). 

Let L’ and Lf be any two simplexes of the set (L') which are 
contiguous through a face P in n — 1 dimensions. Suppose that the 
two simplexes L' and Lg also belong to the set (L’). In this case the 
regulator and the characteristic of the face P in the set (L’) do not 
change. 

Let us suppose that at least one of the simplexes examined does 
not belong to the set (L) of simplexes. This simplex will belong in this 
case to a polyhedron which is congruent to a polyhedron of the series 
(1). Let us suppose to fix the ideas that this is the polyhedron K. 

By noticing that the simplex examined is found among the sim- 
plexes (3) let us choose one of these simplexes Li, (k = p+1,...,n) 
and examine the regulators and the characteristics of all these faces in 
n — 1 dimensions. 
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By virtue of the definition established, the simplex Li, is charac- 
terised by the vertices 
(lio), --+, Uin—1), (Uj); (lieti), +--+) (lin). (k= +1,.-.,) 
Let us indicate by P,, a face in n — 1 dimensions of the simplex Li, 
which is opposite to the vertice (Jj,) (h = 0,1, 2,...;h # k). By Py, let 
us indicate the faces of simplex Lj, which is opposite to the vertice Jt. 
All the faces in n—1 dimensions of the simplex L/, can be divided 
into three groups: 
1. Por, Pik; ae > Pre and Px; 
2. Pyrtr, teey Puk3 
3. Pusiyks tees Pr-1,k, Priyks eu ey Pry. 


Let us find the regulators of faces of the simplex Li, belonging to 
the first group. 

Let us examine, in the first place, the face P,. As the face P, is 
characterised by the vertices 


(lio), --+5 (lik—1)s (ijk-+1)> -- +> (in), 


it presents a face of the polyhedron K. 

In the set (L) the face P, would belong to two simplexes L and 
L,. Two cases to distinguish: 

First case: the simplex L, belongs to the set (L’). 

Let us indicate by p, the regulator and by (Pi, ) the characteristic 
of the face P; in the set (L) with regard to the simplex L. 

Let us indicate by p}, the regulator of the face P, in the set (L’). 
The characteristics of the face P;, in the set (L’') with regard to the 
simplex Li, will be (Pix). 

By virtue of the definition established in Number 73, one can 
declare 


For,)(hy---sth) = 26% (pie (lin —U). (h# &) 


By applying the formula (*) of Number 74 to the simplex L and 
Ly, one obtains 


Fory (ti, ---51,) = For, (lh, --- Uh) + 2pe > pir (lin — Ui). (h #K) (7) 
It follows that 
Fay Gasset) 


enantio Oe ee (8) 


Pr = Prt 
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We have seen in Number 87 that the function F(z) (I,,...,1;,) is pro- 
portional to the independent regulator p. As, by virtue of (5), 


S-pir(—lin +) >0, (h#kjk=A+1,...,n) 
the formula (8) can be written 
Pr = Prt opp where 5; > 0. 


Second case: the simplex L, does not belong to the set (L’). 

In this case the simplex L;, belongs to a convex polyhedron K, 
and the face P, will belong in the set (L’) to two new simplexes. 

The face P, in the set (L’) belongs to the simplex Li, and to a 
simplex which one obtains by replacing the vertice Jj, of the simplex 
L;, by a new vertice which one will indicate by (I?). Let us indicae by 
L? the simplex which one obtains by replacing in the simplex L;, the 
vertice l/,, by the vertice (/?). 

By virtue of the definition established in Number 73, one will 
have 


Fay (4, -+-stn) = 2% Se vi (lin —Ij). (a#k) 


By applying the fundamental formula (*) of Number 74 to the 
simplexes L, and Li, which are contiguous through the face P,, one 
obtains 


Foy) (is ++ tn) 


Fistigudt = Fury (t, coda) S- (pir) (lin - 5 Cpa) dan -B) 


and, because of (7), it becomes 


Fay (.-- +54) Fay Visa) 
2>Spin(—lia +) 25 pin (lin — 12) 
On the ground of the supposition made, the functions 


Fury, vee wu) and Fu,) (Qt; .- ost?) 


Py = Pet (9) 


are proportional to the independent regulator p. As 
S- pin(—lin +1) >0 and So vir (lin —-P)>0, (k=p+1,...,n) 
the formula (9) can be written 

Ph = Pr+ Opp where 6, >0. (K=pt+l,...,n) 


In the same way, one will examine the regulator of the face 
Pre; (h = 0,1,2,..., A). 
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As the face P,,, belongs in the set (ZL) to the simplex L, (h = 
0,1,2,...,A), one concludes that by designating the simplex L;, with 
the simplex L£ one will return to one of the two previous cases. 


Let us find the regulators of faces of the simplex Li, belonging 
to the second group. Choose one face Pp, (h = A4+1,...,;k = 
p+i1,...,n) in this group. 

The face P,, presents a part of the face Q, of the polyhedron 
K. 

We have indicated in Number 90 by Ky, the polyhedron which is 
contiguous to the polyhedron K through the face Q,. The polyhedron 
Ky, posses n + 1 vertices 


(13); (lio)s «++» Lign—a)> Ugn)> (lana), -- +s (lin)- 
In the set (L’), the polyhedron K), is partitioned into simplexes 


Lids ates ben 
which one obtains by replacing in the simplexes 


t f 
Ee sional 


the vertice (lin) by the vertice (Uj,) (R =A+t+1,...,p). 

One concludes that the face P,, belongs to the set (L’) to two 
simplexes 

Li, and Ly. 

Let us indicate by pj, the regulator corresponding to the face 
Pix in the set (L'). Notice that the characteristic (Pj,) will be the 
same for all the faces Ph, where k = 1 +1,...,m because these faces 
make up the face Q; of the polyhedron K. 

In the set (L), the face Q,, is partitioned into faces 


Pr; Pro, ---;Phx 
of simplexes L, Lo,...,£, which have the same characteristic (pin). 
One concludes that 
Pin = Pin; 


provided that the characteristic (pj,) is chosen with regard to the 
simplexes (2). 

By virtue of the definition established in Number 73, one can 
write 


Fur,) (bins +++» Lan) = 2Ohe So Pin (lir —U,). (r Fh) 
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By applying the formula (*) of Number 74 to the simplexes L 
and Lj,, one will have 


Foxy (liny «++ Lan) = Fear (bins ++) Lan) + So pi (lir — lin) Css 


Besides, one has 


Fury (ins ---> Lan) = 2pm > pin(lir —Uin),  (r FH) 
and consequently 


phe = prt Lepinllir Vin) Fas --stn) 
ia dePin(lir — Ui) 2 Din — lar +1) 


One can thus write 
Prr= Prt one. (h=A+1,..., mj k=ptl,...,n) 


In the formula obtained, the number 6px can be positive, negative 

or zero. 
95 

Let us find the regulators of faces of the simplex Li, belonging 
to the third group. Let Py, be a face belonging to this group, h = 
wt+i,....n, h#Ak, kK=pw+l,...,n. The face Py, belongs in the 
set (L') to two simplexes Lj, and Li, of the series (3). By replacing in 
the simplex Li, the vertices (1;,) by the vertice (1;,), one obtains the 
simplex L,. This results in that by indicating with pz, the regulator 
and with (p{"*)) the characteristic of the face P,, with respect to the 
simplex Li,, one will have 


Fury (he; eae Ink) = Ont re (lip = lix)- (r # h;r # k) (10) 


The equality (4) can be written 
il 0 
lin = me ps (-$) lip (r =0,1,2,...,n;7 #k) 


By noticing that 
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one will determine the value of the function Fury (ik, .--slng), by 
virtue of the formula (4) of Number 73, by the equality 


Fors) (ks -- slag) = 9 >> aaglinlin — oa So aaglili 
+E DL Vailicte (r = 0,1,2,...,n;r 4k) 


By recalling that because of (4) 


n 
Fay, ane 8) = Soy aaglil = Soo So >. aaglinljxs 
k=0 


and by comparing the two equalities obtained, one finds 
1 
Fors) (iks +++ s'nk) = 9, Fah, eal): 


By substituting in the formula (10) the expression found of the 
function F(z) (ik,--->4nk), one obtains 
a 1 Fy gest) 
he" 29. AB 
Be 2S pl (lin — bin) 
(h=p+l,...,nj;k =pt1,...,nj;hA#k;r Zk) 
One concludes that by admitting 
Ph = —OnkPs (h=pt+l,....nk=ptl,...,nh#k) 
one will have 6p, > 0. 


Algorithm for the study of domains of quadratic forms which are 
contiguous to a given domain through the faces in minty) —1 dimen- 
Stons. 


Let us suppose that a domain A of quadratic form corresponding 
to a type of primitive parallelohedra which is characterised by the set 
(L) of simplexes is defined by the independent inequalities 


pr>d. (k=1,2,...,m) 


Let us suppose that one of these regulators is proportional to 
an independent regulator p and construct the set (ZL) of simplexes 
in another set (L’) with the help of the procedure shown in Number 
91-92. 

Let us indicate by 


P1;P2)++->Po 
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all the regulators of incongruent faces of simplexes belonging to the 
set (L) and indicate by 
Pi; P21 +++ Pr 
all the regulators of faces of simplexes belonging to the set (L’). 
We have seen in Number 93-95 that all these regulators can be 
presented under the form 


oe Pr = —O~p where 6, > 0, (1) 


Or pe = Prt Senp 
so long as a regulator pj, is not proportional to p. 
Let us examine the domain D’ of quadratic forms determined by 
the inequalities 
t — 
Pr = O.- (Rai ligt) (2) 
I argue that these inequalities define a domain of quadratic forms 
in ninth) dimensions. By supposing the contrary, one will find the 


parameters u, (kK = 1,2,...,7) positive or zero which reduce into an 
identity the equality 


S> wep, = 0 where uz > 0. (kK =1,2,...,7) (3) 
k=1 


By virtue of formulae (1), this identity can be written 


S > vepe + vp = 0 where vz > 0. (kK =1,2,...,0) 
k=1 


As the regulator p is independent it is necessary that v, = 0 as 
long as a regulator pz, is not proportional to p. This results in that 
within the identity (3) one also has ux, = 0 so long as a regulator p), is 
not proportional to p. By virtue of (1), the identity (3) takes the form 


Sue (—dxp) =0 where uz, >0 and 6, > 0, 


which is impossible. 

The domain A’ defined by the inequalities (2) corresponds to a 
new type of primitive parallelohedra characterised by the set (L’) of 
simplexes. 

Let us notice that by virtue of inequalities (1), any quadratic 
form which is interior to the face of the domain A determined by the 
equation 

p=0 (4) 
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belongs to the domain A’ and vice-versa. One concludes that the 
two domain A and A’ are contiguous through the face in ninth) -1 


dimensions determined by the equation (4). 


Set (A) of domains of quadratic forms corresponding to the dif- 
ferent types of primitive parallelohedra. 


With the help of the algorithm explained in the previous Number, 

one can determine the domains of quadratic forms 

Ay, Ao,.--, Am (1) 
which are contiguous to the domain A by their faces in nln th) -—1 
dimensions, then one will determine the domains which are contiguous 
to the domains (1) and so on. 

Let us indicate by (A) the set composed of all the domains of 
quadratic terms which correspond to the various types of primitive 
parallelohedra. 

Theorem I. The set (A) of domains of quadratic forms uniformly 
divides the set of all the positive quadratic forms in n variables. 

Let p(#1,%2,...,%n) be an arbitrary positive quadratic form. 
Let us choose a form ¥9(%1, X2,.--,%n) which is interior to the domain 
A and let us examine a vector g made up of forms 


f=votu(y— yo) where 0<u<1. (2) 


By making the parameter u grow in a continuous manner in the 
interval 0 < u <1, one will determine a series of domains 


A, A’,..., A® (3) 


which are successively contiguous through the faces in ninth) —1 di- 
mensions and which contain the various forms of the vector g. 

I argue that the series of domains (3) will always be terminated 
by a domain to which belong the given quadratic form y. 

To demonstrate this, let us indicate by 


(la), (liz), mes) (lir) where 7 = 2"—1 (4) 


the systems which characterise the faces in n — 1 dimensions of prim- 
itive parallelohedra belonging to the type which corresponds to the 
domain A of quadratic form. 
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Let us indicate by the symbol N(f) a sum 
N= SF Cine onatan) 
h=1 


of values of a form f(21,22,...,2n) Corresponding to the systems (4). 
Let us indicate, similarly, by 


Ce. sO parheree = 2 (5) 


the systems which characterise the faces in n — 1 dimensions of prim- 
itive parallelohedra belonging to the type which corresponds to a do- 
main A(*) of the series (3) and declare 


NO) = STFU, 1). 12.) 
h=1 


We have seen in Number 95 that the systems (4) and (5) are 
congruent with respect to the modulus 2. By virtue of the theorem of 
Number 48, one will have an inequality 


NG) < NOP, = 1,2;::,) 


as long as a quadratic form f is interior to the domain A. This results 
in that the inequality 


N(f)<NOGF) (b=1,2,...) 


holds providing that a form f belongs to the domain A. 

This stated, let us notice that by virtue of the supposition made, 
the form Yo is interior to the domain A, therefore one will have the 
inequality 

N(go) < N™ (yo). (4 = 1,2,---) (6) 

Let f be a form of the vector g which belongs to the domain A“) 
of te series (3). 

One will have an inequality 


N(f) > N®(f). (7) 
By noticing that because of (2) 


N(f) = (1—w)N (yo) + uN (y), 
N®(f) = (1—w)N® (go) +uN™(y), 
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the inequality (7) can be written 


u[N(y) -N()] > A -u) [N (go) - N(Yo)] . 
As 0 <u< 1, this inequality gives, because of (6), 
NM (y) < N(y). 


The quadratic form y being positive, there exist only a limited 
number of different systems (5) verifying this inequality. Besides, there 
exist only a limited number of domains of forms belonging to the set 
(A) which are characterised by the same systems (5). One concludes 
this that the series (3) will always be terminated by a domain to which 
belong the given quadratic form y. 

Let us notice that a quadratic form y which is interior to a 
domain A does not belong to any other domain of the set (A), since 
the primitive parallelohedron corresponding to the quadratic form y 
will belong to the type characterised by the domain (A) and can not 
belong to any other type of parallelohedra. 

Suppose that a positive quadratic form ¢ is interior to a face P 
in a certain number of dimensions of the domain A. The set of all the 
quadratic forms belonging to the face P will be perfectly determined by 
a certain type of nonprimitive parallelohedra. One concludes that the 
form y can not belong to the domains which are contiguous through 
the face P. 


By effecting the various transformation of the set (A) of quad- 
ratic forms with the help of substitutions of integral coefficients and of 
the determinant which is equal to +1, one will do only the permutation 
of domains of the set (A). 

One concludes that the set (A) of domains of forms can be di- 
vided into classes of domains composed of equivalent domains. 

Theorem IT. The number of various classes of domains belonging 
to the set (A) is finite. 

Let us choose any one domain A of the set (A) and let y be a form 
which is interior to the domain A. We have seen in Number 54 that 
the positive quadratic form can be transformed into another equivalent 
form y' which enjoys the property that the system (4) corresponding to 
the form y’ are made up of integers which do not exceed in numerical 
value a fixed limit. 

The form y’ is interior to a domain A’ which is equivalent to the 
domain A. 
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As the domain A’ is characterised by the systems of integers 
which do not exceed in numerical value a fixed limit, there exist only 
a limited number of identical domains in the set (A). 


With the help of the algorithm introduced in Number 96, one 
can successively determine all the representatives 


A, At,.--; Ap-1 (8) 


of different classes of domains belonging to the set (A). 

The domains obtained enjoy the same property as the domains 
of quadratic forms which have been studied in my first mémoire cited. 
+ It results in that the domains (8) can serve in the reduction of 
positive quadratic forms. By calling reduced the positive quadratic 
forms which belong to the domains (8), one obtains a new reduction 
method of positive quadratic forms which is entirely analogous to a 
reduction method of positive quadratic forms introduced in the cited 
mémoire. 


On the nonprimitive parallelohedra corresponding to positive quad- 
ratic forms. 


Let us suppose that a positive quadratic form y defines a primi- 
tive parallelohedron R. 

By virtue of Theorem I of Number 97, the form y belongs at 
least to the domain of the set (A). The form y can not be interior to 
any one domain of the set (A) because otherwise the parallelohedron 
R would be primitive. 

Therefore the form y belongs to one face of domains of the set 
(A). 

It results in that the coefficients of the form y verify one of many 


linear equations 
de Di Pisaiy = 0 


to rational coefficients pj; (i = 1,2,...,n;7 =1,2,...,n) 

One concludes that a positive quadratic form 7 >> ajjx;x; the 
coefficients of which present an irreducible basis can define only one 
primitive parallelohedron. 

Let us suppose that the examined form y is interior to a face P 
to any one number of dimensions of domains belonging to the set (A). 
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Let us indicate by 
AS AP s.., AO 


the domains of the set (A) which are contiguous through the face P. 
By virtue of that which has been stated in Number 97, one will 
have the equalities 


N(y) = N'y) =... = NO (y). 


One concludes that a positive quadratic form y can belong to 
only a finite number of domains of the set (A). 


Let us suppose that an infinite series of quadratic forms 


fis fa,--- (1) 


is made up of forms which are interior to the domain A. Suppose that 
the forms of this series tend towards a limit y. 
The forms (1) define an infinite series of primitive parallelohedra 


Rf, Re,.-- 


belonging to the one type characterised by the domain A which tend 
towards a limit R. 

One concludes that any nonprimitive parallelohedron R corre- 
sponding to a positive quadratic form y can be considered as a limit 
of primitive parallelohedra (2). 

Let us indicate by the symbol S, the number of faces in vy dimen- 
sions of the nonprimitive parallelohedron R and by S° let us indicate 
the number of faces in v dimensions of primitive parallelohedron (2) 
(v =0,1,2,...,n—1). 

As the faces of the nonprimitive parallelohedron R are made 
up of boundaries of faces of primitive parallelohedra belonging to the 
series (2), one concludes that 


S760. OHA 2st = 1) 
We have seen in Number 65 that 
82 <(n4+1-—v)AC YM) m1, (v =0,1,2,...,n) 
and consequently 


Sy <(n4+1-—vVACY Mm) mai, (v =0,1,2,...,n) 


Principal domain of the set (A). 
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Let us apply the general theory introduced in this mémoire to a 
positive quadratic form 


fa=naitnarst+...+na? — 2x22 —22123...—2tn_127 
where one has admitted 
ay=n and aj; =—-1. @ Aj;i=1,2,...,n;7 =1,2,...,n) () 


Let us find all the representations of the minimum of the form f 
in a set composed of all the systems of integers which are congruous to 
a system (11, l2,...,Jn) with respect to the modulus 2. Let us admit 


4 =1,7¢=1,2,...,A and 1; =0,i=A41,...,n. (A=1,2,...,n) 
(2) 
The problem described reduces to the study of the minimum of 
the form 
f(Ly + 2x1, lo + 2xe,...,In + 2tn) 


in the set E composed of all the systems (a;) of integers x1, %2,...,2n- 
Let us notice that the form f, by virtue of equalities (1), can be 
written 
n 
f=Qoait+ DD ei — 2). (3) 
i=1 i<j 
Each form 


eta 1 Don). eee AE aA ee ont <p 1D, oon) 
satisfied, by (2), the condition 


(ly — lj + 2(a4 — 23)? > (4 -4)?, (@=1,2,...,n3¢< 937 =1,2,...,n) (4) 
Whatever may be the integral values of 71, x2,...,%n. It follows, by 


(3), that 
f(t + 221, lo + 2r2,...,In + 20n) > f(li,le,...,ln). 
For the equality 
p(y + 221, lo + 2a2,...,In + 2¢n) = v(h,le,...,In) 
to holds, it is necessary, by (3) and (4), that one had the equalities 


(Li + 22;)? re i, -1, + 2(a4 — 2;) = (Li —1;)?. 
(= 1,25 cag BES IG H 12 yi0s5 0) 
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By virtue of (2), one obtains 
z;,=0 or a=, (i =1,2,...,n) 


therefore the form f possesses only two representations of the mini- 
mum (ly, lo,...,l,) and (—l, —le,..., ly) in the set examined. 

By attributing to the index \ in the inequalities (2) the values 
A=1,2...,n and by permuting the numbers 1/1, l2,...,1,, one obtains 
2” — 1 systems which characterise, by virtue of the theorem of Number 
48, the faces in n—1 dimensions of the parallelohedron R corresponding 
to the positive quadratic form f. 

The parallelohedron R will be defined by 2(2” — 1) independent 
inequalities 


1-n+ 2z,, > 0, 
2-(n—1)+2(a~, +24.) > 0, (ki < ka) 


Mn —A+1) 4 22(ap, +... +24,) > 0, (ki < ko <--> < ky) 


n-L£22(xp_, + op, +... +2z,) > 9, (ki < ko <--- < kn) 


where kj = 1,2,...,n, ko =2,...,n,..., ky =A,...,n, kn =. 
To have more convenience in the subsequent notations, let us 
write 


Ug = %1 +%Q...+%n, UW = —%1, Ug = —22,---, Un =—Xy (5) 


and notice that all the sums 


Lky > (Uh, + 2k), +--+; (ap, + Up, +---+2p,) 


are expressed by the sums 

Uhor Uhg + Uhy>---> Ug + Uh, +--- + Uh, 
where ho < hi < ho <--- < Aya and ho = 0,1,2,...,n, hi = 
1,2,...,7,..-, Ageia = 2-1, n. 


The inequalities which define the parallelohedron RF can be writ- 
ten 


1-n+ 2up, > 9, 
2-(n—1) + 2(un, + Un,) > 0, (ho < hi) 6) 


nm-1+2(ung + Un, +> +Uh,_1) 20, (ho < hi < +--+ < Ani) 
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where hg = 0,1,2,...,n, hy = 1,2,...,n,.-., An-1 =n —-A1,n. 


Let us find the vertices of the parallelohedron R. To this effect, 
let us examine a point (a;) verifying the equations 


nt2u1 = 0, 2(n—1)+2(u2+u2) = 0,...,-14+2(u1 +u2t+...+un) =0 (7) 


By virtue of (5), one obtains 

ae = ey 2) = | 2k+2) = Lh n+2). (8) 

=H = -(n- = =(n—- 1625 An = =(— : 
a = 50, 2 = 5(n—2), an = 5 Mary 7 


I argue that the point obtained (a;) presents a vertice of the 
parallelohedron R. To demonstrate this, let us examine the form 


n 
f(@1,2,---,%n) + 25° aa 


t=1 
or, by (8), the form 


n 
f(t, 2Q,---,5 Ln) + Soin —2i+ 2)x;- 
i=1 
For the point (a;) determined by the equalities (8) to be a ver- 
tice of the parallelohedron R, it is necessary and sufficient that the 
inequality 


f(a1,22,---,2n) + }o(n — 2% + 2)a; > 0 (9) 
i=1 
holds in the set &. By noticing that 


nm 
f(&1,22,.-.,2n) + So (n= 2% + 2)ai = 
i=1 


n 
Y@ a) ae SS, [(ws — 23)? + 24 — 25], 
i=1 i<j 

one obtains the inequalities (9) because the inequalities 

Ti+ 2; > 0, (xj 23)? +4; -2; 2 0, (i = 1,2,...,n59 Si 25332125) 


take place within the set E£. 
For the equality 


f(a1,02,---,0n) + So(n — % + 2)a; = 0 (10) 


t=1 
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to hold, it is necessary and sufficient that one had the equality 


a; +a; =0, (vi —2;)? +ai-—2; =0.0=1,2,...,n;i < jj =2,3,...,n) 


One declares that 
v= —1, @=1,2,...,rA) 2 =0.G@=AH41,...,n) 
By attributing to the index A the values \ = 0,1,2...,n one 
obtains n + 1 systems verifying the equality (10). 
(OO cs 20) 1 ens OS eS ae Oe ate ey 
It is thus demonstrated that the point (a;) determined by the 


equations (7) presents a simple vertice of the parallelohedron R. 
Let us introduce in our studies symbol 


(ho, hi, ha,.-., hn) (11) 
in which the indices ho, hi, ho,...,h» present a permutation of num- 


bers 0,1,2,...,n and let us agee to indicate by this symbol a point 
which verifies the equations 


n+ 2ung = 0, 2(n— 1) 4+ 2 (ung + Un,) = 9,.--, 
M+2 (Uno + Un, +---, Una) =0 


By virtue of the definition established of the symbol (11), the 
vertice (a;) of the parallelohedron R determined by the equations (7) 
will be characterised by the symbol 


(1,2,...,n,0). 


(12) 


I argue that each symbol (11) characterises a vertex of parallelo- 
hedron R. 

To demonstrate this, let us effect a transformation of the paral- 
lelohedron R with the help of a substitution 


es, t <. t = t = t 
U1 = Uno> U2 = Ups - ++ Un = Un, _y> Uo = Up, > (13) 
where one has admitted 
tos ! ! ri ! 
Ug =X, +Xgt..-+@,, Uy = —@,.--, 


The inequalities (6) which define the parallelohedron R will be 
permuted by the substitution considered, therefore the parallelohedron 
R will be transformed into itself. 

To vertice (a;) of the parallelohedron R determined by the equa- 
tions (7) will be transformed, by virtue of (13), into a vertice of the 
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parallelohedron R determined by the equations (12), therefore the ver- 
tice will be characterised by the symbol (11). 

We have demonstrated the existence of (n+ 1)! simple vertices of 
the parallelohedron R corresponding to the positive quadratic form y. 
As the number of vertices of any one parallelohedron corresponding to 
a positive quadratic form does not exceed a limit (n+ 1)!, by virtue of 
the formula (3) of Number 101, one concludes that the parallelohedron 
R does not possess vertices other than those which are characterised 
by the symbol 

(ho, hi,.-., hn) 


in which one permutes the indices 0,1, 2,...,n in every possible ways. 

All the vertices of the parallelohedron R are simple, therefore 
the parallelohedron R is primitive. By noticing that the number of 
vertices of the parallelohedra R is expressed by the formula 


So = (n+ 1)! = (n+ DAM (Mn) n=1, (14) 


one concludes, by virtue of that which has been said in Number 66, 
that the number S', of faces in vy dimensions of the parallelohedron R 
is expressed by the formula 


Sy =(n+1-—v)A%) (m™) mai. (v = 0,1,2,...,n) 


Let us find the regulators and the characteristics of faces in n—1 
dimensions of simplexes of the set (Z) which defines the type of primi- 
tive parallelohedra to which belongs the parallelohedron R examined. 

Any symbol (ho, hi,..-,hn) defines a simplex characterised by 
the linear functions 


Uno Uho + Uhis- ++) Uho + UR, +--+ Un, - 


By virtue of (5), one will have identically 


Uho + Un, +---+Un, = 0. (15) 


Notice that n+ 1 simplexes which one obtains by carrying out 
the circular permutations of indices ho, hi,..., hn 


(ho, hi,---, hn), (hi, he,.--,ho),---, (hn, ho, ---,hn—1) 


are congruent. By choosing a representative among these simplexes, 
one will determine in this manner n! incongruent simplexes of the set 


(L). 
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Let us examine two simplexes determined by two symbols 
(ho, hi, he, cere , An) and (hi, ho, he, Beara hn) 


which differ only by a transposition of indices hg and hy. 
By virtue of the definition established, these simplexes are char- 
acterised by the functions 


[thos Uno + Uny, Uno + Uh, + Uhos-- +) Uhg FUR, + ... + Un, | (16) 
and 
[Un,, Un + Ung, Uh, + Uh + Uhos---) Uh, + Uh +--- +n, | 7 (17) 


These two simplexes differ only by the vertices which are char- 
acterised by the function u,, and up,. 

One concludes that these two simplexes are contiguous by a face 
in n — 1 dimensions which is characterised by the functions 


[Uno + Uni» Uho + Uny + Uhos +++) Uho + Uhy toe. + Una] 5 ({1]8) 


Let us determine the characteristic +(p;) of this face. By declar- 
ing, as that which we have done in Number 72, 


0 0 _s¢5,0 0 0 _ 0 0 0 _ 
Wig tps = Oy big. thy Ung = 090-8 Ung ees the =H 


one obtains, by (15), 6 = 0 and consequently 


0 __,0 0 _ 02! 
Uh = —Uhy Ung = 0,---> Up, = 0. (19) 


By indicating with (p;) the characteristic of the face (18) with 
regard to the simplex (16), one will have a supplementary condition 
UR, > 0 (20) 
which, added to the equalities (19), well defines the characteristic (p;). 
Let us indicate, to make short, 
ho =i and hy =] (21) 


and suppose that 1 4 0 and j 4 0. By virtue of equalities (5), one will 


have 


0 _,0_ Oo tO nyo Bie 
Ung = Uy = —Pi, Un, = Uj = —Pj- 


By virtue of (19) and (20), one obtains 


Pr (k =1,2,....n:k#ik#j) (22) 
R= —1,p; =1. 
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One can therefore characterise the characteristic (p;) by a correspond- 
ing function 


So pies = —-%j+ 4;. 


Let us suppose that 7 = 0. One will have in this case the equal- 
ities 


pitpat...+ Pn =P pr=O0 (k= 1,2,...,n;k #4) 


and consequently, by (20), 


So pits = — 24. 


In the same way one will examine the case i = 0. One can bring 
together the three cases examined by indicating the characteristic of 
the face (18) by the function —x; + 2;, provided that xp = 0. 

Let us find the regulator p;; of the face examined. To that effect, 
let us determine the number 9, ,,...,%, after the conditions 


n 
Uh, = S5P(un +...+Un,) where Soo =, 
r=0 


One obtains 
Vo = —-1,01 = 1,02 =0,...,0n-1 = 0,0 = 1. 


By applying the formula (20) of Number 72, one finds 


2pij [(uk, +... +Uh,) = uh, | = (un)? of (Uno) => (Uno of Uni)” 
— (Ung + Un, +... +n)? where \ > 0. 


By virtue of equalities (15) and (19), this formula comes down 
to the one here 


2pig a (un,)? a5 (Ung)? a (tho a Uns)*> 
and consequently 
Pig = TUhoUhi 


or, by (21) 
Pi = TUjZU;j- (23) 


Let us suppose that j = 0; the formulae (5) give 


Pio = 14 (x1 +09 +...4+0yn) = 010; 4+ 090; +...+ 02%. 


Voronoi translated 5: Third part of the second memoir by Voronoi 


By replacing in this formula 24x; by a;;, one obtains the sought- 
for expression of the regulator pjo 


pin = >> OK: (@ =1,2,...,n) (24) 
k=1 


By supposing that i 4 0 and j # 0, one will have 


Pig = ~XiXj 
and consequently 
pig = —y (6=1,2,...,0; A937 =1,2,...,n) (25) 
Observe that the face (18) possesses the regulator p;; and the 
characteristic —x;+2x,; in addition to values of indices hz,...,h». One 


concludes that there exist (n — 1)! inconcruent faces of simplexes of 
the set (LZ) which possess the same regulator p;; and the same char- 
acteristic 


-aot+aj. (6=0,1,2,...,n;i45;7 =0,1,2,...,n) 
By applying the formula (1.) from Number 84, one obtains 
Dod aise = DTD pig (i — 25)”, 

i<j 
(@=0,1,2,...,n;34< 937 =1,2,...,n) 


where one has admitted zo = 0, or differently 


n 
S- So aij a55; = ss, pint? + Soy pis (x; = a3). (26) 
a=) 


1<j 


(4=1,2,...,njt < 937 =2,3,...,n) 


The domain A of quadratic forms corresponding to the type of 
primitive parallelohedra examined will be determined by the inequal- 
ities 

py >0 (=0,1,2,...,n;7 =0,1,2,...,n) 
or differently, according to (24) and (25), by the inequalities 


n 
ag 0, 0 SO OS 12 nt M959 = 2,3,...5n) 7) 
k=1 
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The number of these inequalities is equal to ninth) thus the 
domain of quadratic forms defined by these inequalities is a simple 
domain. 

By attributing to the parameters pj; (i = 0,1,2,....n;j = 
0,1,2,...,n;i < J) in the formula (26) the positive arbitrary values 
or zeros, one will determine all the quadratic forms belonging to the 
domain A. 

One remarkable coincidence is signalling. The domain of quad- 
ratic forms (27) has been studied in my first mémoire cited + where 
it has been called principal domain. This domain corresponds to a 
principal perfect positive quadratic form 


peep tagt...tar tate t...+2n_12n- 


It is remarkable that the set of characteristics found 


i, £(x,—2;), @=1,2,...,n5i< 9; 7 =2,3,...,n) 


coincides with the set of representations of the minimum of the prin- 
cipal perfect form y. 


Domains of quadratic forms contiguous to the principal domain. 


All the faces in nintt) — 1 dimensions of the principal domain A 
are equivalent. + 

It follows that all the domains of forms belonging to the set 
(A) which are contiguous to the principal domain A by the faces in 
ant) — 1 dimensions are equivalent. 

In the case n = 2 and n = 3, the set (A) of domains of quadratic 
forms is made up of a single class of domains equivalent to the principal 
domain. 

One concludes that in the space of 2 and of 3 dimensions there is 
only a single type of primitive parallelohedra, provided that one does 
not consider as different the equivalent types which correspond to the 
equivalent domains of quadratic forms. 

Let us suppose that n > 4 and find the domain A’ which is 
contiguous to the principal domain A by the face determined with the 
help of the equation 


p= —ai12 = 0. 


{ This Journal, V. 133 


{t See my mémoire cited 
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By applying the algorithm explained in Number 96, let us de- 
termine the incongruent convex polyhedra which correspond to the 
independent regulator p. 

We have seen in Number 104 that the regulator p = pi2 corre- 
sponds to the common faces of simplexes defined by the symbols 


(1, 2, hi,..-, An), (2,1, ha,.-., hn) 


where hg, h3,..., hn present an arbitrary permutation of indices 0, 3,4, 
ens 
The two corresponding simplexes are characterised by the func- 
tions 


[ur, 1 + U2, Uy + Ue + Ung,---,U1 HUet... +n, | 


and 
[u2, Us + uj, U2 +U1+Unhg,---,U2+tU1 t+... +n, ]- 


By declaring 
ug = Your t1 (ur tu2)+Ve(urtuetuny) +... +0n(uituet...+un, ) 
where )>;_ = 1, one obtains 
So = —1, 0, = 1,82 =0,...,9n-1 = 0,9, = 1. (3) 


As among the numbers obtained is found only one negative num- 
ber 9, one concludes that the two simplexes (1) and (2) make up a 
polyhedron K corresponding to the independent regulator p. 

Let us indicate by (Z’) the set of simplexes which characterise 
the domain A’ of quadratic forms. By virtue of that which has been 
said in Number 91, the polyhedron K in the set (L') will be made 
up from simplexes which one obtains by replacing the vertices of the 
simplex (1) which correspond to the positive values of numbers (3) by 
the vertice characterised by the function uz. As in the series (3) only 
two positive numbers 7, and #7, are found, one obtains two simplexes 
characterised by the functions 


[t1, U2, ty + U2 + Ung,---, ty +ug+...+Un,] (4) 


and 
[ur, 1 + u2,..., 41 tug t+... +n, _1,U2]- (5) 


These two simplexes make up the polyhedron K and replace the 
two simplexes (1) and (2) in the set (L’). 
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By effecting all the permutation of indices hg,...,hn, one ob- 
tains (n — 1)! incongruent convex polyhedra which correspond to the 
independent regulator p. 

By replacing in the set (LZ) the simplexes congruent to the sim- 
plexes (1) and (2) by the simplexes which are congruent to the sim- 
plexes (4) and (5), one will reconstruct the set (Z) of simplexes into a 
set (L£’) which characterises the domain A’. 

Notice that the number of incongruent simplexes of the set (L’) 
is equal to n! also. It follows that the number of faces in v dimensions 
of primitive parallelohedra belonging to the type characterised by the 
domain of form A’ is expressed by the formula 


Sy =(nt+1-—v)AC (mp1. (v =0,1,2,..-,7) 


Let us find the regulators and the characteristic of faces in n —1 
dimensions of simplexes belonging to the set (L’). 

Let us examine in the first place the simplexes contiguous to a 
face in n — 1 dimensions which belong to the set (Z) and to the set 
(L'). 

The condition necessary and sufficient for which the two sim- 
plexes characterised by the symbols 


(ho, hi, ha,.-., hn) and (hi, ho, ha,.-., hn), (6) 


which are contiguous by a face in n — 1 dimensions, also belong to the 
set (L’), consists in so long as within the two series 


ho, hi, ha,---, hn, ho and hy, ho, ho,..-, An, ha 
the indices 1 and 2 are not adjacent. By declaring 
ho =% and hy = j; 


one obtains (n — 1)! — 2(n — 2)! pairs of symbols (6) which satisfy the 
condition assumed. 

By indicating with pi; the regulator and with +(a; — 2;) the 
characteristic of the face common to the simplexes (6) determined in 
the set (Z), one will have for the set (L’) the same regulator 


Pig = Py, (6=0,1,2,...,n54< 957 =1,2,...,n) 


and the same characteristic +(x; — «;), the regulator p,2 being ex- 
cluded. The regulator obtained p;; and the characteristic +(x; — 2j) 
belong to (n — 1)! — 2(n — 2)! incongruent faces in n — 1 dimensions of 
the set (Z’) of simplexes. 
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This declared, let us examine the regulators and the character- 
istics of faces of simplexes (4) and (5) which make up the polyhedron 
K in the set (L’). 

The first group of faces of the simplex (4) is composed of two 
faces which are opposite to the vertices ui; and ug. The first face is 
characterised by the functions 


U2, U1 + U2 + Uny,---, U1, U2,---,Uh,- (7) 


This face belongs in the set (£) to the simplexes characterised 
by the symbols 


(2,1, ha, h3,.-.,hn) and (2, ho, 1,h3,.-., hn). 


The second simplex also belongs to the set (Z’). It follows that 
the simplex (4) is contiguous to the simplex (2, he, 1,h3,...,hn) by 
the face (7). 

Let us declare hg = i where i = 0,3,...,n and indicate by pj, 
the regulator and by +(a; — 2;) the characteristic of the face (7) in 
the set (Z'). By applying the formula (8) of Number 93, one obtains 


Pin = pi tp. (a = O53) 50.78) 

In the same manner, one will examine the regulators of the face 
of the simplex (4) which is opposite to the vertex ua. By putting 
hg =i, one will have 

plo = pi2tp. (i =0,3,...,n) (9) 


Examine the first group of faces of the simplex (5). This group 
is made up of two faces which are opposite to the vertices u, and ug. 
The first face is characterised by the functions. 


Uy + U2, U1 + U2 + Uhe,---,U1 tUgt...+UA,_1,U2- 


This face belongs in the set (L) to the simplex (2,1, h2,...,hn) 
and to the simplex congruent to the simplex (hn, 1, he,...,hn—1, 2) 
and which is characterised by the functions 
U2, Ug + U1, Ug + U1 + Ung,---,U2 + U1 +... + Up, _1,U2 — Un, - 
This simplex also belongs to the set (L'). By putting h, = 7 and 
by applying the formula (8) of Number (93), one finds 
Pin = pir + p 


The characteristic of this face will be +(#2—2;) (i =0,3,...,n). 
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In the same way one will examine the face of the simplex (5) 
which is opposite to the vertex ug. 

One will obtain by letting h, =1 

Pi = Pia +p 
and the characteristic will be +(21 — 2), (¢@ =0,3,...,). 

Let us notice that the number of incongruent faces, belonging to 
the first group of simplexes of the set (L’), which possess the regulator 
determined by the formula (8) or by the formula (9), is equal to 2(n — 
2)!. 
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The second group of faces in n — 1 dimensions of the simplex (4) 
is composed of n — 2 faces which are opposite to the vertices 


U1 + U2 + Uhg, U1 + U2 + Ung + Uhg,---, U1 + U2 +.--,UA,_1- 


Let us examine a face which is opposite to the vertice u, + u2 + 
... bun, (k = 2,3,...,0—1). 

A transposition of indices hy and hy41 in the symbol (*) leads 
to the symbol 


[u1,U2,..., U1 + U2 +... +Un, 1 4 Unnyi UL tug+...4 Unnys + Uhps 
UW +u2t...+Un, | 
which defines a simplex belonging to the set (Z’) and which is con- 
tiguous to the simplex (4) by the face in n — 1 dimensions examined. 
Let us write hy = 7, hx41 = j and indicate by pj; the correspond- 
ing regulator. The corresponding characteristic will be determined by 
the equations 


ul =0,ug =0,...,uptug+...+uR = 0, 


uy tugt... + Ub a =O,uftuht...+uR, = 0. 
One obtains 


ao = —uj and w=0. (r=0,1,2,....u%7r4ir FJ) 
It follows that the characteristic will be represented by the func- 
tion +(a; — x;). 
By declaring 


U1 + Ug +. + Wag + Wig gy, = Your + V1u2 + Vo(ur + U2 + Ung) +--- 


+ On(ur + ug +... + Ung_, +Ur,) +... + On(ui + ue +... + un, ) 


(10) 
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where )°""_, 0, = 1, one obtains 
Vo = 0,01 =0,.. -, UK-2 = 0, 0,1 = 1,0, = —1,0 p41 = 1, Up42 = 0, 
..-;0n, =0, 
provided that k > 2. 
The regulator p;; will be determined by the formula 
pig =(Ua + Ua +... + Urge + Urn)? — (Ua +a +... + aya)? + 
(uy + U2 +...+Ua,)? — (uz + U2 Se) een 
After the reductions, one finds 
Pi = TUn;y Ube 
or differently 
Pig = —Uity, 
thus, by virtue of the formula (23) of Number 104, one will have 
Pig = Py. @=0,3,...,757=0,3,...,1;4=3,4,...,.2-1) (11) 


Let us examine the case k = 2. The equality (10) gives in this 
case 


Yo = 1,01 = 1,02 = -1,03 = 1,04 = 0,...,0,-1 = 0,0, = -1, 

and consequently 

2pi; =(u1 + U2 + Ung)” — Ut — U5 + (ur + U2 + Uny)” 

— (uy + U2 + Uns + Ung)? + (ur tust...+ Un, )?. 
As Un, =1, Ung = j and uw +u2+...+Unz, = 0, one obtains 
Pi = U1 U2 — UiU;, 
thus one will have in the case examined 
Pig = Pig — P- (Gi =0,3,...,n37 =0,3,...,n) (12) 


In the same way, one will examine the faces of the simplex (5) 
belonging to the second group and one will obtain the same formulae 
(11) and (12). 

Let us notice that the number of incongruent faces of simplexes 
of the set (L') which belong to the second group and the regulator of 
which is determined by the formula (11) is equal to (n — 3)!2(n — 3). 
The number of regulators which are determined by the formula (12) 
is equal to 2(n — 3)!. 
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The third group of faces of simplexes (4) and (5) is composed of 
a single face 


[u1, Ue, W + U2 + Ung, +++) UL +ug+...+Un,_1] 


which is common to these two simplexes. 
The characteristic of this face is determined by the equations 


ul = 6,ug =6,ul tub tu, =5...,utugt... tu, =d. 
It results in that 


0_,0_ 5,0 _ 0 _ 0 
Uy = Up = 6,Uy = —4, UA, =0,---, Un, = 


One concludes that 6 = +1. By admitting 
hg =i and hy =J, 


one obtains the characteristic +(#1 + x2 — xj — %}). 
Let us indicate the corresponding regulator by pj;. with the help 
of equalities 


ut uy =Vour + Drug + Yo(ur + us + Un.) +... 


n 
+0n(ui + ug +...+Un,,) where yet 
k=1 


one obtains 
Yo = 1,0, = 1,02 =0,...,0n-1 = 0, 0p = -1. 
The regulator Pj will be determined by the formula 


2p); = (u1 + uz)” — uy — us — (uy tue +... +4n,), 


and it becomes 
pi; = U1U2, 
thus 
py = —p. G=0,3,...,0;7 =0,3,...,7) 
The number of incongruent faces belonging to the third group 
having the characteristic +(21 + 22 — 24 — xj) is equal to 2(n — 3)!. 


With the help of deduced formulae, one can determine all the 
independent regulators. Let us admit 


Piz =—P; Pin = Pil + Pp, pin = pt2 + p, Piz = piz- (13) 
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(@=0,3,...,n54< 939 =3,.. 


.)7) 


One obtains in this manner ninth) independent regulators pj, 


(4 =0,1,2,...,n;4 < 937 =1,2,...,n). 


The results of our studies can be gathered in the following table: 


. Regulator pi, characteristic +(%1+2%2—2;—2}), 


. Regulator pj, characteristic +(#1—24), 
. Regulator pi, characteristic +(%2—2;), 
. Regulator pji+p'2, characteristic +(21—%;), 
. Regulator pj + p12, characteristic +(%2—24), 
. Regulator pjj, characteristic +(xi—2;), 
. Regulator pj;+pi2, characteristic +(a;—2;), 


The indices i and j are the values 0, 3,... 
to = 0. 


their number 2(n—3)! 
their number 2(n—2)! 
their number 2(n—2)! 
their number (n—1)!—2(n—2)! 
their number (n—1)!—2(n—2)! 
their number (n—1)!—2(n—3)! 
their number 2(n—3)! 


,n and one has admitted 


The domain A’ of quadratic forms corresponding to the set (L’) 


: : i n(n+1) 
of simplexes is determined by —>— 


py 29. (6 =0,1,2,...,n5 7 =0,1, 


As a result, the domain A’ is simple. 


independent inequalities 


2,...,15 4% J) 


By applying the formula (I) of Number 84, one will determine, 
by (13), any quadratic form > > a,;2;2; by the following formula 


Mages = SV oii - 


i<j 


(@=0,1,2,...,n;7 =1,2,... 


where one has admitted xp = 0 and 


w = (n — 2)a? + (n — 2)a24203 +... +22? 


aj)" + pio, (14) 


7) 


+ 2212X2 + 22123 Came 


— 2912, — 2%0%3 —... — 2%0Xy. 


By attributing to the independent parameters pj; (i =0,1,2,-..,5 
j = 0,1,2,...,n) all the positive values or null, one will determine by 


the formula (14) all the quadratic forms belonging to the domain A’. 

One coincidence is to be pointed out: the domain A’ presents 
a part of the domain R, corresponding to the perfect form y, which 
has been determined in my mémoire cited. The set composed of linear 
forms 


+(a;-2;) (i=0,1,2,...,n;7 =0,1,2,...,n) 


262 


111 


Voronoi translated 5: Third part of the second memoir by Voronoi 


(the form +(a#1 — x2) being excluded) and of forms 
(1 +%2—a,—-2;) ((=0,3,...,n;7 =0,3,...,n) 


where one has put ro = 0, coincides with the linear forms which define 
all the representations of the minimum of the perfect form 1. 


Parallelohedra in two dimensions 
The set (A) of domains of binary quadratic forms is composed of 


a single class of domains which are equivalent to the principal domain 
A determined by the inequalities 


a+b>0, -—b>0, e+b>0. 


Here are the conditions of reduction of binary positive quadratic 
forms az? + 2bry+cy” due to Selling. t Any quadratic form belonging 
to the principal domain A can be determined by the equalities 


ax? + 2bay +cy? = ra? + py? +v(a—y)? where \>0, w>0, v >0. 


The parameters A, and v present the regulators of the hexagon 
of Lejeune Dirichlet ¢ defined by the inequalities 


St”) << 5+), 
Set) <y <5ut), 

1 1 
—gA tH) Stt+ys5Aty), 


By attributing to the arbitrary parameters 4, ,v the positive 
values, one will determine by these inequalities a primitive parallelo- 
hedron in two dimensions, that is to say a hexagon of Lejeune Dirichlet. 

By nullifying one of the parameters A, u,v, for example v, one 
will obtain four independent inequalities. 


1 1 


— 


1 
ap ap ee 
gH SUS ob 


which define a nonprimitive parallelohedron in two dimensions, it is a 
parallelogram. 


t See the Introduction 
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It is easy to demonstrate that other nonprimitives of the space 
in two dimensions do not exist. 

Each hexagon of Lejeune Dirichlet can be constructed from three 
parallelograms as is indicated in Fig. 1. 


One of the three parallelograms OADB, OBEC and OCFA 
which form the hexagon ADBECF can be arbitrarily chosen. By 
choosing, for example, an arbitrary parallelogram OADB, one will de- 
termine the two remaining parellograms OBEC and OCF A by taking 
an arbitrary vector OC, provided that by extending this vector in the 
inverse direction one passes through the chosen parallelogram OADB. 

Observe that in general the point O does not present the centre 
of the hexagon ADBECF. 

One can make up the same hexagon of three parallelograms 
O'DBE, O'ECF and O'F AD. One concludes that the hexagon of 
Lejeune Dirichlet does not present anything other than projection of 
a parallelepiped on the plane. 


Parallelohedra in three dimensions 


The set (A) of domains of ternary quadratic forms is composed 
of a single class of domains equivalent to the principal domain A de- 
termined by the inequalities 


at+b'+b" > 0,a'+b"+b>0,a"+b+b' > 0,-b>0,-0' > 0,-b" > 0. 


Here are the conditions of reduction of ternary positive quadratic 


forms ax? + aly? + az? + Qbyz + 2b'zx + 2b"xry due to Selling. 
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Any ternary quadratic form belonging to the principal domain 
A can be determined by the equalities 


az? + aly? + a2? + Qbyz + 2b'zx + 2b" ry = 
Aa? + Ny? + 2d"2? + wy — 2)? + pl (2-2)? + pl (2 —y)?. 


All the primitive parallelohedra in three dimensions can be trans- 
formed with the help of linear substitutions into primitive parallelo- 
hedra determined by 14 independent inequalities 


(1’) stn! + 1") Sas sA+u' +n"), (1’), 
(2’) 5 (NM + pl! +p) <y< 5 (M+ wl +p), (2'), 
(3’) 5” + uty’) <z< 5" + y+’), (3’), 
(4) -SO'4+ M0 4u' tu") <Sytez< FOV H+A 4+u' Hu"), (#), 
(5!) -$An+A+ Meth) S24+@S FQn+A+ un +H), (5) 
(6’) 5( M+ B+ BE’) <atys 3(A N+u+ Bp), (6’), 
(7’) ZAFN +A") Setytz< ZFAtN+N.), (7’) 
(2) 


The parameter A, A,;, An, [4, Lr, Len present the independent regula- 
tors of the primitive parallelohedron defined by these inequalities and 
corresponding to a ternary positive quadratic form (1). 

By virtue of the formula (14) of Number 103, any primitive paral- 
lelohedron of the space in three dimensions possesses 24 vertices which 
can be characterised by three numbers corresponding to the different 
faces in two dimensions of the parallelohedron defined by the inequal- 
ities (2). 

One will divide these (24) vertices into three groups I, II and III: 


Each line of this table is composed of four congruent vertices. In 
each group the second line is formed from vertices opposite to those 
which are found in the first line. 

Let us examine the regulators and the characteristics of edges of 
the primitive parallelohedron in three dimensions. It suffices to exam- 
ine the regulators and the characteristics of faces in two dimensions 
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belonging to three simplexes 
(0, 1,6,7), (0, 1, 7,5), (0, 1,3',6). 


The results of these studies can be brought together in the fol- 
lowing table: 


The first line contains the characteristics and the regulators of 
different faces of the corresponding simplexes. The second line is com- 
posed of vertices which define the simplexes contiguous to the corre- 
sponding simplex by the faces the characteristics of which are found 
above, in the first line. 

The faces of primitive parallelohedron R in three dimensions 
(Fig. 2) are divided into 8 hexagons of Lejeune Dirichlet and into 
6 parallelograms. 


Fig. 2 


The hexagonal faces of the primitive parallelohedron R are char- 
acterised by the numbers 


1, 2, 3, 7, i 2", 3, te 
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The parallelogrammatic faces are characterised by the numbers 
4, 5,6, 4’, 5’, 6’. 


The faces, the edges and the vertices of the primitive parallelo- 
hedron are systematically characterised in Fig. 3. 


Fig. 3 

6 V 4 1 

oO) e Ca) ie 
; 3 7 6 Cae 2 

4 5 oy 1 1 

2 6 y 4 

3) 4 | 2 vy) 5°) 7 7] 6 |3 
7 3 2 


One has indicated in this figure the numbers of faces which are 
contiguous to one of 7 incongruent faces. Each edge is characterised 
by two adjacent numbers and each vertex by three numbers. 
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By nullifying one or more parameters \, A‘, X", yu, p', wu" in the 
inequalities (2), one will determine the nonprimitive parallelohedra in 
three dimensions. It is easy to see that the nonprimitive parallelohedra 
obtained are divided into four different spaces. (Fig. 4-7) 


Fig. 4 Fig. 5 Fig. 6 Fig. 7 


Nonprimitive parallelohedra of the 1% space. By making p = 
0, yu’ = 0, wv” = 0 in the inequalities (2), one will obtain 6 independent 
inequalities 
—5\ <a< a. 
=a" Sus 3X, 
—$5)" < z < N", 
which define a parallelepiped (Fig. 4). 
Nonprimirive parallelohedra of the 2°¢ space. By making py’ = 
0, wu” = 0 in the inequalities (2), one will obtain 8 independent inequal- 
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ities 
—jA <e#< 5A, 
—3V +n) <y< a(N' + 1); 
—S(" +p) <2 5(" +p), 


—§(V +A") <yte< LO 4 a"), 
which define a prism with hexagonal base (Fig. 5). 
Nonprimirive parallelohedra of the 3"¢ space. By making \" = 
0, pu” = 0 in the inequalities (2), one will obtain 12 independent in- 
equalities 


—20 +H) 2 as 2A +H), 
— 3 + ) us 9(N' +H); 
—s(uty') es a +H), 
—4(\' +p’) <ytz< (V+ p'), 
—k(A+p) <2zt+a< (A + 1), 


! i 
—£(A+N) <aet+ytz< 144, 


which define a parallelogrammatic dodecahedron (Fig. 6). 
Nonprimirive parallelohedra of the 4°” space. By making py’ = 0 
in the inequalities (2), one will obtain 12 independent inequalities 


—3A tH) <a< aA +H), 
ra <y< dg ha 
—3Q" +e +h <2 ZA" + wtp’), 
2 
<3 $A" +p) SyteS FHA" +4), 
—$(A" +A+p) <ztas 5A" +A+4+p), 


—SAFN +A") <Satyte< ZSA4N +2"), 


which define a dodecahedron in 4 hexagonal faces and in 8 parallelo- 
grammatic face (Fig. 7). Mr. Fedorow has demonstrated that other 
parallelohedra in three dimensions do not exist. J 


Parallelohedra in four dimensions 


The first type of primitive parallelohedra in four dimensions is 
characterised by the principal domain A of quaternary quadratic forms 
which is determined by the independent inequalities 


At = 411 + 12 +413 +14 > 0, AQ = a1 + G22 + G23 + A24 > 0, 
A3 = 431 + a32 +433 +a34 > 0, Aq = Gat + G42 + G43 + 4a > O, 
fy =—ay2 >0, po=—ai3>0, ps3 = —ai4 > 0, 
f4 = —023 > 0, ps =—G24 > 0, pe = —az4 > 0. 


q See the Introduction 
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Any quaternary quadratic form 
f (#1, £2, £3, 24) 
belonging to the domain A can be determined by the equalities 
f (1,02, 03,04) = Ara? + Avwe + AzaZ t+ Asay + oa(a1 — @2)?+ 
fiz(a1 — 23)” + pg (a1 — 24)” + pa(t2 — 23)?+ (1) 
fs (2 — ©4)” + fug(x3 — 24)”. 


The corresponding parallelohedron is determined by 30 inequal- 
ities which one will write down in the form 


1 
+(hay + lox2 + I3x3 + laa) < aflh, lo, 3, Ia). (2) 


The systems +(11, lz, 13,14) and the corresponding values 
f(i, la, ls, I4) 


of the quadratic form (1) are given in the following table: 


I* type of parallelohedra 


eee 

A2 + pa + fa + pbs 

A3 + fo + pa + pe 

Ag + pg + bs + He 
Ai + A2 + fe + pg + pa + bs 
Ai + A3 + pa + fg + pa + pe 
Ai + Aa + pa + fe + ps + pe 
A2 + A3 + fa + pe + Us + He 
A2 + Aa + pa + fg + fa + fe 
A3 + Aa + pe + pg + pa + pls 
Ai + A2 + Ag + 3 + Us + He 
Ar t Ao + Ag + po + a + He 
Ai + Ag + Aa + pa + pla + ps 
Ar t+A3 + A4 + ba + Bo + Bg 

Ar t+ rA2 + Ag + A¢ 


2 
0 
2 
0 
0 
1 
0 
0 
1 
1 
0 
1 
1 
0 
A 
1 


BR BORER OROHROOROOW 
BRS SERHORHOROCOrFRCOSCSs. 


1 
1 
0 
0 
0 
1 
1 
1 
0 
0 
0 
1 
1 
1 
0 
1 


By attributing to the parameters 
Mi, r2,-- 25 He 


the arbitrary positive values, one will determine with the help of in- 
equalities (2) all the primitive parallelohedra of the first type. 

The primitive parallelohedra of the first type possess 120 vertices 
which can be divided into 12 groups composed of congruent vertices 
and of opposite vertices. 


Voronoi translated 5: Third part of the second memoir by Voronoi 269 


All these vertices are put together in the following table: 


Vertices of primitive parallelohedron 


V5’ 11’ 15’ 

15 3’ 10’ 2' 5! 11’ 15’ 

1'5’3 10 25 11 15 11’ 3' 4 |13'15' 4’ 10’ 
16 11 4’ 3’ 6'2 = 13’ 11’15'|7 13 15 4 

Veiv4a 3 6 2' 13 11 15 |7' 13’ 15! 4’ 

1 7 13 15 4’'7'3 8 132 |14’ 8! 2’ 15’ 
1’ 7’ 13! 15’ 473) 8 13 2' |14 8 2 15 
15 12 15 2'5'4 10 12’3 |14' 10’ 3’ 15’ 
V’ 5’ 12’ 15’ 25 4’ 10’ 12 3’ |14 103 15 
15 4 10’ 2' 5! 12! 15’ 12 4 3’ /13 15 3 10 
V5'4 10 25 12 15 12' 4" 3 | 13’ 15’ 3’ 10’ 
17 12 3’ 4’ 7° 2 13! 12'15']6 13 15 3 

V7 12'3 472' 13 12 15 |6’ 13’ 15! 3’ 

16 13 15 364 9 132 |14'9' 2’ 15’ 
1’ 6’ 13’ 15'} 1 3° 10’ 36 4’ 9! 13 2' |149 2 15 
1511 4 |1'2 8 2'5'3 «12! 11’15'|7 12 15 4 

V5’ il’ 4’ }1 2’ 8’ 25 3’ 12 11 15 |7' 12' 15’ 4’ 
15 12 3’ |1'2 9 2' 5/4 11’ 12'15'16 11 15 3 

V5’ 12'3 }1 2'9' 25 4 11’ 12 15 |6' 11’ 15’ 3’ 
16 11 15 }1'3 8 36°2 9 11’'4 |14'9' 4’ 15’ 
1’ 6’ 11' 15’} 1 3’ 8’ 3 6 2’ 9! 11 4’ }149 4 15 
17 12 15 |1'4 9 472 8 12'3 |14'8' 3’ 15’ 
V7’ 12’ 15'}1 4’ 9' 472 8! 12 3' |14 8 3 15 


Regulators and characteristics corresponding to the I* type of 
parallelohedra. 


270 


115 


Voronoi translated 5: Third part of the second memoir by Voronoi 


0151115 
0153’ 10’ 


016114 


01713 15 


0151215 


0154 10’ 


017123’ 


0161315 


015114’ 


015123’ 


0161115 


0171215 


In this table, the first line of each group contains the charac- 
teristics of faces in three dimensions corresponding to the simplexes 
IjII,...,XII. 

The second line contains the vertices of simplexes which are con- 
tiguous to the simplexes J, IT,..., X II by the faces, the characteristic 
of which are indicated above in the first line, and the regulators are 
indicated near by in the second line. 


Let us examine the parallelohedra in four dimensions which be- 
long to the second type of primitive parallelohedra defined by the do- 
main A’ of quaternary quadratic forms. The domain A’ is contiguous 
to the principal domain A by the face in a dimensions defined by the 
equation 


fi = 0. 


The independent regulator j41 corresponds to the faces of sim- 


Voronoi translated 5: Third part of the second memoir by Voronoi 


plexes 


LIE Ve VE, EX) Xe 


All these simplexes have to be reconstructed with the help of the 
algorithm explained in Number 91. 


One will determine the numbers Vo, 01, J2, 03, 04 after the con- 
ditions 


(2) = 0, (1) + Jo (5) + 03(11) + 04 (15) and al + Do + Bg + 04 = 1; 


it becomes 


9 = 1, 0, = —1, 92 = 1, 93 =—0, By = 0. 


It follows that one will replace the three pairs of simplexes 


ae , 11,15) and (0, 2,5, 11, 15), 
(0, — 2,15) and (0, 2,5, 12, 15), 
( 2 1, 2 i 4’) and (0,2,5,11 4’) 
by the simplexes 
(0,1,5,11,15) and (0,1,2,11, 15), 
(2,1,5,12,15) and (0,1,2, 12,15), (3) 
(2,1,5,11,4') and (0,1,2, 11,4’). 


By designating the system (1, —1,0,0) by the symbol (5) and the 
system (—1,1,0,0) by the symbol (5’), one will designate 


1-(0,5,1,6,13), I-(0,1,2,11,15), V-(0,5, 
VI — (0,1,2,12,15), IX-(0,5,1,6,9), X-(0,1, 


These simplexes are congruent to the new simplexes (3). 


The primitive parallelohedra of the II" type possess 120 vertices 
which are brought together in the following table: 


Vertices of the primitive parallelohedron of II" type 


Vertices of primitive parallelohedron of I*' type 
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VIII 


XII 


156 13 
5/6’ 13’ 
1 2 11 15 
1’ 2! 11’ 15’ 
1611 4 
Vvoeiva 
1 7 13 15 
V’ 7 13! 15’ 
157 13 
V5’ 7' 13! 
1 2 12 15 
1’ 2! 12! 15’ 
17 12 3’ 
V7 12’ 3 
1 6 13 15 
1’ 6’ 13’ 15’ 
156 9 
1'5'6' 9 
1211 4 
Vv2iva 
16 11 15 
1’ 6’ 11’ 15’ 
1 7 12 15 
V’ 7’ 12! 15’ 


2° 3 
1 2 3’ 
1'5'8 
15 8 
1'3 8 
1 3’ 8’ 
14 10 
1 4’ 10’ 
1 2'4 
124!’ 
1'5'9 
15 9’ 
49 
1 4’ 9’ 
1’3 10 
1 3! 10’ 
1 2'3 
12 3’ 
1'5'8 
15 8’ 
1'3 8 
1 3’ 8’ 
49 
1 4'9’ 


10/2 5°8 14/3 8 6 4 


10’ 


14 
14’ 


2' 5 8! 14! 
5 2'6 13 
5/2 6’ 13! 
3’ 6' 2 13’ 
3 6 2'13 
4'7'3 8 
47 3/8! 
2 5'9 14 
2' 5 9! 14! 
5 2'7 13 
5/2 7! 13! 
4’ 7' 2 13! 
4 7 2'13 
3'6'4 9 
3 6 4'9' 
2 5'8 7! 
2'5 8'7 
5 2'6 9! 
5/2 6'9 
3'6'2 9 
3 6 2'9' 
4'7'2 8 
47 2'8' 


3 86 4' 
8’ 6’ 11'4 
8 6 11 4’ 
8’ 2! 11' 15’ 
8 2 11 15 
10’ 3’ 13' 2 
10 3 13 2’ 
497 3 
4 97 3! 
9’ 7 12'3 
9 7 12 3’ 
g' 2! 12' 15’ 
9 2 12 15 
10’ 4’ 13’ 2 
10 4 13 2’ 
3’ 8'6' 15! 
3.86 15 
8’ 6 11' 15’ 
8 6 11 15 
8’ 2'11'4 
8 2 11 4’ 
9’ 2'12'3 
9 2 12 3’ 
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10° 14° 4 
10 14 4 
14’ 13' 4’ 
14 13 4 
7 13 15 
7 13! 15’ 
14’ 8’ 2! 
148 2 
10’ 14’ 3’ 
10 14 3 
14’ 13’ 3’ 
14 13 3 
6 13 15 
6’ 13! 15’ 
14’ 9’ 2! 
1449 2 
12 7 15 
12’ 7’ 15’ 
7 9 #15 
7 9! 15! 
14’ 9’ 4! 
149 4 
14’ 8’ 3! 
1448 3 


13 
13 
15’ 
15 
4 
4! 
15’ 
15 
13’ 


Regulators and characteristic corresponding to the II"*-type of parallelohedra 
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156 13 
121115 
16114’ 


171315 
157 13 


121215 


17123’ 


161315 


— 
row me 


fan 
\é 


156 9! 


MS 
— 


12114’ 


161115 


SoBoKo 


The domain A’ of quaternary quadratic forms which define the 
second type of primitive parallelohedra in four dimensions is deter- 
mined by 10 independent inequalities 


Ap Ses Og S 0s SU, 


M1 = 0, pe = 0, bs > 0, a > 0, bs > 0, He > 0. 


Any quaternary quadratic form belonging to the domain A’ can 
be written 


2 2 2 2 2 
f(@1,"2, 3,04) = A1Zy + Ava. + AHR + Ageg + piw + po(x1 — H3)°4 


ps(a1 — v4)” + pa(w2 — 03)? + ps(x2 — 4)” + pe (a3 — v4)” 


where 


Ww = a7 +273 +203 +227 +2a122 221 %3— 24124 —2%2%3—2r2K4. (4) 


The parallelohedra belonging to the II"¢ type are determined 
by 30 inequalities of form (2) which are symbolically presented in the 
following table: 


II”?-type of parallelohedra 
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~ 
bo 
w 


ly, do, bs, Ua ma =l,y —ls 4 bal 
1 + 21 + fe + bs 
Ag + 214 pa + Ms 
Ag + 2p1 + Mo + pa + He 
Ag + 2p + bs + bs + He 
At + Ag + 2p + pe + 3 + pa + ps 
Ai + A3 + 21 + bs + Ma + He 
Ai + Aq + 2p + He + Ms + be 
Az + A3 + 2p + He + Ms + be 
Ag + Ag + 2p + og + Ws + Le) 
Ag + Ag + 4p + fa + bs + ba + bs 
At + A2 + Ag + 4p + M3 + bs + Be 
Ai + Ag + Aq + 4p + be + ba + Heo 
Ai +A3 + Aa + 2p + fa + bs 
Ao + A3 + Aa + 2p + fo + bs 
Ar trA2 +A3 + A4 +2 


0 
1 
0 
0 
1 
0 
0 
1 
1 
0 
1 
1 
0 
1 
1 


OONIMDoF WH Ee 


4 
4 00 
0 00 
0 10 
0 01 
1 00 
1 10 
1 01 
0 10 
0 01 
0 11 
1 10 
1 01 
1 11 
0 11 
1 11 


Let us find the domain A” of quaternary quadratic forms which 
is contiguous to the domain A’ by the face in 9 dimensions defined by 
the equation 


fe = 0. 
The independent regulator jg corresponds to the faces of sim- 
plexes 
I, IV, V, VIII. 


All these simplexes have to be reconstructed after the algorithm 
explained in Number 91. One will determine, to this effect, the number 


Yo, wi, Vo, Ys, O4 
after the condition 
01(1) + 82(5) + 03(6) +04(13) and Yo +01, + 02+034+04; (5) 


it becomes 


8 =0, 0, =1, % =0, 03 =—-1, %=1. 


One concludes that the two pairs of simplexes 
(0,1,5,6,13) and (0,1,5,7,13) and 
(0,1,7,13,15) and (0,1,6, 13, 15) 
have to be replaced by the new simplexes 
I — (0,7,5,6,13) and V — (0,1,5,6,7) 
IV —(0,6,7,13,15) and VIII - (0,1, 7,6,15). 
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By designating the system (0,0,1,—1) by the symbol (10) and 
the system (0,0, —1,1) by the symbol (10’) one will determine all the 
vertices of primitive parallelohedra belonging to the new type as fol- 
lows. 


Vertices of primitive parallelohedron of III’*-type. 


Regulators and characteristics corresponding to the III"“-type parallelohedra 
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75 613 
121115 
1611 4’ 
67 13 15 
15 6 7 


121215 


1712 3° 


17 615 
15 69 


1211 4’ 


161115 


171215 


The independent regulators are expressed by the formulae 
Ai = @11+413+@14+@34,A2 = G22+423+G@24 +034, A3 = @31 +432 +33 +434, 
Aa = Gai + G42 + G43 + G44, fi = Q12 — G34, fe = —A13 — A192, 


3 = —@14 — G12, Ha = —Q23 — G12, M5 = —Q24 — 12, We = Q34. 


The domain A” of quaternary quadratic forms which defines the 
third type of primitive parallelohedra in four dimensions is determined 
by 10 independent inequalities 


Ni 20a S Og S 0,55 0, 


Hi 2 0, fe 2 0, 3 > 0, pa > 0, Ws > 0, We = O. 


Each quaternary quadratic form belonging to the domain A” can 
be written 


f (£1, £2,%3, £4) = 12? | Aga? | A3a3 | Asay + iw + o(r1 x3)? 

+ 3(1 — £4)” + pa(ae — @3)? 

the form w being defined by the equality (4). The parallelohedra 
belonging to the III"¢ type are determined by 30 inequalities of the 


form (2) which are symbolically presented in the following table: 
III"? type of parallelohedra 


+ f5(L2 — va)” + pe(%1 + 2 — 43 — 24)", 
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2 
= 
E 

a 
s 
Fe 


ijto,is,l4) | Hb =b-ba—l ne 
Ai + 21 + pe + ps 

A2 + 2p + pa + ps 

As + 21 + po + pa 

Aa + 2 + ps + ps 

Ai + Ag + 2p + pe + pos + pla + ps 
Ai + As + 21 + ps + pia 
Ai + Aq + 2p + po + ps 
A2 + As + 2p + po + ps 
A2 + Aq + 2a + ps + pla 
A3 + Aa t+ 4p + plo + ps + pla + ps 
Ai + A2 + As + 41 + 3 + pls + pe 
Ai + A2 + A4 + 4p + po + pa + po 
Ar +A3 + Aa t+ 2p + fa + ps + He 
Galt sealer eae iee rn: 
Ar + Ae + A3s + Aq + 2 


2 
00 
10 
01 
00 
10 
01 
00 
11 
10 
01 
11 
10 
01 
11 
11 


WOONOobWNrH 
RPOrRCORrROCOO 


| 
an 


BPOREHODOORHEEHOO 
| 
BPRORRORHEOOFRCOO 


| 
BPRRPORRPOHROHROOHRS 


BREE RORHEOROCOHOSO 


1 
0 
0 
0 
1 
1 
1 
0 
0 
0 
1 
1 
1 
0 
1 


PRR O 
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We have determined three domains A, A’, A” which characterise 
three types of primitive parallelohedra in four dimensions. 

Theorem. The set (A) of domains of quaternary quadratic forms 
is composed of three different classes which can be represented by the 
domain A, A’, A". 

In my first mémoire cited, it has been demonstrated that the 
set (R) of domains of quaternary quadratic forms corresponding to 
the perfect quaternary quadratic forms is composed of two classes 
represented by the principal domain R and by a domain R, determined 
by the equalities 


f (w1,02, @3, €4) = pix] + pews + psax3 + paw + ps(a1 — 3)? + 
pe(a1 — xa)” + pr(wi — #3)” + pa(a2 — x4)” + po(as — wa)? + 
pro(@1 + 42 — a3) + pi1("1 + 42 — ua) + pi2(%1 + 22 — 3 — aa)” 


where (1, P2,.--., Pig are positive arbitrary parameters or zeros. 
The domain R, corresponds to a perfect form 


272 2 2 
Qi = 2 +05 4-03 405 +0103 4 0104 4+ F903 4+ X2%4+ 4324. (5) 


In the mémoire cited, it has been demonstrated that all the faces 
in 9 dimensions of domain R, are equivalent to two faces characterised: 
one by the quadratic form 


ai a5, ie, x4, (a1 i 3), (a1 = Bales (x2 = 3)”, (x2 = Za) (x3 mr wa): 
and the other by the quadratic form 
i, toy Oa Pa; (1 a wa), (1 = ia), (x2 _ a3)”, (x2 al ma); 


(a1 + %2— 23 — 24). 
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The first face verifies the equation 
ai2 = 0 
and the second face verifies the equation 
a12 — a34 = 0 


The form w determined by the formula (4) characterise the axis 
of the domain (R) which does not change when one transforms the 
domain R into itself. 

One concludes that the domain R can be partitioned into groups 
all of which are equivalent to the two domains A’ and A” obtained. 
This results in that the principal domain A and the two domains A’ 
and A” can not be equivalent. 

The theorem introduced is thus demonstrated. 

By not considering as different the equivalent types of parallelo- 
hedra one can say that there are only three different types of primitive 
parallelohedra in the space in four dimensions. 

By calling reduced the positive quadratic forms which belong to 
the domains A, A’ and A” one obtains a new method of reduction of 
quaternary positive quadratic forms which presents a modification of 
the method due to Mr. Charve. { 

In effect, following the method of Mr. Charve, one calls reduced 
the quaternary positive quadratic forms belonging to one of three sim- 
ple domains R,R' and R". The first two domain R and R’ coincide 
with the domains A and A’ and it is only the third domain R” of Mr. 
Charve which differs from the domain A”. Any form belonging to the 
domain A” is equivalent to a form belonging to the domain R” and 
vice-versa. 


By examining the two tables which contain the characteristics of 
faces of simplexes which define the 2% and the 3"¢ type of primitive 
parallelohedra, one will observe that these characteristic coincide for 
the two types and are represented by the linear forms 


X1, 1X2, +23, 5%4, (x1 _ x3), 
+ (a1 — #4), E(a2 — 23), +(v2 — 24), (a3 — 24), 


t (v1 + XQ — 23), +(ay + 22 - X4), +(ay + X2- #3 - x4). 


t See the introduction 
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It is remarkable that these linear forms define the set of repre- 
sentations of the minimum of the perfect form y; determined by the 
equality (5). 


By virtue of that which has previously been mentioned, one can 
affirm that the coincidence noticed appears as the characteristics of 
faces of all the primitive parallelohedra in 2,3 and 4 dimensions. 


It would be interesting to find out whether this is only a coinci- 
dence or whether there really exists a relation between the two prob- 
lems which seem to be different: between the problem of the uniform 
partition of the space with the help of congruent convex polyhedra 
and the study of perfect positive quadratic forms. 


End of the second mémoire 
[in German] 


Immediately after the first sheet of this significant work was set, 
we received the grievous tidings that your author of the science has 
been taken away by Death. The editor had in the best power seen to 
it that this last work of he who so early departed for the other side 
was checked over with utmost care. 


Marburg, 19°” June 1909 
K. Hensel 
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